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AnHoTanusa

Joxazano, 4ro rpajyupoBanabie ajredpnl JIlu naduauTeznmalib-
HBIX TOJIOMOPMHBIX ABTOMOP(MU3MOB HEBBIPOKICHHON KBAIPWKU KO-
pasMepHOCTH k HE WMEIOT HEHYJIEBBIX KOMIIOHEHT Beca Oojbiie 2k .
Jlokazano takxke, uro npu k < 3 HET rPaayHPOBAHHBIX KOMIIOHEHT
Beca Hosibiie gem 2. ChopMympoBaH psiJi BOITPOCOB.
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Bsenenue

Henasuo 66110 06HapyzKeHO [1], 9T0 JH0KA3aTeIBCTBO OJHOTO U3 YTBED-
kaennit moeit paborer 1990-ro roga [2] comepxur ommbky. Peus muer o
TeopeMe Ha cTp.19, U3 KOTOPOi, B YaCTHOCTH, CJIEIyeT, 9TO IpajlyupOBaH-
Hasg ajaredopa Jlu aut Q WHGHHATE3UMAJBHBIX T'OJOMOPMHBIX aBTOMOPQHU3-
MOB HEBBIPOKIE€HHOH KBaJIpuKH O TPOHU3BOIBHON KOPAa3MEPHOCTH COCTOMT
He 0oJiee YeM U3 AT BECOBBIX KOMIOHEHT

aut Q =g_o+9g-1+go+ g1 + go.

B [1] K 9TOMY YTBEPK/JICHHUIO ObLJ MPEIbABICH KOHTPIPUMED KBAJAPUKU KO-
pa3MepHOCTHU IATH B Cg, a cpeji KOHTPIIPUMEPOB PadOTHI [3] nMeeTCsT KBa-
PHUKa KOPa3MEpPHOCTH YE€THIPE B C'9, Takue KBaJIPUKH, T.€. HEBBIPOKJICHHDBIEC
KBaJIPUKH Ubs aaredpa comepzKuT MO0Jsd Beca O0JIbINe 9eM JIBa, Mbl HA3bIBAEM
uckA0NuUMesvHbMU. Bee nMeronueca npuMephl HCKIIOUUTEIbHBIX KBAJIPUK
BecbMa CJI0ZKHbBI. [Ipupoia 3Tux peJIkuxX IpuMepoB 1O ceil JIeHb [peJICTaBIs-
€TCd HesICHOI.

! Mexanmko-MaTeMaTnaecKnii pakyabTeT MOCKOBCKOTO yHHBEPCHTETa M.JIOMOHOCOBA,
Bopobbessr ropser, 119992 Mocksa, Poccua, vkb@strogino.ru
) ) )



Pabora mocTpoena ciaemaytonum obpaszom. B paznene 1 anaimusupyem ycio-
BHS NPUHAJIEZKHOCTU TOJist ajiredpe aBTOMOPGMU3MOB B KOHTEKCTE TEOPEeMbI
Dpennpaiica-ITamsaMonoBa.2To Ta TeXHHKA pabOTHI ¢ CHCTEMAMH JTHHEHHBIX
b depeHnuaIbHbIX YpaBHEHUHN ¢ MOCTOSHHBIME KO3 PHUITUEHTAME, aHAIN3
KOTOPBIX ITO3BOJIAI CPOPMYJIUPOBATH KPUTEPHI KOHETHOMEPHOCTH aareGphl
JIu uHUHATE3UMATBHBIX TOJOMOPMHBIX aBToMOphU3MOB KBajpuku [5]. B
Teopeme 4 NMPUBOAUTCS KPUTEPHil MCKIIOUATEIHHOCTH KBaJApUKU. B passme-
Jile 2 MBI IpUMeHsIeM TOJIyUYeHbIil KpuTepuii K anann3ly kBajpuk C'R-tumon
(3,3) u (3,4). Ucnoan3osanne kjaaccudukanmii, NOCTPOEHHBIX B paboTax
H.Ilammruak [8] u C.Anucosoii [9] mosBossier mokasaTh, 9TO CpeId KBa/I-
PHUK 3THX THUIIOB MCKJIIOYUTEILHBIX HeT. B pasmerne 3 obcyxKmaeTcsa cUTyalus
¢ KBaJIPUKaMu MaJjibiX KopaszmepHocreit. OCHOBHO pe3ysbrar — Teopema 19
— yTBEpZXK/JIeHHe, YTO NCKIIOUYATETHHBIX KBAIPUK B KOPA3MEPHOCTH TPH — HE
cymecTryeT. B pasmese 4 mpoucxoauT BO3BpAIleHNe B KOHTEKCT pas3jena 1.
KBaapuke comocraBiisgercs HEKUil MOAMOIY/Ib CBOOOIHOTO MOLYJIS HAJL KOJIb-
[OM TIOJHHOMOB (XapaKTepPUCTHIECKUIl TIOIMO/IYJIb), B €r0 TEPMUHAX TPHBO-
JINTCsL €Ie OJINH KPUTEPUH UCKIIOYUTETHbHOCTA KBAJIPUKHU, & TAKZKE, B ITUX
TepMWHAX, JOKA3bIBAETCS BEPXHsisl OIMEHKA HA BECA W CTEIeHH TOJeidl u3 aJji-
reOpbl AaBTOMOPGU3IMOB KBAJIPUKHN Yepe3 ee KOPa3MepPHOCTh.

1. Kpurepnii nCcKJII0O9YNTEJIbHOCTHI

ITycre Mg — pOCTOK IJIaJIKOTO BEIIECTBEHHOTO IOPOKIAIONIEIro I10IMHO-
roobpasus Komiiekcoro npocrpaictsa CV (N = n + k) C R-pasmepHocTr
n > 0 u xopasmepnoctu k > 0. [Iycrp

2= (21,...,2n), w=(wy,...,wg), w;=uj+iv;, j=1...,k —
koopaunarsel B CV. HasnaunM Beca mepeMeHHbIM:
[l=[a=1[w]=w=[=2

DTO MO3BOJIZET pa3jaraTb CTeleHHbIe PAIBI HA BECOBbIE KOMIIOHEHTHI. A ecJiu
cauTaTh, 9ro nuddepennupoBanue mo z u z umeet Bec (—1), a nuddepen-
IMUPOBAHUE 10 W U W — Bec (—2), TO TPAIYUPOBAHHON CTAHOBUTCS U aaredpa
JIu bopMaIbHBIX BEKTOPHBIX TOJICH, U Bce ee nojgaaredpwt. [locse mpocroro
KBa/paTHIHOIO Ipeobpa3oBanud ypasHeHue M MOXKHO 3alHCaTh B BUJIE

Me={v;=<22>;+0(2), j=1,....k} ={v=<2z,2>+0(2)},



rae < z,Z >; — 3pmMuToBel dopMmer Ha C", a o(m) — 3ro dyHKIMHU, Teilno-
POBCKOE Pa3J/IOKeHNe KOTOPBIX B HYJIE HE COAEPZKUT YJIEHOB BECA 1M W HHUZKE.
OCHOBHOI 00BEKT HAIEro BHUMAHHSA — 9TO KacaTeJIbHas KBaIPHKA

Q={v=<z2z2>}

IIycTs aut Mg — 310 anreGpa Jlu poctkos BekTopHBIX moaeii B CV| kacaresb-
HBIX K M, Buja

X =2Re [ flzw) 2 4 glzw) 2 ) = (F(zw). gz w), 0

0z ow
rae f m g — pocTKu BeKTOp-(byHKIH, rofoMOpdHBIX B €. DTO IMOJd, KO-
TOPBIE TOPOKIAIOT JOKAJbHBIE l-MapaMeTpruIecKue IPYIIbl FOJOMOPQMHBIX
npeobpazosanuit M. Mogesbras moBepxuocTs Q B3BELIEHHO OAHOPOIHA (3a-
JAeTCsl B3BEIeHHO OJHOPOJHBIME YDABHEHUSIMH) W TOJOMOPGMHO OTHOPOIHA
(rpynna rosomMopdHbIX aBTOMOPGU3MOB jeficTByeT Ha Q TpaH3uTUBHO). [1o-
3TOMy BMecTo aut Q¢ MBI MOKeM IHcaTh aut Q (HeT 3aBUCHMOCTH ATTeGpPhI
OT TOYKH).
B coorBercTBum ¢ Harmieil rpaiyunpoBKoit

autQ =g o+9g-1+g+g+g+....

Herpy/Ho npoBepUThL, YTO IPUHAIJIEKHOCTL BEKTOPHOTO 1oja X = >0 X
asredpe Jlu aut Q paBHOCH/IbHA IPUHAIEKHOCTH 3TOM aaredpe KazKIo0ii ero
BecoBOif KOMIOHeHTHI X ;. B Taxoii cuTyanuu ycjaoBre KOHEYHOMEPHOCTH aJl-
reGpbl PABHOCHIILHO YCJIOBUIO €e KOHEYHOU rpaayupoBanHoctu. B [5] 6bLio
JIOKA3aHO, 9TO KPUTEpHEeM KOHEYHOMEPHOCTH aut @ sBJISeTCs CJIeLyIOoIast
napa ycaosuii: (1) orcyrcrBue snpa, T.e. ecam < e,z >= 0 js Beex z, TO
e = 0; (2) koopauHaTel GOpMbl < 2,Z > JHHEHHO HE3ABUCHMBI (yCJIOBHE
HEBBIPOXKIEHHOCTH ).

BanuceiBas yeJI0BHe MPUHAIEXKHOCTH 015 (1) asrebpe aut Q, mosryuaem

2Re (ig(zy,u+i <2z,2>)+2 < f(z,u+i <z,2>),Z>)=0. (2)

[Monoxum A(p(u)) = Oup(u)(< 2,z >). Hecnoxupiii anamus (cm. [5])
COOTHOIIEHHsI (2) MO3BOJISIET YCTAHOBUTD CJIE/YIONIee

YrBepxkaenue 1: Ilapa (f, g) yaA0BIETBOPSIOT COOTHOIIEHUIO (2) TOrIA

U TOJBKO TOIIa, KOTJZA

f=alw)+Cw)z+ A(w)(z,2), g=>bw)+2i < z,a(w)>.
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(3aBUCHMOCTH OT Z yKa3aHa SIBHO, T.e. CTEIICHH HOJb, OJUH M JIBA, & 3aBU-
CHMOCTH OT W — aHAJUTUYECKAas B OKPECTHOCTH Hadasa), npudem a, A, C,b
YJIOBJIETBOPSIIOT CJIEYIONAM COOTHOIIIEHUSAM, KOTOPBIE PACIaJal0TCs Ha JIBe
CUCTEMbl YpaBHEHUM

< Au)(z,2),z >=21i < z,Aa(u) > (3)
< z,A%a(u) >= 0.

Imb(u) = 0, (4)
Ab(u) =2Re < C(u) 2,z >,
Im < A?C(u) 2,2 >=0,
A3 b(u) = 0.

MozkHo HammcaTh, 9TO
Cu)z = Z Cj(u) z;, Au)(z,z) = Z Ai(u) 2z 25, Agj = Ajg.

Torga xkaxmas w3 cucTeM ypaBHEHHiIl MOYKeT ObITH 3alMCaHA KAaK CHCTEMa
JIMHEHBIX ypaBHEHUi ¢ mocTtogHubiMu Kodddunentamu. [lepsas na nabop
BekTOp-byukumit ((a(u), Ag;(u)), a Bropasg — (b(u), C;(u)). Herpyano npose-
PUTh, UTO B CJIydae, ecJd IPMHTOBA BeKTOpP-pOpMa — HEBBIPOXKJIEHA, TO HU
OJTHA U3 ITUX CHCTEM He MMeeT IKCIOHEHITMAILHBIX PENIeHuil ¢ HeHYJIeBBIM
nokazareseM. [[pumensss K KaxKI0il u3 9TUX CHCTEM TeopeMy 00 IKCHOHEH-
MUAIBLHOM TIpescTaBiennn Jpennpaiica-ITamsamonosa [11], 3akaogaem, 9To
MPOCTPAHCTBO peIeHnil KayKI0i U3 HUX — 3TO KOHETHOMEPHOE HOIPOCTPAH-
CTBO MPOCTPAHCTBA MOJTMHOMOB OT U. ZICHO, YTO KOHEYHOMEPHOCTDH MO/IPA3Yy-
MEeBAaeT PABHOMEDHYIO OINEHKY CTEleHU PerleHuit.

