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Abstract. All solutions to the Burgers, Hopf, Helmholtz, Klein—-Gordon, sine-Gordon, Schrédinger,
and Monge-Ampere equations having analytical complexity one (simple solutions) are described. It
turns out that all simple solutions of the Burgers and Hopf equation are represented by elementary
functions. An example of a family of solutions of complexity two to the Burgers equation is presented.
Simple solutions to the Helmholtz (or Klein-Gordon) equation are expressed in terms of Bessel func-
tions and elementary functions. For the Laplace and wave equations, an explicit description is given
for the simple solutions that are expressed in terms of Jacobi elliptic functions. Open problems of the
theory of analytic complexity (the analytical spectrum of an equation) are discussed.

Among the questions that arose in connection with the discussion of the 13th Hilbert’s problem, much of
them remains open [1, 2], despite the existing successes. The notion of analytical complexity [3], developed
by the author of the present paper, is related to these questions.

One can act on an analytic function of two variables z(z, y) using functions of one variable. This naturally
gives rise to the pseudogroup G which acts as follows. If g = (a, b, ¢) € G, where (a, b, ¢) are three nonconstant
analytic functions of one variable, and z(x,y) is an analytic function of two variables, then

(go2)(z,y) = c(z(a(x),b(y))).

This pseudogroup plays the fundamental role in problems of measuring the complexity of analytic functions
of two variables. From the point of view of the theory of analytical complexity, the functions z and g o z are
indistinguishable (equivalent).

In terms of this pseudogroup, one can, in particular, formulate a unique property of arithmetic operations.
Since all four arithmetic operations are equivalent modulo G, and this property can be formulated in terms
of the pseudogroup, it follows that we are talking about a unique property of all functions of this class.
By defining this class as the orbit of the function z = x + y, we obtain its description in the form Cl; =
{z(z,y) = c(a(z) + b(y))}. Further, for every analytic function z(z,y), we can consider the pseudosubgroup
Stab(z) ={g € G : (goz)(x,y) = z(x,y)}; let d(z) be the dimension of Stab(z), understood as the dimension
of the corresponding Lie algebra. The following theorem was proved in [5]. For an arbitrary analytic function
z(z,y) depending on both the variables (the partial derivatives are not equal to zero identically), d(z) can
take only three values: 0, 1, and 3. Moreover, the dimension of the stabilizer takes the value 3 if and only if
the function z belongs to Cly \ Cly. This theorem shows that the functions in Cl; and only these functions
have the maximum internal symmetry. From the point of view of the theory of analytic complexity [3], these
are exactly the functions of analytical complexity one. Note that

t—(4+m)
Stab(x +y) ={a(z) =kz+1, bly)=ky+m, c(t)= T}

Thus, the analytic functions of the form z(z,y) = c¢(a(z) + b(y)) with nonconstant (a, b, ¢) and only these
functions have the maximum finite-dimensional symmetry. One can also consider this kind of symmetry from
the following point of view. The action of the pseudogroup G can be represented as a composition of actions
of two commuting pseudogroups G, and G,. Here G, acts on the preimage, on the independent variables
(z,v), and G, acts on the image, on the dependent variable z,

2(2,y) = pap © 2(z,y) = 2(a(2),b(y)),  z(x,y) = ge o z(2,y) = c(2(x,y))-

Then Stab(z) (the stabilizer of the function z) is formed by the transformations in G = G, - G, that have the

property
poz=q oz,
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i.e., the transformations for which the action of the p-component is inverse to the action of the g-component.
For obvious reasons, for functions of one variable, there is no significant difference between the action on

the preimage and on the image. Substantial analogs are possible here only at the level of actions of discrete

groups. And they are well known. These are periodic and doubly periodic or automorphic functions.

The notion of analytical complexity, in particular, enables one to look at well known partial differential
equations from a new point of view. In view of the noted uniqueness of the class of functions of complexity one,
whenever there is interest in any differential equation for functions of two variables, the following question
arises.

