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l'eomeTpudyeckme KOHCTPYKIUNT
B TEOPUHU AHAJIUTUYUECKON CII0XKHOCTU

B pabore B KOHTEKCTE TEOPUU AHATUTHIECKOH CIIO2KHOCTH PACCMOTDEHBI [1BE
reoMeTpuYecKre KOHCTpYKmwu. llepBas: Ha COBOKYITHOCTH QHAJIMTUIECKUX
byHKIII TOCTPOEHA MEeTPHUKA, NHBAPUAHTHAS OTHOCUTEIHHO JIeHCTBUS KAIn0-
pOBOYHOM rpyunbl. Bropas: nosygeno neobxomumoe mquddepennuaabao-aaredpanieckoe
yCJIOBME MPUHALIEKHOCTH (DYHKINK KACATEJIHHOMY IIPOCTPAHCTBY K KJIACCY
byHKIMI 1ByX TMepeMeHHBIX aHAJIUTUIEeCKOM CJI0KHOCTHU He BBIIE YeM 1B B
rouke zop = x> y? + Y. DTOr Pe3yAbIAT LO3BOJIMI LPUBECTU LIPOCTOH LIpuU-

Mep TIOJIMHOMA CTETIeHU TATh, UYbs aHAJUTUYECKAs CJI0KHOCTH PaBHA TpeMm. A
HUMEHHO 2 = m3y2 +my+7rm2y3.
Bubmmorpadus: 10 HanMeHOBAHMIIA.

Kuaro4deBble ciioBa: Ananntnyueckne GyHKINN, aHAIUTHIECKAS CJIOKHOCTD,
MeTpHUYeCKOe IIPOCTPAHCTBO.

§ 1. BBenenmne

Ounepanus cynepnosunuu ([0ACTAHOBKHU) O3BOJIAET U3 DYHKIMA MEHBIIIErO YUC-
Jla TIePEeMEeHHBIX MOIyYaTh (PYHKIWH OOIBIIEro 9nucjia mepeMeHHbx. B 3roit Tema-
THKE WMEETCS PsAJI APKUX JOCTUXKEHUH, HO MHOIO BOIPOCOB OCTAIOTCS OTKPBITHI-
mu [1], [2], [3], [4], [5]. Yr10o6bl npHIATE PACCMOTPEHUIO OLPEAETEHHOCTD, CJIELyer
YTOYHUTH KJIACC (DYHKIMI M YUCJIO [EPEeMEHHBbIX. Bompoc O BO3MOXKHOCTH MPEJ-
crapyieHust (PyHKIMH IBYX HEPEMEHHbBIX € HOMOIIBIO (DYHKIUI OJHOIO [IEPEMEHHOIO
(mpobema "2 — 17), Kak u ApyrUe MOXOXKUE BOMPOCHI, TAUT HEMAJIO HHTEPECHBIX U
HepeleHHbIX Tpobsem. JlanHas pabora MpuMbIKaeT K Kpyry nybmmkammit ([6], [7]
U Jp.), TJI€ 3TOT BONPOC OOCYKIAETCA B KOHTEKCTE aHAJIUTUICCKUX (DyHKITHIA.

Uepapxuio kmaccop Cl"™, n = 0,1,2,..., onpeessgeM WHIYKTUBHO. Ilpu 3TOM
C1° — 310 ananurnyeckue GyHKIUM OHONO IepeMeHHoro (z uwim y), a kaace Cl™HL
COCTOWUT W3 AHANINTHYECKUX (DYHKIHI, NMEIOMINX JIOKAJIbHOE TPEJICTABIEHIE BUIA
z =c(An(x,y) + Bn(x,y)), rne A, u B, — 370 byukuun u3 Cl", a c(t) — anaanTn-
yeckas PyHKIUA OTHOrO rnepeMeHHoro. OiHa u3 OCHOBHBIX XapaKTepucTuk z(x,y),
AQHAJMTUIECKON (DYHKIMU JIBYX IEPEMEHHBIX, — 9TO €€ caovichocms N(z). To, uro
N(z) = n, oznauaer, uro z € C1™\ CI"~!, ecim e 2 He TONa/a HU B OJIMH U3 KJIaC-
coB, To nuiieM, 910 N(z) = co. Ilpu 5TOM CIOKHOCTH 3JI€MEHTA AHAJIUTUIECKOI
GYHKINN, BBIYUCIEHHAS B OIHON TOUYKe, OyIeT COBIAIATD CO CA0KHOCTHIO B JTIO0OI
ApyTroit Heocoboit Touke. MHOXKeCTBO 0COOBIX TOYEK /I IpeacTaBIeHus PYyHKINH,
rooMopHOiT B 001aCTH ABYMEPHOIO IPOCTPAHCTBA CYIIEPIO3UNHel MUHIMAIbHOMN
CJIOYKHOCTH, — 3TO COOCTBEHHOE aHATMUTHIECKOE TTOIMHOYKECTBO 3TOH 00IaCTH.
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ITpn mocTpoeHNN Mepapxun MOXKHO 6a3oByo (yHKIMIO (r + y) 3aMeHUTHh Ha
OPOU3BOJIBHYI0 AHAJIATHYECKYIO (DYHKIMIO JBYX MEPEMEHHBIX ¢(x,y) U MOIyIUTh
nepapxuio C’lg U, COOTBETCTBEHHO, OTHOCHTEJIBHYIO CIOKHOCTL Ny(z). 3aduxcu-
PYeM HeKOTOPBI# POCTOK (hYHKIIHH BYX IEPEMEHHBIX (7, y) ¢ yeaosueM ¢, ¢y # 0.
Toraa MOXKHO OLPEJETUTH BO3PACTAIOILY O TIOCIEI0BATEIbHOCTD KJIACCOB (DYHKIHMIA.
Tomoxum Clgla = [p]. Hdanee no uHmayKuuu: C’ngrl — 9TO COBOKYMHOCTDH (DYHKIIHIA,
UMEIOIIUX DOCTKHU, SKBUBAJEHTHbIE (IO JeficTBUEM KAIMOPOBOYHON T'DYIIIBI, CM.
uuzke) pocrkam byukuuit Buga c(p(An(x,y), Bn(z,v))), tae An(z,y), Bu(z,y) €
Cly, c(t) — anamuruana.