[Ipu arom caejyer OTMETUTD, YTO JII0O0e BEKTOpHOE 1ojie X MOXKHO pas-
JM0KUTE B cymmy detnoit — X° u meuernoit — X' xomnonent. [ne —

X=X 04+ Xo+Xo+..., X'=X 14+X1+X5+...
B Hameit rpaayuposke. [Ipu 3Tom MoxkHO 3aMeTuTh, 4T0 ecim X € aut Q, To
XY= (C(w) z,b(w)), X'=(a(w)+ A(w)(z,2),2i < z,a(w) >). (5)

Takum o6pazoM pernenust (3) — 9T0, B TOYHOCTH, 4eTHas KOMIOHeHTa X €
aut Q@ — X° € aut’ Q, a pewenus (4) — 310 Hevernas komuounenta X € aut Q
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— X! € aut! Q. OrmernMm 31ech, uto aut’ Q, B ormume ot aut' Q — 3To
nozaaredpa aut Q.

Kak xoporiio u3BecTHO, mojgaaredpa g = g_o+ g1 JJid JIIOOOH HEBBIPOK-
neHnoit KBaapuku — dbynmaamentanbia o Tanake ([6], [7]). [losromy ecom st
HEKOTOPOI'O j COTBEICTBYIONIAsl KOMIIOHEHTa oOparuiack B HOIb g; = 0, TO
g7 = 0 s Bcex J > 7. B cBg3m ¢ 51UM [1a/1uM onipejiesieHue.

Onpegnenenune 2: Hazosem HeBbIpoxkaeHHYIO C' R-KBaJIpUKY Q uUck.A10-
wumenvrot, ecan aias mee gs # 0. ZlcHo, 9TO KBaJpUKa He SIBISIETCS MCKJITIO-

YUTEJBHONR TOTJA U TOJHLKO TOTA, KOTJA
aut Q =g_o+9-1+ g0+ g1 + 92

[Tpumepb: Meiinan u I'peroposuda — 5T0 IPUMEPHl UCKJIIOUYATENBLHBIX KBaI-
PHK.

Ye10BrE OTCYTCTBUS KOMIIOHEHT Beca 6oJibliie, 1yeM jiBa B repmunax (a, A, b, C')
— 9TO YeThIPE YCJIOBUSA

deg,a <1, deg, A=0, deg,C <1, deg, b < 2.

DTU yCIOBUs TAPAHTUPYIOT, 9TO YeTHAS KOMIIOHEHTA OOPBIBACTCS HA BTOPOM
Bece, a HedeTHasl - Ha mepBoM. Ho TIOCKOJIBKY KPUTEpHeM HUCKIIOUATETbHCTH
ABJISIETCS YCJIOBUE HA TPETHI0 KOMIIOHEHTY, TO MbI MOYKEM OTDAHUYUTCS PAC-
CMOTDPEHHEM TOJILKO IEPBOi cucTeMbl (3). 3aMeTHM TakzKe, 9TO HEePBOE COOT-
HoteHue (3) mpu (HUKCHPOBAHHOM @ OJTHO3HAYHO PA3PENIuMO OTHOCHTEIbHO
A (ycaosue HeBbIpOKIeHHOCTH). [ToaToMy mapamerp A MOXKHO UCKJTIOYHUTb.

Yepes z - ( Oyaem 0603HAYATH CTAHIAPTHYIO SPMUTOBY (POPMY

(z-0) =21+ ...+ 25Ca.

Torma npou3BoabHAsT SPMUTOBA GOpMa MOKeT ObITh 3anucana kak (Hz - Z),
rie H — spMuTOoBa MaTpHua, a 2z IOHHMaeM Kak crosoer. O6o3Ha4nM depe3
H;z - ¢ — j-10 KoopauHaTy BeKTOp-hopMbl < 2,7 >.

[ycts B(zZ) = (By - Z,..., By - Z) — wabop u3 k suneitabix dopm. Pac-
CMOTPUM ypaBHEHUE

<z,Z2>=B(2), 2€C", B(2)=(B-%...,B-2) € C"  (6)



T.e. TIOJPA3yMEBAETCs, UTO NMPU (DUKCHPOBAHHONH TPABON YACTH MBI HITEM
BekTop x € C", T.4. ypaBHeHNe MPEBPAIAETCS B TOXKIECTBO 1O z. Takoe
ypaBHeHHe ypaBHeHHe MOXKHO 3amnucarTh B Buje Hyx = Bj, j = 1,... k.
Paccmorpum majiee orobOpakerue

v:C" = C"  u(z2)=(Hiz,..., Hz).

O6o3HaunM ero obpas udepes L', dyepe3s L” 0603HAYUM NIPIMOE JIOIOTHEHHE
obpasza 10 Bcero npocrpancTsa. Ilyers m — mpoekrop C* ma L” saoms L .
[Mockoabky dopmer (Hy, . .., Hy) He ©MEIOT OOIIETo sipa, TO ¥ — 3TO H30MOPO-
dusm C" u L', ma L' onpenesreno obpaTHoe otobpazkenue v~ 1. Paccyxaenus
9TOro ab3ama MOXKHO MOJABITOXKHUTD CJIEYIONIIM 00pa3oM.

Jlemma 3 : (a) Ypasuenue (6) paspemuMo OTHOCHTEILHO & TOTJA W
TOJIBKO TOra, Korga m(B) = 0.
(b) Eciu (B) = 0, To enuncrennoe permenne (6) nveer sug x = v~ (B).

[Tpumensist TeMMy 3 K MepBOMY COOTHOIIEHHUTO (3), ToIydaem

JIemma 4: (a) Ypasrenne < A(u)(z,z2),z2 >= 2i < z,Aa(u) > paBHO-
CUJBHO ape COOTHOIECHUN

(< z,Aa(u) >) =0, Az, 2)=2iv (< z,Aa(u) >). (7)

(b) Ecaun deg, a = d, 1o deg, A < d — 1.

[Ipexkae veM chopMyInpPOBATH MOJYIECHHYIO TEOPEMY, JATUM OIpeaese-
nue. HeBblpoxkjennas KBajpuka Ha3biBaeercs ocecmkol, ecim g, = 0. B
cuty (pyHIAMEHTATBHOCTH 3TO PABHOCHILHO TOMYy, 4T0 g1 = 0. A 370, B
CBOIO 0Yepe/b, PABHOCHJIBHO TOMY, 4TO ypaBHeHue 7(< z, Aa(u) >) = 0 ue
“MeeT HEeHYJAeBbIX PEelIeHU JIMHeHHBIX 110 U.

KBagpuky MO:KHO HOHMMATh KaK TOYKY HPOCTPAHCTBA HAOOPOB u3 k 3p-
MHTOBBIX (POPM OT N-MEpPHOI0 1nepeMeHHoro. Takue HabOPbI — ITO BEIECTBEH-
HOe JImHeitHoe mpocTpaHcTBO H pazmeprocTn kn?. OB03HAYNM HEBBIPOK ICH-
Hble KBaJpuKu depe3 H'. FcHO, 4TO BBIPOKIEHHBIE KBAJIPUKH — 9TO ajared-
pamdeckoe HOJAMHOKECTBO H (3a/1aeTCsl MOJTMHOMUATBHBIMA YCJIOBUSIMU HA
KoopauHaTh). Takum obpazom H', ero JomosHeHHe, — MOTyaareGpandeckoe
(paBeHcTBa M HepaBeHCTBA Ha MOJUMHOMBI). O603HAYNM depe3 H; MHOKECTBO



HEBBIPOXKICHHBIX KBAJPHUK, ST KOTOPBIX ¢, UMEET JIJINHY He MeHbIre [. Zc-
HO, YTO HE XKEeCTKHe KBaJPUKH — 3TO Hi, a UCKIIOYUTE/ bHbIe — 3T0 H3. U3
HaIlero ONMUCaHMs KOMIOHEHT aJreOpbl cpasy cjeayer, 9To H; — noayaJired-
pamIecKoe MHOYKECTBO I BCex [.

H OHI DH2 DH3 D ...

HpI/IBe,ZLeM JABa KpUTepud: UCKJIIOYUTEC/IbHOCTH U He 2KECTKOCTH.

Teopema 5: Hesoipoxiennas kBajapuka Q
(a) MCKIIOYMTENBHA TOTJA U TOJBKO TOTJIA, KOIJA CYIIECTBYET HEHyJIeBas
kBajipatndHas BeKTop-dbopma a(u,u) = (ay(u,u), ..., a,(u,u)), yroBaerso-
PAIOMIAS ABYM COOTHONICHUSIM

(< z, Aa(u,u) >) =0, <z A%a(u,u) >=0.

(b) He KecTKast TOTJIA M TOJIBKO TOTJIA, KOTJA CYIIECTBYET HEHYJIeBasl JINHe-
nast Bekrop-bopma a(u) = (ay(u),. .., a,(u)), y10BIeTBOPSIONAs COOTHOIIIE-
HHUIO

(< z,Aa(u) >) = 0.

2. CR-xBaapukn tumos (3,3) u (3,4)

Cdopmynnpyem aBa yCIOBHSA, KOTOPBIM MOYKET YI0BJIETBOPATH SPMHTOBA
BekTOp-(hopma < z,Z > KBajapuku Q.

(I) Muoxectso {z € C" : rank(H,z,..., Hyz) = n} — wenycro (u, ciemno-
BATEJIbHO, OTKPBITO U IJIOTHO) .
(IT1) O6pas orobpazxkenna uz C" B C* (p,q) — < p,q > CONEPKUT BHYT-
pPeHHHE TOYKH.

Teopema 6: Eciin HeBBIDOXK IeHHAS KBAJPHKA YIOBIETBOPSAET YCJIOBUAM
(I) m (IT), To OHA He ABISETCS UCKIIOUATETHHOI.
Jokasameavcmeo: Nmeem < z,A%a >= 0. Uz ycaosua (I) cuaenyer, uro
A%q = d*a(< 2,2 >,< 2,2 >) = 0. OKOMILIEKCHM NOJIyYeHHOE PABEHCTBO
( T.e. mycTh z W ( = Z — He3aBUCHMBbIe mepeMeHHble). Teneph U3 ycaoBUs
(IT) caeayer, 9TO0 B OKPECTHOCTH HEKOTOPOTO 3HaveHus z JAud epeHimaist
du =< z,Z > MOTYT PACCMATPUBATHCS KAK HE3ABHCUMBIE. DTO O3HAYAET, UTO
d*a = 0 u, caeposaresbno, deg, a < 1. YrBep:KieHue j10Ka3aHo.

7



?)aMeTI/IM7 9TO JOKa3aTeJIbCTBO YTBEP2KICHUA OCHOBAHO TOJBKO Ha BTO-
POM COOTHOIIICHUUN KPpUTEpHUA U HE UCIIOJIb3YyeT IIePBOIo.

3aduxcupyem n > 0. B cuny yenoBus nHERHON HE3aBHCUMOCTH KOOD/IH-
HATHBIX SPMUTOBBIX (DOPM HEBBIPOKIEHHBIE KBAJPUKU KOPA3MEPHOCTH Kk BO3-
MOZKHBI JiunIb B juanasone 1 < k < n?. Ilpu stom B quanasone 2 < k < n?—2
y KBaapuku obriero mosoxkenus g, = 0 (HeT moseil mOJOKHUTENTbHOIO Be-
ca). Kpurepuem rakoii ”xkectkoctu” siBasiercst ycaoue g = 0. B pabore
H.ITanurvak [8] knaccudunupoBanbl ¢ TOYHOCTBIO 10 TOJOMOPGHON IKBH-
BAJIEHTHOCTH BCe KBAaJApWKH jid n = k = 3 ¢ g; # 0. 910 HAOOP U3 BOCH-
MU KBQIPUK. AHAJOIMYHBIA CIIUCOK U3 JIEBATU KBaJIPUK Jjasd n = 3 kK = 4
611 cocrasien C.Anucosoit [9]. B cuny dynaamenrasbHocTH 13 TOro, 9to
g1 = 0 cienyer obpalenne B HOJIb U IMOCIEAYIONUX KoMnoueHT. [Toaromy nc-
KJIOUNATebHbIEe KBAJPUKU JTAHHBIX THIIOB, €CJIH OHHU CYMIECTBYIOT, JOJIZKHBI
cojepkarcs B cnuckax llamuaaak u AHECOBOI.