What is the structure of the solutions of this equation that have complexity one?

Earlier, the answer was obtained for the following equations: Laplace, wave, heat, Liouville, and Korteweg—de
Vries. In this paper, we answer this question for the following series of equations: Burgers, Hopf, Helmholtz,
Klein—Gordon, sine-Gordon, Schriodinger, and Monge—Ampere. For the Laplace equation and the wave equa-
tion, we give also a more explicit and detailed description than that given in [4].

As is known, using the Hopf—Cole transform, one can reduce the Burgers equation to the heat equation.
However, despite the fact that all solutions of complexity one to the heat equation are explicitly described
(they are expressed through the special function erf, the error function), this does not allow us to obtain
directly a description of such solutions for the Burgers equation.

For each of the equations under consideration, the calculation of solutions of complexity one is a consid-
eration of the tree of logical possibilities, which is accompanied by a description of the differential-algebraic
calculations performed in the Maple system.

The Burgers equation has the form
Zy+ 22, + 2y, =0 (1)
Let z = c(a(z) + b(y)), where (a,b,c) are nonconstant analytic functions of one variable. Substituting, we
obtain

2
aica+ajcpcr+asci +bicg =0

The subscripts denote the orders of the derivatives. In this notation, the assumption that a, b, and c are
nonconstant means that a1, b1, and ¢y are not identically zero. We have

Co aico + ag + b1

-2 _Ghtath 2

C1 ai

Since the left-hand side of (2) is a function of (a(z) + b(y)), it follows that the right-hand side must belong
to the kernel of the operator

L= b’(y)% - a’(m)% (3)

We obtain
aiasbicy + a12b2 —ajasby + 2a22b1 + 2a2b12 =0 (4)

Case 1. If ag = 0, then it follows from (4) that by = 0, i.e., a and b are linear, i,e,, a(z)+b(y) = kz+ly+~,
where k and [ are nonzero constants. We seek z in the form z = ¢(x + Ay); then it follows from (1) that

A () +c(t)d(t)+ "(t) = 0.
Solving this equation, we obtain
z=2pth(p(z+Ay+v)) — A
Case 2. Let az # 0. Then it follows from (4) that
B a12b2 —ajasby + 2 Cl22b1 + 2 a2b12
aiazby
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Applying the operator L to (5), we obtain

4 4 2 3 2 2 27 2
a1"az2b1b3 — a1 azbs” + a1°aszbi"be + a1”a2“b1 " ba+

a12a2a4b13 — a12a32b13 — 2a1a22a3613 + 2&24b13 + 2a23b14 =0 (6)

This relation enables us to conclude that, if b = 0, then a9 also vanishes, i.e., in our case, not only as but
also by do not vanish. Writing out the fact that expression (5) for ¢ agrees with expression (2) for ca/c1, we
obtain

(114b12b4a2 — 4a14b1b2b3a2 + 3a14b23a2 — a14b12b2b3 + a14b1b23 +
a13a31)13b3 — a13a3612b22 + a12a22b13b3 — a12a22b12b22 — a12b14b3a2 —
a12b13b22a2 + 2a1a2a3b1462 -2 a23b14b2 -2 a22b15b2 =0 (7)

Note that these relations depend explicitly neither on the independent variables (x,y) nor on the unknown
functions (a,b) themselves nd depend on their derivatives only. Using this fact, we lower the differential
orders of the relations, passing to the following variables: a1 = A, as = P(A), by = B, by = Q(B), i.e., the
first derivatives are the new independent variables, while the second derivatives are the unknown functions.
Then the derivatives of higher orders can be expressed accordingly. For example, a3 = P'(A) P(A). Here, as
above, we write P’ = py, P’ =pa,...,Q = ¢, .... Relations (6) and (7) become

A?B3po®ps + A*Bqiqo + A*B?p1qo — 2 AB3po®p1 —
A'qo® + A*B?poqo + 2 B'pe® + 2 B’pp® =0 (8)