XapaxTepucTuku CJaokHOCTH, KakK N(z), Tak u N,(z), HHBAPHAHTHBI OTHOCH-
TEJIbHO HEKOTOPOro jeiicTsud. IlycTb f — pOCTOK aHAIUTHYECKOH (DYyHKIMHU JBYX
nepemeHHbIX B Hauase koopauaar u f(0,0) = 0 (crangaprabii poctok). Ofo3HaunM
4epe3 G IPYMIy POCTKOB TOJIOMOPMDHBIX oTobpaykennii Buaa {u — Au—+o(u)}, A #
0, obosHaunm G = G x G x G. W ecim g = (a(u),b(u),c(u)) € G, To 0603HA-
anm @(x,y) = c(f(a(z),b(y)) uepes g o f. Ilpu sTOM Bymem roBopuTh, 9TO @ U f
9KBUBAJICHTHBI.

Ecnu f — pocrok B (p,q), 10 (f(z — p,y — q) — f(p,q)) — cmandapmuwii po-
cToK. OTHOIIEHHE SKBUBAIEHTHOCTH CTAHIAPTHBIX POCTKOB MOPOXKIAET OTHOLICHHE
9KBUBAJICHTHOCTH IIPOU3BOJIbHBIX POCTKOB, IOJOMOPMHBIX U IIOJHBIX AHAJUTHYE-
ckux byukumii. Ilycrs B okpectrOocTH D TOUuKM (20, Yo ) MMeEeTCst 1Be ronoMopdHbie
dbyuxpn Fy(z,y) n Fa(x,y) (3aementst anamurndeckux dbyukmumii). Iycrs pocTok
Fy(x,y,z0,Y0) SKBEBaJIEHTEH POCTKY Fb(x,y,zo,y0) . Torma yTBEp:KIaeTcs, dro
qutst Beex myreit y(t) = (x(t),y(t)), Boxogsamux u3 (zo,yo), B D \ o (0 — coberBen-
HOE AHAJIMTHYECKOE MOMHOXKECTEO) CYIIECTBYET HEMPEPBIBHOE TIO ¢ CEMEHCTBO POCT-
KOB gy = (at(s)a bt(s)a Ct(s)) € g) T.9. FQ(xa y,l’(t),y(f)) =gto Fl(xa yvx(t)ay(t))
T.e. poctku F} m F, OymayT 3KBHBAMEHTHBI B KaXKI0i TOUKe mX O0Ieil obiacTu
ONpEIEIEHUsl MUHYC COOCTBEHHOE aHAJMTUYECKOE MOJAMHOMKECTBO (JIUCKPUMUHAHT-
HOE TIOJIMHOXKECTBO). B 3TOM cMmbIC/e QaKT JOKATBbHOM 9KBUBAJIEHTHOCTH POCTKOB
nepecTaer ObITh JOKAIBHBIM. Ecam f — poCTOK, TO KJIACC MOJHBIX AHAIATAYECKUX
GyHKIHiT, SIKBUBAICHTHBIX (DYHKINHU, TTOPOXKICHHONR 3TUM POCTKOM, MBI OymeMm 060-
3HadaThH [f].