Teopema 7: (a) Mckmounre bHbIX KBAAPUK THIA (3, 3) — HE CYIIECTBYET.
(b) UckmounrepbHbix KBagpuK THHA (n,4) mpn n < 3 — He CyIIECTBYeT.
Jlokazamenvemeso: HemocpeacreenHo y6oekgaeMcs, 9T0 BCe KBAJIPUKH U3 000-
UX CIUCKOB yoBaeTBopsitor yeaosuio (1), Uro kacaercs yeaosus (I), To emy
VJIOBJIETBOPSIOT BCE KBAJIPUKK CIIUCKA AHUCOBOIT U BCe KBaJIpUKU ciucka [la-
JIMHYAK 33 OJIHAM HCKJIIOYeHHeM. DTO KBaJpuKa, 0003HAYeHHAas TaM KakK ()s.
Omnpenensitonime ee (GOPMBI UMEIOT BH/I.

2 Rez1 23, 2 RQZQ 23, 2 Ile 23

[Ipocrpancteo Bt = {z € C3 :< z, B >= 0} 3ajaeTca AByMs He3aBHCHMbI-
MM COOTHOINEHUSAMHU 2o B3 + 23 By = 21 By — 29 B = 0. Iloatomy perenne

nMeeT BUJ B B B
BJ' = {Zl = )‘Bb Z9 — )\BQ, zZ3 = —)\Bg}

Urak, ecm a(u) = (aq(u), ag(u), az(u)) yaosrersopger coornomennto < A2a, z
0, To A%a;(u) nemmresa Ha z;. Takum obpasom orpanmuenne A%a; Ha MIOC-
kocTb Z; = (0 paBuo HyJ10. [Ipu 310M Orpanuyenusi KOOPJAUHATHBIX IPMUTO-
BbIX (POPM paBHBI (z1 Z3, 2923 + 2322, —1 21 22). Eciu paccmorpers cooTBet-
creytomee otobpaykenne C® ma C3, To MBI BHINM, 9TO OHO WMEET PAHT TP
DTO MO3BOJAET YTBEPKIATh , 9T0 d’a; = 0 U CTeIeHb @, He IPEeBOCXOINT
eIUHUIBI. AHATOTUYIHBIE PACCYZKIEHUS JAIOT Ty K€ OIEHKY CTeIeHH sl (o
u az. Takum obpasom i Bcex KBaJpuUK Kpome (s u3 cuucka [lagmmadyax



HEMCKTIOUYNTETHLHOCTD CIeIyeT U3 YTBEP:KIAeHUs 5, a JIJIst 9TOH KBAJPUKU U3
HAIEr0 PACCyZKJACHHsI. DTO MTOKA3BIBAET IYHKT (a) M OTCYTCTBHE HCKJIIOYH-
TesbHBIX KBajapuk Tuna (3,4) . Keagapuka tuna (1,4) He MoxKer GbITH HEBbI-
poxiennoil. HeBbipoxK/ieHHas KBaJApuka Tuia (2,4) TOJbKO OfHA. DTO IO-
CJIeJIHdS KBaJIpHKa, 33JaHHasd 0a3MCOM IPOCTPAHCTBA PMHUTOBBIX (hOPM Ha
C?. Jlerko mpoBepseTcs, 9TO OHA He ABAFCTCA HCKIIOYHTEeIBHOM (CM.TakKe
yrBepzxkenue 20) . 1o gokassiBaer (b). Teopema nokazana.

3. KBagpukmu MaabIX KOpPa3MepHOCTe

MuHuMAaIbHAA KOPA3MEPHOCTh, JJis KOTOPOH M3BECTEH HNPUMED MCKJIIO-
quTeabHON KBaApukn 310 k = 4. C KopasMepHOCTAMHI k PaBHBIMH OTHOMY
I IBYM Jieia 06CTodT caeayiomum obpasoM. To, 9To He CYMEecTBYeT HCKJIO-
YUTEJIHHBIX KBAJPHK B KOPA3MEPHOCTH OJIUH HEMOCPEJICTBEHHO CIEIYeT U3
pa6otst [4], B [1] 6110 TIpUBEIEHO TOKA3ATENBCTBO It Kk = 2.

B nannoii pabore Mbl J0Ka3biBaeM, 4TO B KOPA3MEPHOCTU k = 3 HCKJIIO-
YUTEJIbHBIX KBaJIPUK Tak:Ke HeT . TakuMm o0pa3oM, KOpa3MepHOCTh deThipe
— 5TO MUHUMAaJIbHAST KOPA3MEPHOCTh, B KOTOPO BO3MOYKHO CyIIECTBOBAHUE
HCKJIIOYATETLHBIX KBAJIPHK.

Mycrs f = 30" fj, 9 = 20" g; — Pa3joxkeHus f W g B CyMMY BECOBBIX
kommonent. Torma X, T.e. m-s1 BecoBas KommonenTa mojs (1) mmeer Bu

0 0
Xm = 2Re fm+1 (Z, U)) & + gm+2<z7 w) aiw ) rae

2Re (i gmio(z,u+1i < 2,2>)4+2 < fr(z,u+i <z,2>),2>)=0. (8)

B npennonoxkernnn HEBBIPOKI€HHOCTH O PACCMOTPUM MJIAJIIINE KOMIIO-
HeHTHI are6pol. IIpn 5ToM MBI GyIeM 3alnChIBATH BOZHUKAIOIINE 3/1eCh KOM-
HOHEHTH! f W ¢ B BUJIE HOJMJIHHCHHBIX (DOPM, IpudeM OyIeM IpeoaraTh,
YTO OHH CHMMETPHYHLI BHYTPH KazKJ0i TPYIIBI HepeMeHHbIX 2 nian w. Vime-
eM
Bec (-2).  f-1=0,90=¢q, X_o=(0,q). I3 ycnoBusg (8) momxyuaem, 4ro
q € R*.

Bec (-1).  fo=p, g1 =1(2), rme p € C", I(z) — nuneitnas dhopma. 13 yeio-
Bust (8) mosryuaem, uro I(z) = 27 < z,p >. Takum obpazom X_1 = (p, 2i <
2,p >).



Bec 0. f1 = Cz, g2 = a(z,2) + pw. U3 ycaoBust (8) mosydaem, 9To
a(z,2) =0, Im(pu) =0, 2Re < Cz,zZ>=p < z,z >. Takum obpazom
Xo = (Cz, pw) ¢ HAlIEHHBIMHA YCJIOBHSIMA.

Bec 1. fo =aw+ A(z,2), g3 = az,2,2) + 8(2) w. U3 ycnoBusa (8) mo-
aygaeM, 9to a(z,z,2) = 0, < A(z,2),Z2 >=2i < z,a < z,Z >>, B(z)u =
2i < z,au >. Homygaem X = (aw + A(z,2), 20 < z,aw >).

Bec 2. fs=B(w)z+b(2,2,2), g4 = oz, 2,2,2) + B2z, 2) w+ r(w,w). U3
yeaoBus (8) mosydaem, uro «(z,z,z,2) = 0, [(z,z)u = 0, b(z,2,2) =0
, a takxke Re < B(u)z,z >=r(< 2z,Z >,u) Im < B(< 2,2 >)z,Z >= 0.
[Monyuaem Xy = (B(w) z, r(w,w)) ¢ HAlEHHBIME YCIOBUSIMU.

Bec 3. fy = dlw,w) + D(w)(z,2) + e(z,2,2,2), g5 = az,2,2,2,2) +
B(z,z,z)w + v(2)(w,w). U3 ycnosus (8) nomyuaem, uro «a(z,z,z,2,2) =
0, B(z,2,2)(u) =0, e(z,2,2,2) =0, a Takzke

Y(2)(u,u) =24 < z,d(u,u) >,
< D(u)(z,2),z2>=4i < z,d(< 2,2 >,u) > < D(<27z>)(272),z>=0.
Homygaem X3 = (d(w,w) + D(w)(z,2), 2i < z,d(w,w) >) ¢ HaiiJeHHBIMEA

VCJIOBUSMU.
Nrax, morydaem

Vreepxkaenue 8: (a) Ecan Q — HEBBIDOXKIEHHAS] KBAJIPUKA, TO MJIAJIIIHE
BECOBBIE KOMIIOHEHTHI aut Q MMerT BUL

X 5=(0,q), gqeRF,
X 1=(p, 2i <z,p>), peC"
Xo = (Cz, pw), C € gl(n,C), peglk,R), 2Re<Czz>=p <z2z>,
X1 = (aw+ A(z,2), 20 < z,aw >), < Az,2),Z2>=2i <z,a<2zzZ>>,
Xy = (B(w) z, r(w,w)), Re< B(u)z,z>=r(<zz>u), Im<B(< z,zZ>)z,z>=0,

X3 = (d(w,w) + D(w)(z, 2), 21 < z,d(w,w) >),
< D(u)(2,2),z >=4i < 2,d(< 2,2 >,u) >, < D(< 2,2>)(z,2),2>=0 9)

(b) Q - He gBIAETCS UCKMOYUTETBHONR TOLJA U TOJBKO TOTJA, KOLJA €/HH-
crBennbM pemterneM (9) asisercs D(u) =0 u d(u,u) = 0.

JIemma 9 : (a) Ecoiu Q — HEeBBIDOXKIeHHAS] KBAJIPUKA, TO

D(< z,p>)(z,2) = 0.
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(b) Q - He sIBAsIETCS UCKIIOUUTENBHOM TOTJIA U TOJIBKO TOTA, KOTJIA €JUH-
CTBEHHBIM PeIeHueM

D(< z,p>)(2,2),2=0, < D(u)(z,2),z2>=41i < z,d(< z,Z2>,u) > .
(10)
apagerca D(u) =0 u d(u,u) = 0.
Jlokasamenvemso: JTokaxkem (a). HemocpecTBeHHOE BBIYHCIEHHE KOMMYTa~
topa faet [ X3, X 1] = (F(z,w),G(z,w)), rue

F=-2d(2i<z,p>w)—D(2i<zp>)(zz2) —2D(w)(z,p),

G =(2i <dw,w)+ Dw)(z,2),p > —2i < p,dw,w) > —4i < z,d(2i < z,p >, w) > .

KommyTarop nostst Beca 3 ¢ mosieM Beca (-1) 910 smement go. Ham ussectro,
9TO 2-KOOP/MHATA TAKOTO IOJIs He COAEPKUT Kybudaeckux (opm oT 2, moITo-
My D(< z,p >)(z,2) = 0. Orciona cpasy crenyer (b). Jlemma mokazana.

Mycre D(u)(z, 2) = Di(z, 2) ur+. . .+Dy(z, 2) up, vae Dj(z, 2) = (Dj(z,2), . ..

- BEKTOp3Ha4YHasi KBajaparudHas dopma. Torga meppoe coorrorrenue (10)
TTPUHUMAET BU/I,

(Hiz-p)D1(z,2) + ...+ (Hgz - p) D(2,2) =0 (11)
[Tpu 310M v-51 KoopauHaTa (11) BRIDISAIAT Tak
(Hyz-p)DY(z,2)+ ...+ (Hz-p) Di(2,2) =0 (12)

Youpast cBepTKy ¢ HE3aBHCHUMBIM ITapaMeTPOM P, HOJIYyIaeM BEKTOPHOE COOT-
HOIIIEHUE BUJIA

DY(z,z)Hiz+ ...+ Dj(2,2) Hz =0 (13)

Ksagparnanoii Bektop-dbopme d(u, 1) OJHOZHAYHO COOTBETCTBYET CHM-
MeTprYecKas: OuInHeiiHass BeKTOp-dpopma

d(u, U) = Z daﬁ Ug, Uﬁ = Z 55(’&) Uﬁ, 55(U) = z dag U, dag e C".
ap B «

Ecau D(u) = 0, To yciaosue ua dbopmy d(u, u) MOXKHO 3alUCATH TaK

<2,0i(<2,z2>)>=0, j=1,...,k

11
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[Tockobky Bee KoahduimenTsl (GopMbl d yIOBIETBOPSIOT OTHOMY U TOMY
JK€ COOTHOIIEHHIO 3aIIUIIEeM €r0 B CBOOOJHOM OT YKa3aHHS Ha WHIEKC BHUIE.

<2,6(<2,2>)>=0, 6(u)=ua+...+uag, (14)

Takum 00pazom, 4Tobbl onucarh g3 1upu ycaosuu D(z,z) = 0 Hy:KHO Onu-
cath Bce HaGopwl (01(u),...,0k(u)) auneitupix C"-3Ha4HBIX (BOpPM , TaKHX,
9TO KazK7as YIOBJIeTBOPSET COOTHOIIeHHIO (14), a BCsl COBOKYIHOCTH YII0-
BJIETBOPET YCJIOBUIO CAMMETPUIHOCTH GrnHeiiHoit dhopmbr d(u, U), a uMeHHO
dop = daa-

[Tpexk e, dem nepeiiTn K pacCMOTPEHHUIO HHTEPECYIOIIEro HAC Caydas KO-
Pa3MEpHOCTH TPH, PACCMOTPHUM B HallleM KOHTeKcTe ciaydan k=1 u k = 2.