—A*B?po®pips — A’ Bpoqiqopr + A B?po®qop2 — A B?poqop1® + A*B'py’ps +

A%B?po*ps + 2 A B*py®p1® + A°Bao®p1 + Apoqo®p1 + A*Bpo®qiqo +

A®B?poqop1 — 4 AB*py°py — 4 AB®po*p1 — A*Bpoqo® — A'po*q0® +
A’B®py®q0 — A*B*po*qo + 2 Bpo® + 4 B'py* + 2 B*py® = 0 9)

Since gy = by # 0, it follows that, expressing g1 from (9) and writing out that this expression does not
depend on A, we obtain

(—A4P2 +2 A2P0) qo — A’ Bpo®ps — 2 A’ Bpopipz + 4 A* Bpo®p2 +
4 A* Bpop1* — 4 AB?popy — 12 ABpo®p1 + 8 B*po® + 8 Bpy® = 0 (10)

An alternative arises. Either Q = m B2 +nB +1 or (—A2p2 + 2p0) =0.

Case 2.1. Q depends on B quadratically, i.e., Q = m B% +n B + . Let us substitute the expression for Q
into (8) and (9). Distinguishing the term which is free of B in (8), we see that | = 0. Further, let us distinguish
the term at B in (9) and, using it, express p; in terms of pg. Differentiating, we obtain an expression for ps
in terms of po. Substitute these expressions into the term of (8) at B*; we obtain A?m (A?m + 2 P (A)) =0.
We have the following alternative: either m = 0 (Case 2.1.1) or P(A) = —m A?/2 (Case 2.1.2).

Case 2.1.1. Distinguishing the coefficient at B in (9), we see that as = P(A) = 0, which contradicts the
condition of Case 2.

Case 2.1.2. The substitution into (8) and (9) gives a necessary and sufficient condition m n = 0. However,
m = 0 means that a; = P(A) = 0, and therefore n = 0 and Q(B) = m B?. Writing out (5) in the variables
(P, @), we obtain
—ApipoB 4 A*qo +2poB* + 2po*B
Ap()B ’

Substituting our P and @, we obtain ¢g = 0. A contradiction.

Case 2.2. (—A%py +2py) = 0 . Solving this equation, we obtain the general solution in the form P =
m A% + n/A. Substituting this solution into (8) and separating the term that is free of A, we obtain n = 0,
i.e., P = m A2, Substituting this into (9), separating the term at A®, and taking into account that m # 0,
we see that either Q = —m B? or Q = —2m B? .

Co —
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Case 2.2.1. Q = —m B2. Solving the ordinary differential equations thus obtained, we see that
a@) = (za+ )5, by) = —In(By +v)6.
Substituting this into (5), we obtain

(watp)B
a (By+v)

Case 2.2.2. Q = —2m B2, Substituting (P(A) = m A%, Q(B) = —2m B?) into the equation for ¢y, we
see that cg = 0. A contradiction.

z=cla+b) =

For the sake of completeness, consider also solutions of (1) depending on only one variable. In our termi-
nology, these are functions of complexity zero. Let z = z(z); then (1) gives an ordinary differential equation
of the form z 2’ + 2" = 0; solving it, we obtain

2(z) = %th (m;;)

If the solution of (1) does not depend on z, then it is obviously constant.

Thus, we have proved the following theorem.

Theorem 1: (a)Every solution of the Burgers equation (1) of the form z = c(a(x)+b(y)), where z depends
on both the variables, belongs to one of the following two families;

(D) z1 =2pth(p(z+ Ay +a)) — A,

(1) 2 (e, y) = 2.

(b) The solutions of the Burgers equation that depend on only one variable have the form

(IIT) 25(z) = 2 puth (p(z + @),

(IV) 24(y) = 8.

Here A\ # 0.

The first family has 3 parameters, the second one has 2 parameters, the third one has 2 parameters, and
the fourth one has 1 parameter.