COBOKYIIHOCTD BCEX aHATMTHYECKHX (DYHKIHMI IBYX KOMILIEKCHBIX MEPEMEHHBIX
(z,y) obnanaer ecrecrBeHHON CTPYKTYDOUl Iyuka pocrkoB. C 3T0il TOYKM 3peHusi
HOJIHAA aHAJIUTHYeCKasd (DYHKIUsS, MOPOXKJIEHHAA HEKOTOPbIM KOHKPETHBLIM POCT-
KOM, TTPEJICTABIACT CODO0iT CBA3HYIO0 KOMIOHEHTY TOTO MyYKa, COAEPKAILYIO TAHHbIH
pOCTOK. BBeZeHHOe BBIIE OTHOMEHWE SKBUBAJIEHTHOCTH — 3TO OTHOIIEHUE SKBUBA-
JICATHOCTH Ha, My4YKe POCTKOB.

OTMeTnM TakzKe, 9TO ¢ TOYHOCTHIO J0 3TOH 3KBUBAJICHTHOCTH BCE AHAJTATHYECKHAEC
GYHKIMI OJHOTO IIEPEMEHHOTO CBOAATCA K CACAYIOIIUM YeThIpEM KIaccaM: 2 =
0, z=1, 2=z, 2z =y.

§ 2. Ananurndyeckme PYHKIINN KaK METPUUYECKOE MPOCTPAHCTBO

Hamra 6mekaiimas 1enb — IpeBPATUTh COBOKYITHOCTh AHATUTHICCKUX (DYHKITHI
JIByX mepeMeHHbiX A B Merpuueckoe mpocTpaHcTBo. IIpu 3rom Mbr Oymem mpe/-
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[0JIaraTh, YTO Mbl YAAJWIA U3 TOH COBOKYIIHOCTH KOHCTAHTHI U (DYHKIMU OIHOIO
nepemennoro. Takum o06pazom, A — 9T0 COBOKYIIHOCTb aHAJUTHYECKUX QYHKIHMI C
TeMm ycnosueM, uTo Fy F) He ecTb TOXIECTBeHHBIH HOb.

7151 IByX POCTKOB aHAINTHYECKNX (DYHKIMi IBYX TepeMeHHbIX ¢(x,y) n (x,y)
BBEJIEM CJIEYIONLYIO XapAKTePUCTUKY:

P[] [¢]) = log(max{ Ny ([¢]), Ny ([])})-

Teopema 1: Oyukiusa p onpesensier Ha A METPUKY.

Aoxrazameavcmeo: ITlockombry Nii([4]) = 1, To p([¢],[¢]) = 0. Pasencrso
p([¢], [¥]) = 0 paBHOCHIBHO TOMy, 49TO [p] = [¢]. Cummerpu4aHOCTH DYHKIUH p
BuHA 3 onpenenenns. OCTanIOCh MPOBEPHTH HEPABEHCTBO TPEYTOIbHUKA.

B cB#a3u ¢ 9TUM OTMETHM CJI€AYIOLEe CBOACTBO OTHOCUTEILHOI C1ozkuocTH. [lycTn
nMeroTcs Tpu anammTudeckne bynkimu (¢, ¥, x). Hpuaem Ny(1h) <1, Ny(x) <
m, torma N,(x) < Im. Otcioma cpasy ciemyer HeOOXOIMMOE HEpaBeHCTBO. A
MUMEHHO, 9TO JIJIs JIIOOBIX TPeX KJIaccoB [¢], [¢], [x] BBINOIHEHO HEPABEHCTBO

p(lel, Ix]) < p(le], [¥]) + p([¥], [X])-

Teopema mokazana.

Merpuka p MOKeT IPHHUMATH 3HATEHUE 0O, M TAKYI0 METPHKY HHOTIA HA3BIBAIOT
KBa3UMeTPUKOi. IIpu 9TOM HETPYJHO NPEBPATHTH €€ B METPHKY, NPUHUMAIOILYIO
TOJIBKO KOHe4Hble 3HadeHus. leficturensho, ecmu h(s) = s/(1 4 s), To Bennuuna

TakKe siBisgerca merpukoil Ha A, HO mpu stoM p([¢], [x]) < 1 ans moboit mapsr
PYyHKITHIH.

B cBa3um ¢ Tem, 9TO p MOXKET TPUHUMATH KAK KOHEYHBIE, TAK U OECKOHEUHBIE
3HAYEHWsT MOYKHO BBECTH Ha A €Ie OHO OTHOIIEHWE SKBUBAJEHTHOCTH. A mMeH-
HO, OTHOIIEHHE ~HALodUMbCA Ha KoHewHom paccmosarnuy’. Bes coBokynnocts A
pacrajaercs B Iu3blOHKTHOE obbeaunenue 10 "runam”. Oyukuuu (Kiaaccsl), npu-
HAJIJIEXKAINE OJHOMY THUIY, HAXOAATCS HA KOHEYHOM PACCTOSHHUW, PA3HBIM — HA
GECKOHEYHOM.

MoXHO OTMETHTB, YTO MOITHOCTh MHOXKECTBA THUIIOB HE MOXKET OBITH CYETHOI.