Cayuatd k=1. Ecam k = 1, To nepsoe coornomenue (10) npunumaer Bu
D(z,z) < z,p >= 0, orkyaa cpa3y nosaydaem, uro D = 0 Tlocie Bropoe
COOTHOIIIEHUE IPUHUMALT BUT < d(< Z,Z >,u), z>=<aq,z><zz>u=0.
Orkyna cpagdy norydaem d =0 u g3 = 0.

Cayuat k=2. [Tonoxum

Pz=Hz, Qz= Hyz, Pz= (pi1(2),....,pn(2)), Qz = (q1(2), ..., qu(2)).

Torpma (13) npuarmaer Bu

(z,2) Pz +m(z,2) Q2 = 0, I(2,2) = Dy(=,2), m(z,2) = Di(z,2)

[Iycrs maiizercss taxkoe p, 910 p,(2) = «(2) He HPONOPHUOHAJIBHO ¢, =
B(z). Torma moayqaem, qro l(z,2) = A(2) 5(2), m(z,2) = —A(2) a(z). Ec-
an A(z) # 0, to momyuaem [(z) Hiz = a(z) Hyz, OTKyJa Claeayer, 4To

Hiz=a(z) A, Hyz = f(z) A.
Cdopmynupyem JeMMy, KOTOpas MOHAI00UTCA HaM 3JeCh U B JabHeii-
IemM.

Jlemma 10: (a) Ecou spmurosa marpuna H umeer panr 1, T.e. Hz =
I(2)A, 1 #£0,A#0,10l(2) = p(2-A), p# 0, a COOTBETCTBYIOIIAsT SPMUTOBA
dopMma nMeeT B

(Hz-2)=p|(z- A, peR.
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(b) (a) Ecou spmurosa matpuna H umeer panr 2, 1.e. Hz = 1(2)A+m(2)B,
npudeM | mw m — juneiino mesasucumbl rank(A, B) = 2, to [(2) = p(z -
A), m(z) = 7 (2 - B), mapamMeTphl p U T — BeMECTBEHHB U He PABHBI HYJIO, &
COOTBETCTBYIOINIASA SPMHUTOBA (HPOPMA UMEeT BH/T

(Hz-2)=p|(z- A + 7z B).

Zoxazamenvcmeo: Panr aspMuToBoit popMbl HHBAPpUAHTEH OTHOCUTEIHHO HEBBI-
POXKJIEHHBIX JinHeHbIX 3aMeH. lIpuBejgem GopMbl K JMArOHAJILHOMY BHUJLY.
Yucmo HeHyI€BBIX KOIMMUITMEHTOB B IEPBOM CJIydae PaBHO OJTHOMY, BO BTO-
poMm — ByM. Bo3Bpaimasich K MCXOAHBIM KOOPJAMHATAM TOJIy4daeM 0b6a yTBep-
JKJICHHS JIEMMBI.

B coorsercTBru € 1€MMOit
(P2 2) = nl(z- AP, (Q2-2) = ml(=- AP,
YTO IIPOTUBOPEYNT YCJIOBUIO HEBBIPOYKJIEHHOCTH, modToMy D = (.
Banumiem (14), moayaum
(Pz-2) <z,a1 >4+(Qz-2) <z,as >=0 (15)

[Tapa BeKTOPOB (1, (1) MOKET UMETH PAHT HOJIb, OJIWH UIH jABa. Hoab — 310
saaqut, 910 0 = 0. [IycTb — oiuH, TOrIa BEKTOpPa MPOMOPIUOHAIBHBI, IYCTh
ay = Aag, ap # 0. 13 (20) moaygaem

(Pz-2)+A(Qz-2)) <z, >=0

OTkyna ciejyer JuHeiiHasg 3aBUCAMOCTD P 1 (), 9TO IPOTUBOPEYUT YCJIOBUIO
HeBBIpOXKAeHHoCcTH Taphl (P, Q).

[Tycthb Temepb (o, ap) — MUHElHO He3aBucHMBL (n > 2). Boibepem Gaszuc B
C" Buga (o, ag, . ..). Ilycrs pj(z) — 310 j-a xkoopauuara Pz B 3ToM Gasuce,
a ¢;(z) — aro j-a xoopaunara ()z. Torga (20) mpumer Buz

p(z2) Pz+p2(2)Qz=0, q1(2) Pz+ q2(2) Qz =0 (16)

Bormuiem 1mepByio KOOPJIMHATY IIEPBOTO PABEHCTBA W BTOPYIO — BTOPOTO.
Unmeem

(P1(2))* + p2(2) u(2) = 0, (2(2))* + p2(2) a1 (2) = 0
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Ecau p; = 0, To, KaK ¢JIeyeT U3 MepBoro paBeHcTBa py = 0 (uHave ¢ = 0
U o monajaer B obiree s1po). Termeph U3 BTOpOro paBeHCTBA CJIEJLYET, YTO
g2 = 0 1 g momamaer B obiree sapo. [IporuBopeune. SHAYNT Py U ¢o HE PABHBI
HYJTIO, HO Tor/ia U3 (16) U HEBBIPOKIEHHOCTH CJIEJIYET, U4TO Py M ¢ TaKZKe He
paBHbI HYJT10. Toraa, npuMensist 1eMMy 3 K epBoMy paBeHCTBY (16) , BuamM,
9TO BO3MOMKEH TOJbKO BapuaHT (b.2), Te. Pz = py(2) A, Qz = —pi(2) A.
B coorsercrun ¢ gemmoii 6 dopmbt (Pz - Z) n (Qz - Z) NpOHOPIHOHAILHbI
(2 - A)|%, 970 TPOTHBOPEYNT YCIOBUIO HEBHIPOZK ICHHOCTH.
Taxum obpazom jjist k = 2 komnonenTa gs = 0.

B c¢Bsa3u ¢ usydennem (10) mias Maasix k cchopMyaupyem ere HeCKOJbKO
OYEBHUIHBIX BCIOMOTATEIbHBIX YTBEPKICHUIA.

JIemma 11: [Mycre m(z) Pz = I(2) Q z, tae P u () — KBagpaTHbIE MaT-
puIbl, & m u | — cKaJIsgpHbIe JuHelHHble (DOPMBI, TOTIA PEATH3YeTCs OHA U3
CJACAYIONAX BO3MOXKHOCTEH:

(a) m(z) Pz =1(2) Q z = 0 — B Kaxk10il ape X0Tsi ObI OJMH U3 COMHOKHTE-
Jeif paBen Hymo (4 BapHaHTa).

(b.1) Jluneitnas 3apucumocth. Pz =A@z # 0, m(z) = AXl(z) # 0.

(b.2) Jlumeiinas nesaBucumocts. Pz = I(2) A, Qz = m(z)A, A #0,
¢dopMbI [ ¥ m He IPOMOPIUOHAILHBL.

JIemma 12: ITycre m(z) A = I(z2) B, tie A u B — BekTopa, a m u | —
CKAJISIpHbIE JHHeHHbIe (DOPMBI, TOT/IA PEATH3YeTCs OJHA U3 CJICYIONTHX BO3-
MOZKHOCTEI:

(a) m(z) A =1(z) B =0 — B Kaxk0ii m1ape XoTst Obl OJIIMH W3 COMHOKUTEIE
paBeH HyJsi0 (4 BapnaHTa).
(b) JTuneiinas 3apucumoctb. B =AA #£0, m(z) = Al(z) # 0.

[Tycrb 1(11(2),12(2)) — nmean B KOJbIE MOJHHOMOB OT 2z, HOPOZKIEHHBII
JIByMs auHeinbiMu (popmamu [ u [p.

Jlemma 13: (a) I(z) € I(l1(2),[2(2)) Torna u TonbKo TOrmA, Korjaa l(z) =
/\1 ll(Z) + )\2 lg(Z).
(b) Unean I(11(z),ls(2)) — mpocr, T.e. ecu p(z) q(z) € I(11(2),12(z)), To 1160
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p(z) € 1(l1(2),12(2)), mubo q(z) € I(l1(z),12(2)).

Ilepeiinem k paccMoTpeHUi0o kopasmepuoctu k = 3.

[TycTn
<zz>=((Pz-2), (Qz-%2),(Rz-2))

Cootrnorenue (13) mpumer Bus

[(z,2) Pz+m(z,2) Qz+n(z,2) Rz =0 (17)

Jlemma 14: Coornormenue (17) HEBO3MOXKHO [JIsl TUHEHHO 3aBHCHMBIX
(I,m,n).
Jlokasamenvemso: Tlycrs rank(l,m,n) = 1, Te.

I(z,2) = Xp(z,2), m(z,2) = pp(z,2), n(z,2) =ve(zz2), 0z, 2) # 0.
Torma A Pz + pQz + v Rz = 0. TlporuBopedne.
[Tycre rank(l,m,n) = 2, t.e. (ans onpexesennocrn) n(z,z) = Nl(z,z) +
um(z,z), tme | m m — HenponoprnuoHaIbubl. Vmeem
I(z,2)(Pz+ ARz) + m(z,2)(Qz+ nRz) = 0.

[IycTh | m m — He B3aMMHO OPOCTEL, T.€.

I(z,2) = a(z)y(2), m(z,2) = B(2)7(2),
rae o u [ — HenponopimoHaabhbl ¥ # 0. IToaygyaem

a(z)(Pz+ ARz) + ((2)(Qz + p Rz) = 0.
Orkyna crenyer (memma 11), aro

(Pz+ARz) =P(2) A, (Qz+pRz) =—a(z)A, AeC".

Ecim \ ¥ [ — BEIIECTBEHHDBI, TO MATPHILI, KOTOPBIE CTOAT B JIEBBIX 9ACTAX
TUX PABEHCTB — pMUTOBEL 1 10 jemMe 10 a(z) u f(z) mponopnuoHaILHbI
(z - A). IIporusopeune.

15



Ecan xoTd Ob1 0O W3 4mcea A W i — He BEIeCTBEHHO, HATIPUMEDP A, TO,
ornensia B (Pz-Z+ ARz -Z) = f(z) A+ Z MHUMYIO 4acTh [OJIydaeMm

(ImA\)Rz -z =Im(B(2) A - 2)

Otkyna mo gemme 10 moydaem, uro B(z) mpomopiuoHaibHa 2z - A, OTKy1a
CJIeJIYeT, UTO BCE TPHU SPMHUTOBHI (hOPMBI (Pz -z, Qz-Z, Rz- 2) IpOIOPIHO-
Hambubl |2 - A|2. TIpoTusopeune.

[Iycts | w m — B3ammuo mpoctel, Toraa (Pz + ARz) = (Qz + pRz) = 0.
[IporuBopeune. Jlemma jlokazana.

Hamee momaraem, aro (I(z,z),m(z,z),n(z,z)) — TuHEHHO HE3ABUCHMBI.
Paccmorpum mjieasbl, TOpOXKJAEHHBIE TTADAME KBaJIPATHYHBIX (DOPM

L = (m,n), I = (l,n), Iy = (I,m)

u MHOXKecTBa ux nynaeit Vi, Vs, Vi, Jluneiitnas nezaBucuMocTsb OpM O3HATAET,
9TO

l(z,2) ¢ I, m(z,2) ¢ I, n(zz2)¢Is. (18)

PaCCMOTpI/IM MHOZKECTBa HYJIeﬁ 9TUX NJacaJIOB

Vi={m(z,2) =n(z,2) =0}, Vo ={l(z,2) =n(z,2) =0}, V5 ={l(z,2) =m(z,2) =0}

Jlemma 15: llycts pasmepnocts mpocrpancrsa C™ He menbimne 4 u [ He
€CTh TOXKJIECTBEHHBIH HOJIb Ha V|, m He ecTh TOXKJIECTBEHHBIH HOMb Ha V3, n
He eCTb TOXKJAeCTBeHHBII HOoJb Ha V3. Torma coornomenune (17) HEBO3MOZKHO.
Jlokasameavemso: Torga uz coornomennss (17) cuenyer, uro Pz = 0 na
HEIIyCTOM MHOZKeCTBE

Vi={2€C":m(z,2) =n(z,2) =0, l(z,2) # 0}.