Corollary 2 : All solutions of the Burgers equation of complexity at most one are elementary functions.

Are there solutions to the Burgers equation with a complexity greater than one? The answer is positive.

Example 3: Consider the following family of solutions of equation (1):

4r+4+2A

Z:.r2—|—Ax—2y—|—B'

It can readily be seen that the complexity of this expression does not exceed two [3]. We claim that the
complexity is greater than one. To this end, we calculate the value of the differential operator

zh A+2z
5() = (n(Z2)), = -8 — : .
Zy (A2+2Ax+222—-2B+4vy)

A function z has the complexity not exceeding 1 if and only if §(z) = 0 (see [3]). Our calculation shows that
this condition fails to hold, and therefore the complexity of z is greater than 1, and thus is equal to 2. Here
the complexity is equal to 2 independently of the values of A and B. In particular, the function

4x

z2 = —
2 -2y

is also a solution of complexity two.

Hopf equation. If we equip equation (1) with a parameter v which corresponds to the viscosity of the
liquid in the hydrodynamical interpretation, i.e., represent the equation in the form

/ / "o
Zy t 22, =V 25, =0,
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then, passing to the limit as v tends to zero, we obtain the Hopf equation

zé+zz;:0 (11)

What can be said about solutions to this equation of complexity one?

Proposition 4: Every solution of the form z = ¢(a(x) + b(y)) of the Hopf equation (11) has the form

T+«
Zl(x,y): y"’ﬁ

or zg = 7.
Proof: After the substitution, we obtain
c1 (coar +b1) =0,
i.e., co = —b1/as. Since c is a function of a + b, we can write L(c) =0, i.e.,
b2a12 + b12a2 =0.

In other way,
a2 ba

—_ = ——=m
af b
where m is a nonzero constant. Solving the ordinary differential equations, we obtain
1 T+«
a(z) +b(y) = —1In
(@) +b(w) = (5
We can now be sure that we should seek the solution in the form

z=c( ).

)+

T+ «
y+p5

Substituting this expression into (11), we see immediately that a unique nonconstant solution is ¢(t) = t.
To complete the proof, note that, if one of the first derivatives of z is equal to zero, then the second one
is also equal to zero. This completes the proof of the proposition.

We see that all solutions of complexity one of the Hopf equation coincide with the third the family of
solutions of the Burgers equation z3. The fact that the whole family z3 turns out to be also a family of
solutions of the Hopf equation follows from the fact that the second derivative of z3 with respect to x is
zero. However, our little calculation proves that there are no other solutions of complexity one for the Hopf
equation.

Helmholtz equation. There are two differential equations,
2y fznyrm2z:0, szrznyrmzz =0,

which are transformed into each other by the transformation y — iy, which does not change the complex-
ity. The first equation is known under diverse names: Klein—Gordon, Klein—Gordon—Fock, Klein—Fock, and
Schrédinger—Gordon, and the other is called the homogeneous Helmholtz equation. For us, these are two
forms of one and the same equation. After the change

(x —=mz, y—my)
we may assume that m = 1,
Zpg + 2yy +2=0 (12)
Writing out equation (12) for z = c(a(x) + b(y)), we obtain
ca(ad +03) + ci(ag +by) +co =0 (13)
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Applying the operator L to (13) (see (3)), we obtain
C2 L(a% + b%) +c1 L(a2 + bg) =0 (14)

Case 1. If
L(a12 + b12) =2a1 by (ag — bg) =0,

then, taking into account that a; and b; do not vanish identically, we conclude that as = b2, and hence are
constant, i.e.,
a(x) =Aa2® + x4+ po, bly) = Ay? vy + v

Case 1.1. If A = 0, then we can seek z in the form c¢(pz + v y). The equation for ¢(t) becomes
(1 +v2) "(t) + c(t) = 0.

Hence we obtain
z=ket Y 4 e Y where p? + 1% = —1.