Merpuka, ONMMCaHHasT BBIIIE, CENHATN3NPOBAHA Uil CIOXKHOCTH Tuma (2 — 1).
T.e. mys W3ydeHws: BOMPOCOB TMPEICTABUMOCTH (DYHKIUIT IBYX MEPEMEHHBIX C TIOMO-
1[pI0 cyneprno3unun GbyHKIMH oHOTo TepemernHoro. Ho HeTpyaHo pacnpocTpaHuThb
ee W Ha obmmuit ciaydait. Hampumep, ama QyHKIHE Tpex MePeMEeHHBIX BO3MOMKHBI
aBa nonxona: (3 — 1) m (3 — 2). Bpenmenme MeTpuUKH BO3MOXKHO B 000HX CIIy-
yasx. JleficTBUTENbHO, €MHCTBEHHOE CBOHCTBO METPHUKHU, KOTOPOE HYKIAETCS B
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JIOKA3aTeIbCTBE — 3TO HEPABEHCTBO TPEYIOJbHUKA. IDTO HEPABEHCTBO CJE/lyeT U3
MYJIbTUILJIMKATUBHON OLIEHKU OTHOCUTEJIbHON CJI02KHOCTH, KOTOPad UMeeT MeCTO B
OY€eHb TITUPOKOM KOHTEKCTE.

§ 3. Kuracchl cJ102)KHOCTH KakK
ToAMHOToobpasusg B IpocTpaHcTBe PYyHKITHUIA

Knaccam cmoxuaoctu Cl™, BBEIEHHBIM BBINTE, MOYKHO COMOCTABUATL [ — pajan-
KaJIbHBIN guddepeHnnaabHbil naeas, CoCToAmni n3 audepeHnnaabHbIX TOJIH-
HOMOB C paIMOHAILHBIME KO3 dUIueHTaMu, KOTOpble aHHYJUPYIOT (DYHKIINU W3
z € C1" (cm. [7]). o Teopeme Purra-Ponenbamia [8] kaskablit Takoit naean uMeer
koneunbtii 6azuc D, = (dy,...,d;). B cuny unapuanrnoctu Jyioboro kiacca CI™
OTHOCHTEJIbHO AefCTBUs KajauOpOBOYHON rpynnbl G 3T0T 0a3UC CONEPXKUT TOJIBKO
LOJIMHOMBbI, HE 3aBUCHILUE SIBHO OT LIEPEMEHHBIX (I, Y, 2), & TOJIBKO OT LPOU3BOIHBIX
GYHKIMM 2 ¢ HEKOTOPHIMU YCIOBUSAMU OTHOPOLHOCTH.

Tuddepenrmanpublii nneas I' mveer oaay 06pa3yIoLyIo.

2;22/// + 2" 2Z/$Iy'

!
Yy TzxTrTy Yy TxyTrx Y zyy yy~x

[Monsysack Tem, uro Cl' = {z : d(z) = 0} HeTpyaHO TOKa3aTh, YTO CJIOKHOCTH
z=x%+ Ty IO OTHOLIECHHUIO K T + Y PaBHA ABYM.
CI? cocrout u3 byHKIMil BHIA

z=5(C(A(z) + B(y)) + R(P(z) + Q(y)))- (3.1)

st Beraucsenns oo6pasyonux uaeaaos I” uMerorcs anroputMbl. OaHaKo 60/1b-
0% 00beM BBIYHUC/IEHWH MPUBOIUT K TOMY, UTO YK€ BbhIuucjieHue [y MpenCcTaBIIs-
ercs HeJOCTYIHBIM [9].

HeTpyaHo MOKA3aTh, UTO BCe MOJMHOMEI CTETICHH JBa He BRIXOAAT 32 pamku Cl2.
Takke HETPYIHO MOKA3aTh, UYTO MOJUHOM cTemeHu 11 OOIIEero mojoKeHWs WMeeT
CJIO’KHOCTH BBIITIE, YeM /1Ba. BOMPOC 0 KOHKPETHOM TTPUMEPE MOJIMHOMA CJI0KHOCTH
Tpu — ropasuo cioxuee. B [10] 6buiu npesyioxkenbl npuMepsl GyHKnuii (B TOM duc-
Jie [IOJIMHOMbI) IPOU3BOJILHON Hamepes 3aJanHoil ciaoxkaoctu. OIHAKO JaxkKe eciiu
TOBOPHTH TOJIBKO O MOJMHOMAX CJIOKHOCTU TPU — ITO HOJUHOMBI ACTPOHOMUYECKH
BBICOKOW CTEIeHH.