[Tosromy Pz = 0 u na muoxkectse {z € C" : m(z, z) = n(z, z) = 0}, KoTopoe
JIEZKHT B 3aMblKaHun V1. B cuiy aHaJOrmdaHbBIX paccyxKueHuil misg (Qz u Rz
BCe TPH JIMHEHHLIX OIeparopa 00paInaloTcs B HOIb Ha

{z€ C" :m(z,2z) =n(zz2) =1(zz2) =0},

KOTOPOE UMEEeT Pa3MepHOCTh He HuKe (n — 3) u, MOITOMY cofepxKut z # 0.
[Iporusopeune. Jlemma jlokazana.
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PacemoTrpuMm cutyanumio, Korja XoTs Obl OTHO U3 TpeX YCJIOBUH MPeIbl-
ayiedt ssemvbl Hapytreno. [Iycts, manpumep, [ = 0 na V). YuursiBass, 910
(I,m,n) — nuneiiHO He3aBUCHMBI U | ¢ [} W3 3TOrO Cpasdy cieyer, 9ro [, He
ABJIAETCd PAJUKATBHBIM. DTO O3HAYaeT, YTO CPeTy JUHEHHbIX KOMOWHAII
m W n ecTb MOJHBIN KBaJpaT. Bmecte ¢ yciaoBueMm oOpalleHus B HOJIb [ 9TO
O3HAYAET, ITO OT JIHHEHHO He3aBUCHMBIX (hopM (I, 1M, 1) MBI MOKEM ¢ TTOMO-
IO HEBBIPOZKJIEHHOT'O JIUHEHHOTO Tpeobpa30BaHusd epeiTu K UX JTUHEHHbIM
KOMOMHAIIIAM BHIA

[(z,2) = M2) (=), m(z,2) = (u(=))%, (2,2) = n(z, 2)

rje auHeibie GopMbl A U 4 - HerponoprmoHasbhbl. Coornomenne (17) npu-
MeT BHJ,

U(z,2) Plz4m!(2,2) Qz4n'(2,2) Rz = \N(2) u(2) Pz+(1u(2))? Qz+n(z, 2) Rz

(19)
rae (P'z,Q'z, R'z) nonygenst u3 (Pz,(Qz, Rz) HEBBIPDOKIEHHBIM JIHHEHHBIM
Ipeobpa3soBaHUEM.

Jlemma 16: Eciu pasmeprocts nmpocrpancrBa C™ He MeHbIne 4 W 0IHO
U3 Tpex yCJIOoBHil JieMMbl 15 HapyIieHo, To BbioaHeHne (17) — HEBO3MOKHO.
Joxasamenvemso: Tlycts n(z, z) menurcs va pu(z), re. n(z,z) = u(z)v(z),
npudeM (A(z), u(z),v(z)) — nuneiino nmesasucumbl. Torga (19) mpunumaer
BUJL

Mz) Pz + pu(2) Qz +v(z) Rz = 0.

Torma, Takke KakK TpH JOKa3aTeJIbCTBE JIeMMBI 15 MOKaxkeM, 9TO Bce TpH
oreparopa oopalaTcs B HOJIb HA MOAIPOCTPAHCTBE

MOJIOKUTETBHON Pa3MepHOCTH. JTO O3HAYaeT HAJUYIUe ODOINEero sapa y Hc-
XOJIHOH Tpoiiku oneparopos. [Iporusopeune.

[Tyctb Tenepn n(z, z) He menutest Ha fu(z), nMeeM
w(2)(AN(2) Pz + p(z) Qz) +n(z, z) Rz = 0.
Orkyna ciemyer, 910

Rz=u(z) A, (Mz2)Pz+ pu(z)Qz) +n(z,z) A=0, AF#DO0.
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Orkyna motyuaem, 1ro n(z, z) = a(z) A(z) + A(2) u(z). Torma nueen
A(2)(Pz +a(2) A) + 1(2)(Q= + B(=) A) = 0.
OTKyIa, B CBOIO 0M€pEIh, TO/IyaeM
(Pz+a(2)A) = u(z) B, (Qz+ B(2) A) = —A(2) B.
Uroro
Pr=—a(z) A+ u(2) B, Qz=—P(2)A)— A(2) B, Rz = u(2) A.

T.e. (Pz,Qz, Rz) jiexkar B JIMHEHHON 0DOJIOUKE JIBYX [HOCTOSIHHBIX BEKTOPOB
(A, B). Ot (Pz,Qz, Rz) ¢ HOMOIIBIO HEBHIPOKIEHHOTO JTHHEHHOTO HPeod-
pa30BaHusA MOXKHO MEPEHTH K MCXOIHBIM IPMUTOBLIM MAaTPHUIAM, KOTOPHIE
dburypupytor B coornomnterun (17). Ilpu stom Bektopam (A, B) 6yayT coor-
BETCTBOBATD JBA MPOCTOSHHBIX BeKTopa (A’, B'). B takom ciryvae, Kak cie-
ayeT u3 geMMbl 10, Bce TpH SpMUTOBBIX (DOPMBI €CTh JIMHEHHbBIe KOMONHAIN
(2 A')? u |(2 - B'|? u, cnenosarenbno, muneiino 3asucumel. [IpoTTBOpeTme.

[Tpumenss yiemmy 14, gemmy 15, stemmy 16 u Teopemy 7 mojiydaem cie-
JIYIOIIee YTBEPZKIeHIe

YrBepxkaenue 17: (a) llycrs k£ = 3. Ecom D(u)(z, z) yaoBierBopsier
coornomenuto (11), To D(u)(z, z) = 0.
(b) TIpu sToM g3 cocrout u3 noseit suaa X = (d(w,w), 21 < z,d(w,w) >),
e < 2,d(< z,Z >,u) >= 0.

Hasa k = 3 dopma & umeer BH.I.
d(u) = oq uy + g us + ag ug.
Banurem (14), mosyanm
(Pz-2) <z,a1 >+(Qz-2) <z,4s > +(Rz-2) < z,a3 >=0 (20)

Tpoiika BeKTOPOB (1, (r3, (/3) MOYKET UMETh PAHT HOJIb, OJMH, [BA WK TPH.
Honb — 310 3unauut, uro d = 0.

Cayuati 1 (pane odun). Ilycts panr paBeH ogHOMY, T.e. 0 = A\j v, @ €
C"\ {0}, (A1, A9, A3) # 0. U3 (20) mosmyuaem

A (Pz-2)+ X (Qz-2)+ X3 (Rz-2)) <z,a>=0
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Otkyna ciaemyer juHeitHast 3apucuMocth (P, @, R), 9T0 TPOTUBOPEYUT YCIIO-
BHIO HEBBIPOKIECHHOCTU ITOI'O HAOOPA.

Cayuai 2 ( pane dea). Tlycth panr paben apym. MozxkeMm cauTaTh, 9TO
a3 = Ay + [l g, TAe BEKTOpa (y, (rp - JTHHEIHO HesaBuenMbl. 13 (20) moy-
qaeM

(Pz-2)+A(Rz-2)) <z,010 >+((Qz-2)+ p(Rz-2)) < z,a0 >=0.

Bribepem B C™ Gazuc Buma (o, g, . . .). 3amucsiBasg (20), morydaem

pi(2) (P2 2) + A (Rz - 2)) 4 pa(2) (Q= - )+ (Rz - ) = 0,
@ (2) (Pz-2) + AM(Rz - 2)) + qa(2) ((Qz - 2) + p (Rz - 2)) = 0,
r1(2) (Pz-2)+ A(Rz-2))+1m(2) ((Qz - 2) + u(Rz-2)) = 0. (21)

U3 yciaoBus mesbipoxennoctu uabopa (P,Q, R) ciaejyer, 4ro B Kax ol
uape (p1,p2), (q1,42), (11, 72) 60 06e dOpMBI paBHBI HYJI0, JUOO — HEIPO-
HOpuHOHATLHEL. IlycTh 11 = ry = (0. Torna 3anuchiBasg NepByI KOOPIMHATY
[IePBOI'0 COOTHOIIEHUSI U BTOPYIO — BTOPOIO M IPUMEHs JIEMMY D, II0JIyYa-
eM, 9TO p; HPOIOPIMOHAIBHA Py, & ¢ HPOIOPIHMOHAIBHA ¢o. TakumM obpazom
BCe 3TH (POPMBI PaBHBI HYJIIO, & 3TO O3HAYAET YTO 00a BEKTOpa (y U iy -
cozepKarca B sgjape < z,Z >. DTO NPOTUBOpeUYNe O3HA4YAeT, 4To (11,72) —
HEIPOIOPIUOHATIBHLL. 'TOrIa U3 JeMMBI 3 B YCJIOBUS HEBBIPOKICHHOCTH H3
TPeTbero coOTHOIeHus (21) momydaem

Pz+ARz=mry(2)A, Qz4+puRz=-ri(z)A4, A#0 (22)

[Mogcrasass (22) B mepBoe W BTOpOe COOTHOIIeHUs (21) W yduThIBasi, 94TO
A # 0, noaygaem

(P1(2) 72(2) = p2(2) 11(2)) (A - 2)) = 0, (@1(2) r2(2) — q2(2) 11(2)) (A - 2)) = 0.
Y4uTbIBas HENPOIOPIUOHAIBHOCTD '] U Tz, MOJY4aeM
pi(z) =vri(z), pa(z) = vra(2), i(2) = £71(2), 2(2) = Kra(2).
BhIMUCHIBag NEPBYIO U BTOPY KOOPAUHATHL (22), moJyvaem
vri(z2) + Ar(2) = a1 re(2), vre(z) + Are(z) = agra(2),

kri(z2) +pri(z) = arrm(z), Kra(z) + pra(z) = agri(2).
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Otkyna ciemyet, 9TO
v=—\ K= —U, ay =as = 0.
[lepenumiem (22) B BHjIE
(Pz-2)+A(Rz-2) =r9(2) (A-2), (Qz-2)+p(Rz-2z) = —r1(2) (A-2) (23)

Eciim koaddunumenTsr A 1 (1 — BEIIECTBEHHBI, TO U3 JIEMMBI 6 cJiejiyer, 4To
o6e popMBI 71 U T TponopIHoHaIbHb (2 - A). IIporusopeune. Ilycts, gamee,
JIMIIb OJIHO U3 HUX BEIIECTBEHHO, CKaxkeM, (i, a L = Im A # 0. Torua u3 Bro-
poro cootnomenus (23) momyuaem, uto r(2) = 7 (2 - A). OTenss MEEMYTO
9aCcTh HEPBOrO cooTHONIeHNs (23) mosydaem, 9To

(Rz-2) = ilm (ra(2) (A - 2)).

9TO PaBHOCHJIBLHO TOMY,4YTO

() = gz (ra(2) = (o A) 7).

g j = 2 nmonydaeM
_ 5
~2iL
OTkyma ciaemyer, 9To 1 U o NPONOPIMOHAILHBI. [IpoTnBOpeune.
[Iycts Tenieps L = ImA # 0w M = Imp # 0. Otaesnsas MHAMYIO 9acTb

[EePBOTO ¥ BTOPOTO COOTHOMIEeHUs (23) moJIydaeM, 4To

(2 - A).

ro(2)

(Rz-2) = 2Im (ro(2) (A-2)) = —]\14 Im (r1(2) (A - 2)).

OTkyna ciemyer, 9To

(z- A) (Lri(2) + M1ro(2)) = (2 A) (Lri(2) + M 1ro(2)).

Orkyna ciemyer, 910

ro(z) = —]\Z ri(z) +v(z- A).

Otnensist Tenepb BEIECTBEHHBIE YACTH COOTHOMIEHHH (23), TTOACTABIISS TYIA
nostydennple 3unadenus s (Rz - Z) u 19(2), Mbl MOJIy9aeM BbIDAzKeHUsl 151
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(Pz-Z) u (Qz-Z). B pe3ynbrare Mbl BUIUM, UTO BCE TPU IPMUTOBBIX (POPMBI
uponopruoraababl Im (11(2) (A - 2)). TIporuBopeune.