Case 1.2. If A # 0, then we can seck z in the form z = ¢((z — @)? + (y — 8)?). The equation for c(t)
becomes
4tc"(t) +4c(t) +c(t) = 0.

If J,(t) and Y, (¢) are Bessel functions with the value of the parameter equal to v, then

2=k Jo(V(z— 0P+ (y—B)) +1Yo(V(e—a)+(y—5)?)

Case 2. If
L(a12 + b12) = 2&1 b1 (ag - bg) 7é 07

the it follows from (14) that ca = p¢1, where

arbs — bras

_ 15
¥ 2()1&1 (ag—bg) ( )

Writing out the equation L(¢) = 0, we obtain
—a13b4b1a2 + a13b3b2a2 — a13b4b1b2 + a13b32b1+ (16)

3, 5 2 3 3 2
a1°b3b” + b1 aga1a2 — b1 az"a+

bi3asaibs — bi2azas® — b12azashs = 0
Substituting the relation co = ¢ ¢1 into (13), we obtain ¢; ¥ + ¢o = 0, where
Y= (a2 4+ b2) @ + (az + by).
The relation L(v) = 0 follows from L(p) = 0. Writing out the consistency condition for ¢ and %, we obtain

a1°b3? — 4ar*aszbibs + 4a13a2?b1® + 6 a13a9bibs —

2a13aga4b1? — 8a1asby 2by — 4 ar>asbibabs + 3ar>asby® +

2a13a4b12by + 4a1°b1%b5% + a13b1%b32 — 2a1°b1bo by —

6 a12a2a3b12b2 — 4a12a3b13b3 + 6a12a3b12b22 -2 a1a2a4b14 +
3ajas?bit + 2a1asbi by + 2 as’asb* — 2 asazbybs = 0 (17)

As in the study of the Burgers equation, we introduce new variables

a1 = A, az = p(A) = po, ag =p'(A) p(A) = p1po, ...
b1 = B, by = q(B) = qo, b3 = ¢'(B) q¢(B) = q1 qo; ---
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Then (16) becomes

A% (q2q0 + @1%) q0Bpo — A’q1q0”po — A® (q2q0 + 1°) qo” B+
A’q1*q0*B + A%q1qo® + B® (papo + p1°) po* A — B®p1?po® A—
B? (pop2 + p1?) poAgo — B*p1po® + B*p1po*qo = 0 (18)

and (17) becomes

APq1%qo® — 4 A*p1poBaiqo + 4 A*po® B® + 6 A%py? Bgigo— (19)
2 A%po® (pop2 + p1?) B? — 8 A’pgB?qy — 4 A%poBao®q1+
3 A%p1®py®B? 4+ 2 A® (pop2 + p1°) poB?qo + 4 A’ B?qo*+
A*B?q1%q0® — 2 A’ Bgo®q1 — 6 Apo’p1B2qo — 4 A’p1po B*quqo+
6 A’p1poB>q0” — 2 Apo® (pop2 + p1°) B* + 3 Ap1°po® B+
2 A (pop2 + p1°) poB*qo0 + 2po®p1 B* — 2po*p1B*qo = 0
A simple analysis of relations (18) and (19) shows that, if a = py = 0, then also b2 = ¢o = 0. In the
framework of Case 2, this is impossible. Therefore, assume that py # 0 and g9 # 0. If ¢ = 0, i.e., qo is
constant, then, eliminating p; and py we see that py = go. A similar colclusion can be obtained from the
assumption that p; = 0, i.e., in the framework of our case, we have p; # 0 and g1 # 0. The coefficient in
(18) at the quantity g2 is A3Bgqo? (po — qo) This coefficient cannot vanish in the framework of our case. Let
us express gz g2 and differentiate with respect to A. We obtain
—Aqo’q1’p1 + A’ B?pspo* + 2 A2 B?po®pap1 + 2 A* B*p3qopo” (20)
+ 6 A’ B?qopo’pap1 + A’ B?p3qo®po® + 4 A*B*qo*popapr + A2 Bqo°pr
—3AB?py*ps — 2 AB*po®p1® — 6 AB?po®paqo — 6 AB*po*p1°qo
— 3 AB?po*paqo® — 4 AB%pop12qo® + 3 B*po*p1 + 6 B2po®p1o + 3 B*po*prgo® = 0.