Huke mpepyiaraercs paccMOTPeTh KJIACCHI CJIOXKHOCTH KaK OECKOHEYHOMEPHBIE
TOAMHOI000pa3usi HEKOTOPOro (PyHKIIMOHAILHOIO MpOocTpancTsa. Ha sTtom myTu
yJlaeTcs KOHCTPYKTHBHO OIMCATH KacareibHoe npocrpancrso K Cl? B mekoropoii
TOYKE. ITO, Jajiee, MO3BOJISET $BHO PEbIBUTH HOJUHOM CTEIEHH TPU, UMEIOIIHH
AHAJIUTUYECKYIO CJIOXKHOCTH TPH.

Ilepeiinem K HaAIIEMY TOCTPOEHUIO.

Baduxcnpyem dbyurumo Zy = 23 y? + ry kak Touky Cl?. OYHKIMO Z; MOXKHO
npescTaBuTh B Buze (3.1), momaras

So(u) = u, Co(u) = exp(u), Ro(u) =exp(u), Ag(u) = 3 In(u), By(u) =2 In(u),
Py(u) = In(u), Qo(u) = In(u).
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Teneps mpoBapbupyeM 3TOT HAOOP u3 ceMu DYHKIIHAN.
S(u) = u+ts(u), C(u) =exp(u) + tc(u), R(u) = exp(u)+tr(u),
A(u) =3 In(u) + ta(u), B(u) =2 In(u) + t b(u)
P(u) = In(u) + tp(u), Qu) = In(u) +tq(u),

100aBUB K KaxkKI0#M M3 HUX BO3MYINEHHe, JuHeiHoe mo mapamerpy t. T.e. MbI B
MPOCTPAHCTBE ceMU (PYHKITMOHATBHBIX TAPAMETPOB

)

In

(S(w), C(u), R(u), A(u), B(u), P(u), Q(u))

nposenu gepe3 104Ky (u, exp(u),exp(u), 3 In(u),2 In(w), In(u), In(v)) npamyio B Ha-
mpastern (s(), e(u), (), a(u), b(u), p(u), a(u)), T bymxw (s,c,7,a,b, p,q) —
AHAJIMTUYHBI ¥ KOMIIO3UIIUS UMEET HEIyCTyIO 06IacTh onpesenenus. B Bo3mymen-
HoM Beipaxkenuu Z(z,y,t) = (22 y? + xy) + t z(z,y) + o(t) BbLIE UM MHHEIHOE 110

t caaraemoe. Iloayunm napamerpuueckoe omucanue T Cl?

(23 y24ay) — KACATEILHOIO

npocrpanctsa k Cl? B Touke Zy = (23 y? + xy)

2(z,y) = s(z® v’ +ay)+e(@® y?)+2° y? (a(z)+b(y)) +r(zy)+(p(x) +q(y))zy. (3.2)

Harma Gimskaiinast 1ejb — mepeiT 0T TapaMeTPUIeCKOro OMUCAHNS KACATEIHLHOTO
MPOCTPAHCTBA K OMPEIEISIONINM €r0 COOTHOIEHUAM. JIjIsg 9TOr0 MBI JOJIKHBI UC-
KJIIOYUTH U3 cooTHommenus (3.2) GyHKIUOHAIbHBIE TapaAMETPbI

(s,c,a,b,p,q,7). B nanpueitmem Gynem 0603HAYATH IPOU3BOIHBIE HUXKHUMU WH-
JIeKCAMH, T.€. KaK Gp, by, Zmn 4 T.J4. IIpuuem BCIO COBOKYIHOCTb IPOU3BOIHBIX
DYHKIUY 2 HOPSLIKOB 10 N BKJIIOYUTEIbHO OyneM obosuadars ()| ananorudano a(™
u T

Ilomoxum
d 0 d 0 d 0
_ oz o Jy _ 9z _ Oy _ 9z _ 9y
f3x2y2 4y 2a3y+ 0 3x2y2 223y’ "y x

dapo Ay —aro dynknun suga s(z3y? +xy), aapo A, — sro bynknun suga c(z3y?),
anapo A, — sro byuxuuu Buga r(zy). Ilpumenum k (3.2) nuddepenupanbublit
omeparop A;. Ionyuaem

el(a(l),b(l), c1,p1, g, rM z(l)) =2a12%3 — 3b12%y* + a12?y? + (3.3)
2p1aty® — bia®y® — 3y’ + aoa®y® + boxy? + c1a’y® — por’y® —