Cayuai 3 (pawe mpu). Bymem npeanosarats, aro n > 3. To, 4o He
cymecrByer konrpupuMmepa CR-pasmepuoctn n < 2 — XOPOIIO M3BECTHO.
BriGepem B C™ 6asuc Buga (aq, g, as, .. .). Coorromenue (20) npumer BuI

p1(2) (Pz - 2) + p2(2) (Qz - Z) + p3(2) (Rz - 2) = 0,
¢1(2) (Pz-2) + q2(2) (Qz - 2) + g3(2) (Rz - 2) = 0,
r1(z) (Pz-2) +1r9(2) (Qz - 2) + r3(2) (Rz - 2) = 0. (24)

Nu ke B BekTOpHOI (hbopme

p1(2) Pz +p2(2) Qz + p3(z) Rz = 0,
q1(2) Pz + qa(2) Q2 + q3(2) Rz = 0,
r1(2) Pz +12(2) Qz +13(2) Rz = 0. (25)

Bamnuiiem mepByo KOOPAUHATY IIEPBOTO COOTHOIIEHHs (25), BTOPYIO — BTOPO-
T'0, TPEThIO — TPETHETO, TOJIYIaeM

Pt peq +p3ri =0,
Q1p2+QS+Q3T2 =0,
7’1]73—1-7’2%4‘7“%:&

OTKyzma ¢ MOMOIIBIO JIEMMBI 5 TOJIY9aeM

p1(2) = azpa(z) + azps(2),
02(2) = Brai(2) + B3 q3(2),
r3(2) = nri(z) +72r2(2).

Torma (25) npuHIMaeT BHI

p2(2) (Q + a2 P) z 4+ ps3(2) (R+ a3 P)z = 0,
@(2)(P+5iQ)z+qs(2) (R+B3Q)z=0,
ri(2) (P+mR)z+12(2) (Q+72R)z2=0 (26)

U3 nuueiinoit wezasucumoctu (P, Q), R) ciemyer, 4To B KaxKI0il mape
(p2,p3), (q1,p3), (11,72)
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60 06e hopMBI OTHOBPEMEHHO PABHBI HYJIIO, JUOO HEMPOIOPIHOHAILHEI.

Cayuaii 3.0. Bce Tpu mapbl 00paTuTbCs B HOJTb HE MOTYT, T.K. 9TO O3HAYA~
JIO OBI 9TO BCE TPH MePBhIX OA3UCHBIX BEKTOPA IMOIaJii B 001Iee spo. Takmm,
obpa3oM o/Ha U3 TPeX Iap - HeHy/IeBas W HeIpomnopimonaabhasda. [lycTs aTo
(7’1, 7"2).

Cayuati 3.1. Ilycts 0be ocTaBIiuecs mapbl — HyJIeBble. 3aluIleM MepPBYIO
KOOPJIMHATY TPeThero coorHotenus (26), mojiyuum vy 13 + o1y ro = 0. Or-
KyJa cjaeayer, 91o vy, = Yo = 0. Torga ¢ noMonipio jeMMbl 3 U HEBBIPOXK IEH-
HOCTH nostydaem, 910 Pz =19(2) A, Qz = —r1(2) A, A # 0, a u3 gemwmbi 6,
4TO KaK 71, TaK U T IPOIOPHHOHAIbHH (z - A). IIpoTuBopeune.

Cayuati 3.2 Ilycts TOIBKO OnHA Tapa 0OpaTUIACh B HOJb, CKAXKEM P =

o = 0, a dopmbl (q1,q3), Takke Kak u (r1,79) — HOUAPHO HENPOLHOPIUO-
HAJbHBL. 3aIUIeM [HepBYI KOODAMHATY BTOPOTO COOTHOIIeHHs (26), mosry-
anM B ¢ +q3m1+63 g3 @1 = 0. OTKy1a cpasy cieyer, uto ry = v qi. 3aluiinem
IePBYIO0 KOOPIMHATY TPeThero coorHomenus (26), moaydum v 72 + 7o (¢ +
Y2 r1) = 0. OTKyaa, BBHIY TOTO 9TO 79 HEMPOTOPIUOHAIBHA T CJIEIYET, ITO
7 =0, 72 =—1, r.e. r3 = —ry. I3 coornomenusi r1(2) P z+ry(2) (R—Q) z =
0 cnenmyer, uto r; = ¢q;, 7 = 1,2,3, 81 =0, B3 = —1, t.e. @2 = —g3. OTKyzHa
nosydaem, 9to 71(z) Pz 4+ re(2) (Q — R) z = 0, r.e. R = Q. IIporusopeune.

Cayuati 3.3. Ilyers Bce Tpu maphbl MONAPHO HEMPONOPIUOHAILHBL. Torma
3 (26), 1eMMBI 3 ¥ HEBBIPOZK ICHHOCTH T1OJIY4aeM
(Q@+asP)z=—p3(2) A, (R+asP)z=ps(2)A
(P+51Q)z=—q(2)B, (R+B3Q)z=q(z)B
<P+71 R)Z = _TQ(Z) Cv (Q+72 R)Z - Tl(z) 07 (27)
rae A, B,C — Tpu HeHyJIeBLIX BeKTOpa. BBINIUCHIBAL JIJIs IEPBOrO PABEHCTBA,
TPeThI0 KOOPAMHATY, IJIS BTOPOTO — BTOPYIO, JJI TPETHEro — TPEThIO, IJId
YeTBEPTOro — MEePBYIO, I IATOTO — BTOPYIO M /I HMIECTOrO — IepBYIO, MO-
JIyUHM CJIeYIOIuil Habop COOTHOIEHM
Q3<Z) = —(052 + CL3) pg(Z), (052 + ag)(ﬁl + bg) 1 (28)
ro(2) = (ag — ag) pa(2), (g —az)(n +c2) =1,
ri(z) = (by = Bs) qu(2), (b1 — B3)(c1 — ) = 1.
Taxum 06pa3oM Bee JAeBATh JHHEHHBIX HGOPM (P1, P2, D3, q1, 42, 43, T1, T2, T3)

SABJISIFOTCS THHEHHBIME KOMOHHAIUSIME TPeX (1, Pa, P3)-

p1= Q2D+ a3ps, 2= L1 — Ps(as+ a2)ps, ¢z = —(oa + as) ps,

22



= (bl - 53)611, T = (02 - 063)172, 3 =M (b1 - 53) Q1+ 72 (CLQ - 613)172-
A Takzxke mosygaeM, ITo

1 1 1

fr=————=0b3, M=—"—0C2 Vo= 57
Qo + ag Qg — a3 Bs — by

+ C1,
re 3HaMeHaTeJn He 00paIiamTcs B HOIb.

B takoMm ciydae Bce BOCEMHAJUATH COOTHOLIEHHUH, MOTYYEHHBIX U3 II€p-
BBIX Tpex KoopuHaT (27) mpejacraBiasitor coboii cucremy L(qy,pa,p3) = 0
JIMHEHHBIX COOTHOIIEHUN Mexiy (q1, P2, p3). Koaddunuenrs 310il cucremb
pannoOHAIBHO 3aBUCAT OT (a1, ag, as, by, be, by, ¢y, co,c3) u (ag, as, f3), 3HAME-
HaTeau B cuay (28) B HOIh He OOPAIIAIOTCS.

[TpoHyMepyeM 3TH ypaBHEHHUsS NOJpsi, T.e. IepBasg KOOPJMHATA MEPBO
IPYIIBI, BTOpas KOOPAMHATA NEPBOl I'PYINbI, TPEThs KOOPAMHATA HEPBOM
IPYLIIBL, HEPBasg KOOPAMHATA BTOPOIl IPYIIIbI U TAK JI0 TPEThel KOOPANHATDI
nrectoit rpynnbt. [Tosyaum

l}ql—l—l?pz—i-l;?pgzo, j=1,...,18.
Y4auThIBas, 9T0 paur mapbl GopM (pg, p3) PaBEH IBYM, PAHT MOJYIEHHON MaT-
puiibl KodddunuentoB pazmepom 3 X 18 pasen ejunuiie. [losydaem cucremy
n3 34-X ypaBHeHUi

€253 :lj2 l% —l; l%, €25-2 :ljgl% —ljl l:f, j :2,,18

[lycte E,, - 9ucanTe b BbIpayKeHus e,,. [losyaaem cucremy us 34-x nmoamHo-
MHaBJILHBIX COOTHOIIeHnH Ha 12 nepemennbix. F,, =0, m = 1,...,34. Hacrp
coorrorennii (27) Mbr ncnosb3oBaan Bbie. Hemocpencrsenuo y6exkpaemcs,
49TO

E3 = FEy= E7 = Eg = F15 = Eip = Eig = Eag = 0.
Cuctemy u3 octaBmmxcs 26 ypaBHEHU! 0003HATUM

L(ay,as,as,by,be,bs, c1, o, 3, 0, a3, B3) = 0. (29)

Jlemma 18: (a) Pemenus cucremsr (29) 910 00beuHeHEE TPEX HEIPUBO-
JIUMBIX KOMIIOHEHT

a; =ay =a3 = ag = az =0,
a1:a2:a3:b1262:b3:a3:0,

ap=ay=az3=by =by=bg=c; =cy =c3 =y s+ az=0.
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(b) Hu ofiHO M3 5THX pelieHuii He COBMECTHMO ¢ YCJIoBHeM ciaydast (3.3.)
Jlokasamenvemeso: IIyHKT (&) IpoBepsieTcst HEMOCPeICTBEHHBIM aHATIN30M CH-
CTEMbI, KOTOPBIH YIIPOIIAETCI B CBA3U C TE€M, YTO YTO CPEJ/IM YPAaBHEHUN MMe-
I0TCA YPABHEHHS a3 = ag U (ca—c1)(ag—a3) = 0. Ilockonbky u3 (28) caenyer,
910 (ay — ag) # 0, T0o ¢3 = ¢1. TakzKe 9TO JErKO MPOBEPSIETCS ¢ UCTIOIB30Ba-
HueMm cucreMbl Maple.

Janee, ecyin perieHue MPUHAICKUT HePBOIl NI BTOPOl KOMIIOHEHTE, TO
a3 — ag = 0, aro nporusopeunt (28). [lycTh perrenne u3 TpeTheil KOMIOHEH-

Tel. Torma
1 3 1 (6D)
bi=—fr=—"mn=— N2=—".
(6) (65) Qa3 Q3

[Ipu srom 3aBucuMble (HOPMBI BHIPAXKAIOTCsI depe3 (g1, P2, P3) CJIEIYIOMIUM
obpazom

2
q2 = —Q2 P2, 3 = —Q2P3, Ty = —Qa (3 P2, =3 P3, T2 = —QA3P2, '3 = —QA3P3.
Hcnosb3yeM mepBbie fBa paBeHcTBa (27), 4T06B BHIpas3uTh (Q u R.

Qz=—ayPz—p3(z) A,
Rz=—a3Pz+ps(2) A, (30)

Pe3y.HbTaT IIoACTaBUM B OCTaBHINECA Y€TbIPE, HHOJIYYIHM.

1 1 (0%
B=——A, qi=—aspy—azasps, C = 5 A, 2172:0‘
o a3 as

[locsieiHee paBeHCTBO HE MOXKET OBITH BBIIOJHEHO T.K. (g # 0. DTO mpoTH-
BOpeUne 3aBepIaeT Hallle paccyK/JIeHHe.

Teopema 19: Ecin O — HeBBIDOXKIeHHAST MOEIbHAS KBAIPUKA KOPa3-
MepHocTn k = 3, To pazjioxkenue aut Q Ha BecOBbIe KOMIIOHEHTHI UMEET BHJL

g—2+g-1+ go+ g1 + go.

oxazameavemeo: Kak xoporo uzsectHo, nojgajarebpa g = g_o + g1 JAas
060i HeBBIPOXKIEHHO KBaapuKn — dhyumamentatbia mo Tamake ([6], [7]).
Brinre HamMu 0b110 TTOKa3aHo, 910 g3 = 0. OTKyma cpasy ciaeayer TPHBUAIb-
HOCTb M BCEX KOMIIOHEHT ¢ OOJibIIMMu Becamu. Teopema JTOKa3aHa.
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PaccMoTpennbie BBHIIE TO0KA3aTEIbCTBA HEHCKIIOYATEILHOCTH KBAJIPUK
MaJIoit KOpa3MEePHOCTH MCIIOJIB30BAJN TOJIBKO BTopoe coorHorenue (3). Kpas-
PUKaM MaJIbIX KOPa3MepHOCTEH NPOTHBOCTOAT, B HEKOTOPOM CMBICJIE, KBaJ-
PUKH OY€Hb BBICOKUX Kopa3MepHocTeii. CaMas 00JIbIIasg KOPa3MepHOCTD MIPH
dbuxcupoBannoMm n — 310 k = n?. DTo e UHCTBeHHAd KBaJpUKa, KOTOpasd 3a-
naercs 0A3UCHBIM HAOOPOM B IIPOCTPAHCTBE SpMUTOBLIX (hopM. Beenem cie-
Jiytornye 0003HaYEHUs JIj1sl TEPEMEHHBIX I'PYIIIbI W.

waa:uaa—i'ivozom I<a<n

R R | . R I I T
Wos = Upg + 10,5, Wap =Uyg +10,5 1< 0 <a<n.