Q@Y — rma’y? — 22,02y + 32012°Y% + pra’y — qay® — 2100 + 201y = 0.
Hasee, Boipazkas u3 (3.3) dbyHkimio ¢; u npuMenss A, ToaydaeMm

e2(a® 0@ p@ ¢@ D) =22 ox+ 3201y — 2p2a’y — 3 oy’ —
521,17y — dagx y® — 9beady’S — Apaa®y? — 2a02”y? — 9 oyt —
3 b2x3y4 —12 2171m3y2 +4 z2,0x4y +9 z072x2y3 — 79 x4y3 + 2 2270x2 + 21013343;2 —
1223y + 3,2072y2 —6a12%°% — 6b12°y? — daaty® —
6 21.02%y + 6 20 12%y* — pra’y — 4 qray® =0 (3.4)
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Boipazkas u3 (3.4) dbyHKIuio ro 1 IpuMeHss K TOJIyUY€HHOMY PABEHCTBY A, MOy~
qaeM,

es(a®, b3 p® ¢® By = ¢ 201y — 4azz®y® — 2a32%y* — 4p32°y* +

4 23,033534 — 16 22’1m4y2 + 21 21,2333343 —2pgxty — 7 22’11‘21/ + 8 le,ng +

92°y%3 + 3%y bs + 92y g5 — 92y 20,3 + 3wy'as + 22307° — 3y 205 —
3pexdy + 13 goay® + 6 z112y — 18 asx y® + 15 baz’y® — 10 poz®y? — (3.5)

8asx’y? 4 30 uay* + 6 oSyt + 14 zz,ox‘ly —24 20’2262:(/3 +4 22’0:52 —12 zo,ng —

12a12%° — dajaty? — 2paty? + 1212y + 6 zl,ox?’y -6 20713923,/2 +8qray® = 0.

Wrak, mbt oy aniin audepeHnuaabHbIil TOJIMHOM TPEThEero MoPsIKa, KOTOPbI He
sapucur ot (s(x® y?+xy), c(x®y?), r(xry)), asasucur Tonbko or (a(z), b(y), p(z), q(y))
n byskuun z(z,y). Hama 1meab cocTONT B TOM, 9TOObI, WCTOIB3YsT COOTHOIIEHNE
(3.5) u ero muddepeHnuaIbHBIE CIEACTBAA, TOJIYIATH KAKOE-TUOO COOTHOIIEHNE
TOMBKO Ha (yHKIWMIO z. T.e. MbI OymeM MOC/IEI0BATENHHO MCKJIIOYATH (DYHKIUH
(q(y),b(y), p(x),a(x)) (MMeHHO B TaKOM MOpPsIKe). BBIYUCIEHNS OCYIIECTBIISIINCH C
momorpio cucrembl Maple. Texkcr mporpamwmser fajis Maple, koTopast ocyiecTBiisier
OIWCAHHBIE BBIIE BBIYUCIIEHUsA, gocrymen Ha <http://vkb.strogino.ru/> (pasmen
"npyroe" m.3).

O6bembl (uncsio MonoMoB) u uddepeHIuanbHble MOPSAIKHA TPOMEKYTOTHBIX
nuddepeHuaTbHBIX CIEJCTBUN B MPOIECCe BBRIYUCIEHWH OyIyT BO3PACTATh. 3/€Ch
MbI He OyJieM BBIIHCHIBATH UX SBHO, HO OyJeM CJeIUTh 3a CXeMON BBIYUCJIEHUS, &
TakzKe OTMedaTh JuddepeHnuaibHbIe MOPsIKU TOJIMHOMOB U YUCIIO COJIEPAKAITUXCS
B HUX MOHOMOB.

Brrpasum u3 coorsomenus (3.5) bynkmmio g3, momyaaem g3 = Qs(a®), b3 p) (2 2())
U 3amuchiBasg yCJOBHE TOrO, YTO OHA HE 3aBUCUT OT T, II0JIy4aeM COOTHOIIEHUE
ea(a®, b3 p@ ¢ (1)) =0 (68 moromOB).

Brmpaxkas u3 e; = 0 bynxmmio ¢o , momydaem g = Qa(a™®,b®) p® ¢, 2(4))
U 3alUChIBasg yCJIOBHE TOrO, 9TO OHA HE 3aBHCHT OT T, IIOJyYaeM COOTHOIICHHE
es(a®, b3 p®) 2)) = 0 (52 monoma, ot ¢ He 3aBucHT). 3aNECHIBAS COOTHOICHHE
(Q2), = Q3, momygaem eg(a®, b p® 2()) =0 (75 moromoB).

Ilepexomum k umckmodennio b. Boipaxas u3 e; = 0 dbynknuio by , mosydaem
by = Bs(a®, by, p®), 2(Y)) u 3anmceiBas ycmoue TOro, 4TO OHA HE 3ABHCHUT OT I, HO-
ayuaem coornourenne er (a8, p® 2(6)) = 0 (61 monom, or b e 3asucut). Boipaxas
n3 eg = 0 dynknuio by , moaydaem by = B4(a(5),b2,p(5),z(6)) 7 3AITACHIBAS YCJIO-
BUE TOTO, 9TO OHA He 3aBHCHT OT x, mosyuaem cootromenue er(al®, p®) 2(6)) =0
(61 momom, or b He 3aBmcHT). 3ammchiBasg cooTHomenwe (Bz);, = By, momydaem
es(a® by, p®, 2(0)) = 0 (131 momom). Beipazkas u3 eg = 0 byHKIO by | MOTY-
qaem by = By(a®,p®), 2(%)) u 3amuceBas ycmoBme TOro, 9TO OHA HE 3ABHCHT OT
x, momygaem coorromenne eg(a®, p® 2(M) = 0 (148 momomos). CoorHomenme
(Ba),, = Bs naer eyg(a®,p®, 2(0) = 0 (134 monoma).

Ilepexomum K uckaioderuio p. Boipaxkas u3 e;g = 0 dyHKIHMIO p5 , OIyIaEM
ps = P5(a®,p®, 2(") u 3anuceBas ycmoBme TOro, 9T0 OHA HE 3ABHCHT OT ¥, TOJY-
qaem coorromrenue ejq(al®, p) 2(®)) = 0 (247 monomos). Ioxcrasnsas B e7 BMeCTo
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pe Beipakenue (Ps)!, momyaaem eer(al® p®) 2(8)) = 0 (336 monomon). Amamormd-
HO, TIOJICTABJISAS B €9 BBIPAsKEHUS JIs Ps U Pg, momydaem eeg(a®), p®), 2(8)) = 0 (404
MorOMa). Beipasum 3 e1; = 0 QyHKIHMIO py W MOACTABAM TIOTYI€HHOE BHIPAIKEHUE
Beel =0uneed = 0. Tlomyunm eeer(al®, 2(®)) = 0 (354 monoma, or p He 3aBucur)
u eeeg(al®) 2(3)) = 0 (418 monomoB, oT p TAKIKE HE 3aBUCHT).

Iepexomum K MCKIIOYEHUIO @ U3 JABYX IOCIEIHUX COOTHOMeHui. Boipasnm ag n3
eeer = 0, momyunm ag = Ag (a®, 28) u u3 eeeg = 0, momyunm ag = Aga(a®, 2®).
BanuceiBasi, 4ro Ag; = Ago, mOIyUnM 612((1(5), 2(8)) = 0 (266 monomoB). U3 ejo =0
nonygaeM as = As(al®, 2(®)). Tubdepennupys As momydaem eme oIHO BbIpazke-
HUe [ ag, & UMEHHO — (g = A63(a(4),z(9)). SanucoiBas, 410 Agz = Ag1, LOILY-
qum ey3(a?, 2) = 0 (533 monoma). U3 e;3 = 0 nonyuaem agy = Ag(a®, 2(9),
Huddepennupys A, moiydaem eie OGHO BBIPAYXKEHUE IJIA G5, & UMEHHO — G5 =
AAs(a®), 219). Banucepas, uto As = AAs, moayanm eqy(2(1?)) = 0 (705 momo-
MOB, OT @ HE 3aBHCHT).

IMonunom 10-ro nopgaka €14 — 3TO U €CTh UTOr HAIUMX BbIYUCJICHUH. DTO BbIpa-
JKEHUe JIMHEITHO TI0 MMPON3BOAHBIM (DYHKIIUHA 2 OT TEPBOTO 0 AECATOTO TOPSIKA.

B urore mbr mosrydaem ciieayrornee yTBEPKICHUE.

YTBepxKaeHNE 2:
2 2 — (3,2
(a) TCl(zg, y24ay)> KACATENIBHOE NPOCTPAHCTBO K Cl? B Touke Zy = (z°y* + zy),
cocrouT U3 aHajurTudeckux pyHxuuii z(z,y) Busa

2(z,y) = s(2®y® + zy) + c(2® y?) + 2° ¥ (a(@) + b(y) + r(zy) + (p(x) + q(y))zy,

rae (a,b,c,p,q,r,$) — aHaIUTHYIECKHE (DYHKINH OJHOTO TEPEMEHHOTO, T.4. CyMMa
OTIpe/ieSIeHa B HEKOTOPOI HEmyCTOH 00JIacTH.

(b) Coorromenue e14(2(1%)) = 0 - 310 HEOGXOAUMOE yCIOBHE TOTO, UTO Z(T, i) HMEeT
npejcrasiaenue Buia (a).

(c) TTommmom e14(2(19) (705 MOHOMOB) — 3TO JTHHEHHOE BHIPAYKEHHE OT TTPOU3BOIHBIX
dyHKIMYU 2 NOPAAKOB He Bbliie gecaToro (65 npousBoAHbIX), KoM UIUEHTbI — 3TO
HOJMHOMBL OT (Z,y) ¢ uejbiMu KOdGbDOUIMEHTaAMU, PACIIOJIOKEHHbIMU HA OTPE3KE
[—306021888, 306021888], ubu crenenn He MPEBOCXOAAT H2-X.