Tora ypaBHeHus KBaJpuKA NPUMYT BU]L

Vaa = Za 20y, 1< a<n.

U5522Reza5/3, 0562211“12@55, 1§5<O¢§n.

YrBepxkaeuue 20: Ecian O — HeBBIPOKIEHHAS KBAJIPUKa KOPA3MEPHO-
cru k = n? (nocnenndsa kpajpuka), To g, = 0. Jpyrumu cioBaMu Takas
KBa/IPUKA, SIBJIACTCA YKECTKOII.

Joxazamenavcmeo: Bynem BbIIEIATH HEKOTOPbIe KOOPANHATHI B TIEPBOM BEK-
TopuoM coornourennu (3). 3amumem (aa)-KOOpAUHATY

Ao(u)(2,2) Zo = 21 2 Aag (u).

113 e tuMoCTH Ha Z,, CJEIYET, 9TO A 3ABHCUT TOJBKO OT Ugq, IpudeM A, (u)(z, 2) =
222 @, (o). Samamenm (al)f-koopmunary (3) aas a > 1, noxydanm

ah (Uaa) 22 21 + @4 (U11) 23 Zo = 20 @4 2112 + 21 @, 24

[Monxyaaem, aro a = const, A = 0. OTkyna cpa3y ciaexnyer, ato g; = 0, a B
cuy PYHIAMEHTAJTBHOCTH, 9T0 U ¢y = (. YTBep:K/IeHne J0Ka3aHO.

OTMeTI/IM, q4T0 3/JeChb, B IIPOTUBOIIOJJIO2KHOCTb MaJIbIM KOPa3MEPHOCTAM,
MBI HCIOJb30BAIN TOJBKO epBoe COOTHOIMeHHe (3), mpudeM HeGOJIBITY 0 ero
9aCTh, ¥ COBCEM He HUCIHOJIB30BAJIN BTOPOrO COOTHOMERUs (3). D10 HAb/IIO16-
HEE MO3BOJISCT IIPEJIIOI0KATE, 9TO 1 OOJBITHX KOPA3MEPHOCTeH OCHOBHBIC
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orpannvenns Ha (a, A) CJIeAYIOT U3 TEPBOTO COOTHOIIEHUS, & [T MATBIX —
U3 BTOPOTO.

4. RAQ-kBagpukn

B paGore [10] 6611 paccMOTpeH BeChbMa HHTEPECHBIN KJIace KBaJAPHK, T..
n = k (kopasmeprocth pabHa C R-pasmeproctn) — RAQ-xkBaapuku. Takue
KBaIPUKHU HAXO/ISTCS BO B3AUMHO-0[HOZHATHOM COOTBETCSIBUH C KOHETHOMED-
HBIMH BEIIECTBEHHBIMI KOMMYTATHBHBIMHA (ACCOIMATUBHBIME) anrefpamu ¢
eMMHAIEH .

ITycrb A — rakas anarebpa pasmepuocru n. Ecom X n Y — suementor A,
TO 4Yepe3 - iy 00O3HAYNM UX ITPOM3BEJEHNE KaK 3JIeMEeHTOB ajareopni. [lycThb
A° = A® C — xommnexcuduramud A. Ecin Z € A°, 1o 4epes Z 0603HaYHM
KOMILJIEKCHOE COIPsizKeHne, KAHOHU4IecKn otnpeesennoe B A°. KBaapuka, co-
OTBeTCTBYIOIIAs anrebpe A umeer BUI

Q={ZW)ec (A)?: ImW =Z-Z}. (31)

Ecau 3a1aTh BOIIPOC Tak: KOrja KBaJpuKa Tuna (n.n) uMeer Takoi B!
To orBer — 310 1Ba ycaoBusd Ha hopMmy < z,Z >:
— BEIIeCTBEHHOCTh — B HEKOTOPBIX KOOPAMHATAX (opMa Ha BelIeCTBEHHBIX
BEKTOPAX UPUHUMAET BEIIEeCTBEHHbIE 3HAYCHUSI,
— aCCOMMATUBHOCTDL — << p,q >, 1 >=<p, < q,r >> 1ad Bcex p, ¢, r € R™.
[Tostomy oum u HazeBatoTca RAQ-kBaapukavu - Real Associative Quadrics.
B [10] 6110 MOKa3aHo, 9TO YCJIOBHE HEBBIPOKIEHHOCTH it RAQ-KBaIpuKu
PaBHOCHJIBHO HAJIHYINIO B A € THHUIIHI.

Teopema 21: Ncknountenbabix RAQ-KBaIpuK HE CYIECTBYET.
Jlokasamenvemeo: [y mokazaTebeTBa BOCHOIB3YEMCS JTOCTATOTHBIM YCI0-
BHEM HEUCKJIIOYUTETbHOCTH - TeopeMoii 6. [IpoBepuM BbITIOIHEHHE YCIOBUT
() m (I1) .

Yeaosue (I). Iycrs (Ey, ..., E,) — 6a3ucuble s1eMeHTH aarebpot A, npu-
geMm [ — sro enmHuna aaredpni. Torma KOOpAMHATHBIE ONEPATOPhI UMEIOT
Bug H; Z = E; - Z u, tem cambiM, H; By = E;, a nabop (Ey, ..., E,) nveer
paHr n.

Venosue (11). O6pasz orobpasenus (2, Z) —< 7', Z >= Z'-Z cosuajaer
c A, rk. (7', Ey) nepexoaur B Z'. Teopema jioka3ana.
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CaencrBue 22: Eciim Q — 3710 HeBbIpoKaeHHAss RAQ-KBaapuKa, TO
(a) aut Q@ =g_2+9g-1+ g0+ 1 + 92
(b) Moxrpynna G — moArpymmna HeJIuHERHBIX aBTOMOPMU3IMOB Q, cOXpaHsi-
IONUX HA4YaI0 KOOpJAuHAT, onuckiBaercsa dopmysoit [lyankape (em. [10]), a
MMEHHO

Z*=(Z+a-W)-(1-2ia-Z—(r+ia-a)- W)™,
W*=W.(1-2ia-Z—(r+ia-a)- W), (32)

rae a € A%, r € A.

5. Ouenka Ha AJuHY TOOaJaredps g,

B [12| npuBenena Teopema (Teopema 12.3.11), mo3BosIIoniasg ONEHATH HO-
Mep CTPYH j, OT KOTOPOH 3aBUCHT OTOODAKEHHE AHATIUTUIECKOTO [-HEBbIPOZK IEHHOTO
POCTKA KOPA3MepHOCTH k, & UMEHHO

j<(k+ 1)L

[TockoJIbKY HEBBIPOXK IeHHAs KBaApuKa Q sIBJisgeTcs 1-HeBbIPOKIEHHON 1 HMe-
€T KOHYHBIII THII B Ka)KZLOfI TOYKE (B YaCTHOCTH, MI/IHI/IMaJIbHa)7 TO OJd CTe-
nenn d KoddduimenTor moseit n3 aut Q mosrydaeMm CaeIyIONIYI0 OMEHKY

d<(k+1).

B 910it uacT paboThl MBI TIOJYIHM 9Ty OIEHKY U Apyrue GJIU3KHe Pe3yIbra-
ThI, MOJB3YICh METOJAMH, OTIUYHBIMA OT METOI0B paboTel [12] (MHOKecTBA
Cerpe). A uMeHHO, MBI HCIIOJIB3yeM TeXHUKY peobpazoBannst Pypbe B 1po-
cTpancTBe 0000IEHHBIX (DYHKITUH, KOTOpas JIEXKAT B OCHOBE JOKA3ATETHCTBA
Teopembl Dpennpaiica-TTasamonosa [11]. Dra reopema Obija UCTIOIB30BAHA B
pabore [5]| mpu moyYeHHH KPUTEPHs KOHETHOMEPHOCTH aireGpbl KBaJIPUKH

Q.

[Iycte F(s) = (Fi(s),..., F,(s)) — obobmennas BeKTOp-(hyHKIHST, KOTO-
pas sisiercs npeobpasoanueM Pypbe BekTop-byrkiun a(u) = (a(u), . . ., a,(u)).
Torma, mpumensis mpeobpazoBanne Pypbe KO BTOpOMY ypaBHEHHIO (3), MO-
JydaeM, 4To [l Kazxaoro z € C" BBINOIHEHO COOTHOIICHHE

(51 <2,Z2>1 +... 458, <2,2>:) <F(s),2>=0 (33)

27



[Iycts Cls] = C[sy, ..., Sk] — KOIBIO TOJHHOMOB OT k-MepHOil TepeMeHHOH’ S
¢ komiyiekcabiMu Koaddunmentavu, Clu] = Cluy, . . ., ug| — Takoe ke KOIbIO
HOJIMHOMOB 0T k-MepHoii iepementoii u. [Tycrs (C[s])* — coGomaubiit Moy
pasmepnoctu k mag Cls], a (Clu])™ — ¢cBOGOAHBII MOY/Ib PA3MEPHOCTH 7 HAJI
Clu]. Ilyctn

{e; =(0,...,0,1 (ma j-m mecte),0,...,0), j=1,...,k}

— nabop obpazytomux moayns (C|s]).
Baesem B pacemorpenne moayab M = M (Q) — mommoyas moayas (C|s])F,
MOPOZKJICHHBI BCeME 00pa3yIoNnMI BHIA

(51 <2,2>1+...4sp <2,2>)° (< p(s),2>1 e1+...+ < p(s),Z > er),

(34
rae z € C", p(s) = (p1(9),...,¢n(s)) € (C[s])". Byaem naseBars M(Q)
TAPAKMEPUCTNUNECKUM TOIMOJLYTIeM KBaapuku Q .

[IpuBenem HaboOp yTBEpKACHUI, KOTOPBIE [/l yPaBHEHUS
A? < au),z >=0 (35)

HETIOCPEICTBEHHO CJIeyIoT u3 obmeit cxemsl [11] (cm. Takzxke [13] roasa 10).

YrBepikaeune: Ecim kBajgpuka Q HEBBIPOXKIEHA, TO
(a) TIpocrpancTBo permenuii (35) — 910 JUHEiHOE TOANPOCTPAHCTBO L1 MPO-
CTPAHCTBA IIOJHHOMOB CTEIICHH He BBIIIE YeM p < 0.
(b) ITpoctpancTso penternit (33) — 910 JUHEHOE TOAIPOCTPAHCTBO Lo MPO-
CTPAHCTBA, MOPOXKICHHOTO Oy (Jeabra-byHKIMs ¢ HOCUTETIEM B HYJIE) U ee
IPOU3BOAHBIMU IIOPAJIKaA HE BbIIIC Y€M P.
(¢) MpocrpauctBa L1 u Lo — nzoMopdubl, H30MOPGU3M yCTAHABIHBACTCS
npeobpazopanuem Dypoe.
(d) Xapakrepucrudeckuii OIMOLYIb UMeeT KOHEUHYIO KOPA3MEPHOCTh, T.€.
ecru M' = ((C[s])¥/M), To dim M’ kax JUHEHHOTO TPOCTPAHCTBA KOHEY-
na. IIpuyem M’ Kak JmHEHOE NPOCTPAHCTBO €CTECTBEHHO OTOKIECTBJISCT-
¢d ¢ IPOCTPAHCTBOM L3, KOTOPOE IIOJYYeHO 3aMeHOil ITPOU3BOMHON IeIbTa-
GYHKIINY HA COOTBETCTBYIOIINIT MOHOM OT TepeMeHHbIX S. [IpocTpancTtso L3
uzomopduo Lo u oToxKAecTBAZeTCH ¢ daxTOp-npocTpancrsoM M’ B cury
TOro, uTo M060oi 3aement (C|s])* omHO3HAYHO IpeJCTABUM B BHJE CYMMBbI
sJtemeHToB L3 u M.
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9TO yTBepzKIeHUe MMOKA3BIBAaeT, IYTO BCe XapaKTEePHCTHKN IPOCTPAHCTBA
L, perennii (35) (pasMepHOCTH, CTENEHb, ...) COBIHAJAIOT ¢ AHATOTHIHBIMU
XapaKTepUCTHKAMM NpocTpaHcTBa L3, KOTOPOe IIpejacrasser coboil npsmMoe
nonosmenne M o (Cs])*.

[TockoabKy KOJIbI0 ToHHOMOB C|[s] — HéTepoBo, TO MOY/Ib M — KOHEYHO
nopoxjen. B coorsercTun ¢ (34) 910 03Hauaer, 410 y M uMeeTcss KOHETHAS
cucreMa 00pa3yIonuX BU/Ia

{(L())* Aer .+ Aen)},

e 1, (s) — nuneitnbre dhopmbr, a A € CF.

[ycrs M; — upoeknus M na j-io koopmunary (Cs])*. Dro nnean B C|s],
nopozxernstii bopmamu suga {(1,(s))? A}, nae A, # 0. [lycTs 7 — 910 panr
cooTBeTCTBYIOMEro Habopa JuHeitHbrx dhopm {1, (s)}.

YrBepxkaenue 23: (a) [a Bcex j paur r; = k.
(b) Tomosrerne Kk M — mpocTpaHcTBO L3 — 3TO MOAMPOCTPAHCTBO TPOCTPAH-
cTBa HaOOPOB MOJIMHOMOB OT S, Ubs CyMMapHas CTelleHb He MpeBOCXoauTk.
[TpocTparcTBo Lo — 3TO MOAMPOCTPAHCTBO MPOCTPAHCTBA JTUHEHHBIX KOMOMU-
HaIWii JenbTa-DYHKIME | ee TIPOU3BOIHBIX MOpsIKa He Bbime k. IIpocrpan-
c¢TBO L1 — 9TO NOMIPOCTPAHCTBO MPOCTPAHCTBA HAOOPOB MOJUHOMOB OT 1,
9bsi CyMMapHas CTENeHb He MPEeBOCXoauT k.
(c) Hokasamesvcmeso: llycts naiigercsa j, T.4. r; < k. Beibepem u3 nabopa
{l,(s)} muHeiiHO HE3aBUCUMBIH HAGOP MakCUMAIbHOTO paHra (L1(s),. .., Li(s))
k' < k. CoenaeM B IPOCTPAHCTBE HEPEMEHHOIO S HEBBIPOXKICHHYIO JIMHEeMH-
HYIO 3aMeHy § — §, ©.9. §; = L;(s) gns j = 1,...,k’. B HOBbIX mepeMeHHBIX
obpasytorme M; — 910 (51)%, ..., (S1). Hononuenne M; no C[§] Geckoneu-
HOMePHO. /leficTBUTEIHHO, OHO COEPKUT BCe HECKOHETHOMEPHOE KOJIBIIO MO-
JUHOMOB OT mocyenHeil nepemennoii C[Sg]. A u3 9TOro0 cpasy cieiyer, 4To
HeCKOHETHOMEPHO JIOTOTHeHHe K M. DT0 NpOTHBOpeUre JOKA3bIBAET IIYHKT
(a).
Nrak, cpeau oOpa3yiomux ujieajia ecTh KBaJApaThl Bcex Koopaunat. [Toaromy
JIOTIOJIHEHTE COAEPKUT JIMITH T€ TTIOJUHOMBI, Ubd CTENeHb 110 JI000ii mepeMen-
HOI He TPEBOCXOIUT eJMHUIBI. DTO, B YACTHOCTH, O3HAYAET, 9TO CYMMapHast
CTelleHb He TPeBOCXOAMT k. Bo3ppammasch K cTapbiM MepeMeHHBIM, MBI CO-
XpaHgeM 9Ty OleHKy. MTak, npoeKIus J0I0JHEHH HA KAz LyI0 KOOPIMHATY
HE CONEPKUT MOJUHOMOB cTenenn Bbinte k. OcTaBuimecss yTBepzKIeHHsd — 3TO
CJICJICTBAE ONMUCAHHBIX W30MOP(MU3MOB. Y TBEP/KIEHNE JT0KAZAHO.
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3 nemmbt 4 cpasy caeayer aro ecan A(u)(z, z) — pemenue (3), T0
deg, A(u)(z,2) < k—1.

Paccy K ieHust, aHAJIOTHIHBIE TeM, YTO OBLIN MTPUBEIEHBI BBIIIE, HOKA3BIBAIOT,
gro ecan (C(u),b(u)) — perenne (4), To

deg, C(u) <k, deg,b(u) <2k.

N3 3Tux O1eHOK MOYKHO IOJIYYHTH ODINKe OIeHKH Ha CTeleHu Kodbuimen-
TOB MPOM3BOJIBHOIO d7eMeHTa anredpsl aut Q. B pesyabrare mjs HedeTHO
KOMIIOHEHTBI [OJTydaeM OleHKy cremnenu (k+ 1), a mia geTHoi — oneHky 2k.
O1HAKO MOXKHO MOCTYIHUTh HHAYE. DTO JacT Hojiee TOUYHYIO HHMOPMAIHUIO, a
K TOMY 2Ke He UCIOJb3yeT JAPYIUX OIEHOK, KpoMe MOJIYyUYeHHOH BBHIIIe OIeH-
Ki crerneHu a. MoKHO CHadaJIa JaTh OINEHKY 6€¢G HEYeTHOW KOMIIOHEHTHI, a
3aTeM BOCIOJIb30BATHCA (DYHIaMEHTAJIbHOCTHIO aJaredphI.

Teopema 24: Eciu Q — HeBBIPOXKICHHAS MOJEIbHAS KBAIPUKA KOPa3-
mepuoctu k, TO
(a) Bec noseii nedernoro Beca u3 aut Q He mpeocxonut 2k — 1.
(b) Bec mpoussosbHOro moJisi He TpeBocxonutT 2 k, T.e.

autQ =g o+9g-1+go+ g +...+ g

(¢) Crenenn koapdunuentos noseit n3 aut Q me npesocxoaar (k + 1).
Hokasamenvcmeo: B cuity oleHOK, Oy IeHHBIX /I a 1 A, cpasy mosydaeM,
YTO BEC HEYCTHOH KOMIOHEHTHI

2Re | (a(w) + A(w)(z, 2)) (‘i +2i < z,a(w) > E?aw

He mpeBocxoaut 2k — 1. D1o nyHkr (a). 13 dbyHIaMEHTATBHOCTH CIIEyerT,
9TO He CYIIECTBYeT HEHYJIEBBIX ToJiell Beca Gosbine, yeM 2k. Dto nyukT (b).
Kaxk 0bL10 0T™MeueHo, cTeneHn KO3 MUIUEHTOB I MoJiell HeYeTHOTO Beca
He npesocxogar (k + 1). Ouenky juist crenenn KO3 DUIUEHTOB AJist TTOJIeH
YETHOTO BECa TMOJyYUM U3 OTNEHKW Beca. FcJim Bec MoJIst 9eTHOTO Beca

0 0
2Re C(w)z& + b(w) E
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He mpeBocxonuT 2k, To crenenu kKak C(u)z, Tak u b(u) He TPEBOCXOIUT TAKIKE
(k +1). Teopema mokazaHa.

Kak wm3BectHo [15], rpynma JIOKaJIbHBIX aBTOMOPGhH3MOB HEBBIPOK IEH-
HOIl KBaJIPUKH — 3TO MOJArPYIIA IPYIIIH OMPAIMOHAIBHBIX aBTOMOPMU3MOB
obbemJtonero npocrpancrsa C"HF ¢ paBnomepnoit onenkoii Ha crenenb. I1o-
JIYyIYCHHad B Hpeﬂbl,ly]l[eﬁ TeopeMe OEHKa CTeIIeHU I/IHCI)I/IHGTI/ISI/IM&.HBHBIX aB-
TOMOPGMU3MOB TIO3BOJIAET JATH OIEHKY Ha CTENEHb aBTOMOP(MU3MOB.

CuencrBue 25: [lycts Q — HeBbIpOXKIeHHAS KBaJpuka tuma (n, k), a
Aut Q — jokasibHAS TPYIIIA €€ aBTOMOPMU3MOB, TOJIOMOPQHBIX B OKPECTHO-
crn mysas. Torma Aut Q cocrout n3 GupaloHaIbHBIX Hpeobpaszopanuii C"HF
9bs cTeneHb He npesocxonut (3n + 3k + 2)(k + 1).

6. OTKpBITHIE BOIIPOCHI

Ecmu (n,k) — CR-tun (n — C'R-pa3mepHOCTb, k — KOpa3MepHOCTb), TO
HeBBIPOZK IeHHbIe KBaJIPUKH BO3MOXKHBI B Juanasone 1 < k < n?.

Bomnpoc 26. /g kakux C'R-TUIIOB U3 9TOr0 JIUANa30Ha, CYIECTBYIOT UC-
KJIIOYUTEJIbHBIC KBa,ZLpI/IKI/I?

Kak wMbl BHgeH, KpoMe VIIOMAHYTBHIX caydaeB k = 1,2,3, B KOTOPBIX
ACKJIIOYUTETHHBIX KBAJAPUK HET, K YUCJIY TaKAX KOPa3MepHOCTeHl MOXKHO J10-
Gasutb k = n? (yreepxienue 20).

Brimire (Teopema 7) GBIIO MOKA3aHO, YTO He CYNECTBYET KBAJIPHK KOpa3-
Meproct# 4 1 C' R-pasmepnoctu n < 3. lIpumep HcKII09UTEILHON KBaJIPH-
KU KopasMepHocT k = 4, npuBejiennsbiii B [3], mveer C' R-pazmepHocTh n = 6.
B kadecrBe wacTHOro ciydasi Boupoca 26 MOXKHO IIPEJIJIOKUTD CJIe/IYIONnii
Borpoc. Kakosa muamManbhass CR-pasMepHOCTb OMYCKAOMas HCKJIIOYH-
TeJIbHBIE KBaJIpDUKHN KopasmepHoctu 47 (Bapuantsr oreera: 4, 5, 6.)

Beimre (Teopema 24) GbLIO HOKA3aHO, YTO BECA MOJOKUTEIbHBIX KOMIIO-
HEHT aJIreOpsl JIu HeBBIPOXKICHHON KBAJIPUKH KOPA3MEPHOCTH k He IpeBOC-
xouar 2k. Ho sTa oleHka He MOAKpeIIeHa TPUMEPOM M BOIPOC O TOYHOI
OTIEHKE OCTAETCS OTKPBIT.
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Bompoc 27: Cy1iecTBYIOT JI HEBBIPOXKICHHBIC KBAJIPUKHU, T.9. JJTUHA ¢
pasua 2k?

Bce uzBecTHBIE HAM TpUMEPBI HE YKECTKUX KBAJPUK ITO MPUMEPHI, T/
CTapIIAi BeC — YETHBIN.

Bompoc 28: Cy1iecTBYIOT JI HEBBIPOXKICHHBIC KBJIPUKHU, T.9. JJTUHA ¢
paBHA HEYETHOMY UUCITY?!

B rex (n, k)-ciaydasix, Korjga HCKIIOYUTETbHBIE KBAIPUKH TOSIBJISTIOTCS,
YTO MPEJICTANIET CO00H MOAMHOXKECTBO UCKIIOUUTEHHBIX KBAJIPUK B COBO-
KYITHOCTH BCEX HEBBIPOXKICHHBIX KBaJApHK gaHHOro Tuma? Kak Mbl oTme-
YaJIM BBINIE UCKJIIOYUTEIbHBIE KBAJIPUKHU 33AI0TCsI KOHEYHOW COBOKYITHO-
CTHIO MOJIMHOMUAJIBHBIX COOTHONTEHUI Tua "paBHo Hy 0"un "He paBHO HY-
ar0" (monyanrebpamaeckoe MHOXKecTBO). [Ipu 3TOM ecTecTBeHHAST TOYKA 3pe-
HUS COCTOUT B TOM, 9TOOBI MIPOBOJUTD ITO HCCJEJIOBAHNE HE B IIPOCTPAHCTBE
H Habopos k IpMUTOBHIX GOPM, a B IPOCTPAHCTBe MoIyJedi [14], T.e. mocie
dakTOpU3ANUN STOTO TPOCTPAHCTBA MO U3BECTHOMY JHHEHHOMY JEHCTBUIO.
WuTtepec mpeacTaBisger OTBET HA CJIEIYIOIIHIT BOIIPOC.

Bomnpoc 29: KakoBa Kopa3MepHOCTH TOAIIPOCTPAHCTBA MOyl NCKTIO-
YUTEIbHBIX KBAJIPUK B IPOCTPAHCTBE MOJIYJIeil BCeX HEBLIPOKICHHBIX KBaJI-
puk?
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