Pacnonaras neobxonuMbIM yCJIOBUEM [IPUHAJIEKHOCTA (DYyHKIMU KACATEIbHOMY
MTPOCTPAHCTBY, HETPY/IHO TIPUBECTH MPUMEPHI MPOCTHIX BBIPAYKEHNH, KOTOPHIE eMy
He TIpHHAIIeXRAT. HampmMep, eciii OICTaBUTh 2 = 22 Y5 B €14 , TO TOIyUaeM

614(2)
—120 z2y3
142140 220910 — 107594 18y° + 295122 2164® 4 127164 z'4y" — 49287 £12y5 —
28929 109 + 21606 23y* + 5541 259 + 501 z*y? — 54 2%y + 40 # 0.

= 32256 228y + 486432 22%y'3 + 414672 2%1y'? + 693120 2*2y ! —

Iycts a € C?' — mpocrpancTBo KoaddumenTos obmero MEorodnena ot (,y)
CTeIIeHU He Bbille naTh 1 p(&, Y, a) — N0JUHOM, Ybu KOdbdumenTsl pasubl a. Ilycrsb
o3 = {a € C?: N(p(z,y,a)) < 2}.
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Teopema 3:
(a) CnoKHOCTH MHOTOYJICHA

W=a3y>+ay+nay’

OTHOCHTETBHO (% + y) pasHa TpeMm, T.e. N(W) = 3.
(b) o9 — coberBennoe anrebpandeckoe moamuoxkectso C2L, mpuyaem oy — MHOKECTBO
obmux Hyseir Habopa MOJMHOMOB OT @ C HEIbIME KO3} PuiimenTramu.
Jloxasameavcmeso: To, aro cioxuocts W He mpeBocXoauT Tpex — oueBuano. Ilo-
3TOMY JI0CTATOYHO MOKazaTh, uro W ¢ Cl?. PaccMoTpum mpamyio [, TpOXOIATITYIo
uepes (v2y? + wy) B manpasnaennn z = x2y3, me. | = {Z(z,y,t) = ((x3y? +
xy) +ta?y3}. Ecaum 661 [ nesukom coziepxkanach B Cl?, To ee HanpaBsionuii Bek-
Top 6BLT 6BI KacaTenbHLIM. HoO 3TO He Tak m, cieqoaTensHo, | B Cl? meamkom He
coumepxurcs. Pacemorpum (di(Z(x,y)),. .., ds(Z(z,y))) — nuddepennuanbubie mo-
nuHOMBI, onpeaensionme Cl2, u ux cyxenue Ha [. Mbl H0ay4uM HAGOP IOJIHHOMOB
(Pi(t),...,Ps(t)) ¢ uesbimu K03 punuenTamu 1€peMeHHoro t, IpuYeM He BCe u3
HUX TOXK/IECTBEHHO paBHBI Hysf0. Ilycrb P(t) — rakoit nosuaom. T.e. eciau i
nexoroporo t dbyuxuus Z(z,y,t) € Cl?, To Is(t) = 0. Hynu sToro mojuHOMa — 3TO
KOHEUHBIH Habop anrebpamdeckux guces (man nojgem Q). Iockonbky gmceiao m —
neasnrebpanyno, To (23 y% + xy + w22 y3) ¢ CI2. Dro gokaswiBaer (a).
Paccmorpum pesysbrar MOACTAaHOBKH OOINEro MOJMHOMA, MATON CTemeHn / =
p(z,y,a) B (di,...,ds). Tomyuum HAGOpP HNOIMHOMHMAJIBLHBIX COOTHOIIEHUN HA a €
C?! ¢ nenpivu xko3ddunnenrtamu. II0CKOIbKY ¥ HAC €CTh MOJTHHOM CTEIIEHH T
p(,y,ap), Kotoperii He momanx B Cl?, TO 3TH COOTHONIEHHS 3aal0T COOCTBEHHOE
anrebpamdeckoe nopmuozkectso C2l. 1o nokasvisaer (b).

Xors auddepeHnuaabHbe MOJUHOMbI, 33IAI0IINE BTOPOH KJIACC, HE MTaHBI HAM
SIBHO, OJTHAKO UMEETCS aJIPOPUTM UX TOCTPOEHUsSA. AHAJIN3 9TOrO aJrOpUTMa MO3BO-
JISleT HAMUCATH OIEHKN CBepXy Ha nuddepeHuanbHblil TOPAI0K, 9UCI0 MOHOMOB U
Besauny KoabduipenTos (310 uesble unucaa). Vcnonb3ys Takue OleHKd, HeTpy/i-
HO IIOJIyYUTb OLEHKY CBEpPXY MOJyJieli Kopeii nosmunHoma P(t) u3 nokasareibcrsa
TeopeMbl 3. DTO MO3BOJISET 3aMeHUTh B mosimHoMe W neasirebpanydeckuii Koaddu-
[UEHT T HA OYeHb GOJbIIOe (WM OYeHb MAJEHbKOE) PAIMOHAILHOE Ynucyio. Ilocie
Yero MbI TMOJIYYUM TPUMEP MHOTOYJIEHA CTEMEHU MATh CJOXKHOCTH TPU C IEJIBIMU
KO3 puImenTaMmu.
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