This relation has the form
(d'(B)a(B))? = B* (n(A) q(B)* + m(A) q(B) + I(A)).
After differentiating with respect to A, we obtain
n'(A) q(B)? +m/(A) q(B) +U'(A) = 0.

If qo is a constant, then ¢ = g2 = 0; in this case, eliminating p; and pe, one can show that pg is constant
and is equal to qp. A similar conclusion holds if pgisconstant. This is impossible in the framework of Case 2,
and therefore we assume that both py and ¢ are nonconstant. Hence (n(A4), m(A),l(A)) are constant. Using
(20) to obtain expressions for the coeficients in terms of p(A4) and equating these expressions to the values
of the constants (n,m,[), we obtain
A?B*py*ps + 2 A’ B?po®pap1 — 3 AB’po*ps,
— 2AB%p®p1? + 3 B2py'p1 — 1A' = 0,
— 2 A*B?py®ps — 6 A* B*po’p1p2 + 6 AB?po°pa,
+ 6 AB?po*p1® — mA*py — 6 B*py°p1 = 0,
A?B?py°ps + 4 A’ B?pop1p2 + A*B?p:°,
—nA'p; — 3 AB?po’py — 4 AB?pop1® + 3 B*py°p1 = 0.

Eliminating ps and py from these relations, we see that p(A) satisfies the same relation as ¢(B), with the
only replacement of B by A, i.e., we have
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Substituting (21) into (18), we see that the necessary conditions(21) turn out to be sufficient for the validity
of (18).

Case 2.1. Let n # 0. Solving the first equation of (21) as an equation with separated variables, after the
integration we obtain

V() +mp(4) 1

A + const = -
(1/2) g7 o (m/2 T/Y%(A)" /0 (p(4)2 +mp(A) + z)

The function ¢(B) satisfies a similar equation. This implies that p(A) and ¢(B) are transcendent functions.
Using (21), one can eliminate all derivatives from relation (19) and obtain an algebraic polynomial connect-
ing the variables (p(A), A, ¢(B), B). It follows from the transcendence of p and ¢ that all coefficients of this
polynomial are equal to zero. Solving the system of equations thus obtained with respect to (n,m,!1), we see
that it has solutions for n = 0 only. A contradiction.

Case 2.2.1. Suppose now that n = 0, m # 0. Relations (21) become
(P'(A4) p(A))* = A% (mp(A) +1),
(¢'(B)q(B))* = B> (mq(B) +1) (22)

The solutions of these differential equations with separated variables are algebraic functions satisfying the
following relations:

ep=—9A*m* — 18 A2am* + 16 m>p® — 9a®m* — 48Im?*p? + 641°
eq = —9B*m* — 18 B?Bm* + 16 m3¢® — 9 3°m* — 481m>¢> + 6413

Using the relations ep = eq = 0, we can express the derivatives (p2, g2, p1,q1) using (po,go) and transform
(19) into a polynomial relation connecting (po, go, 4, B, o, 3, m,1). Calculating the resultant, we exclude the
function ¢ from this relation and from the relation eq = 0. The resulting relation is a polynomial in B of
degree 23 of the form

Z 'rj(p07A,Oé, ﬁv m, l) BJ

Let usequate its coeflicients to zero. Eliminate py from the relations 7o = 0 and ep = 0; we obtain a re-
lation which is a polynomial in A of degree 12. This polynomial can turn out to be identically zero only
for | = 8 = 0. It follows from the symmetry (p, A4, «) < (¢, B, () that o = 0. However, a verification of
the solutions thus obtained shows that the validity of (18) and (19) is possible for m = 0 only. A contradiction.

Case 2.2.2. Let now n =0, m =0, [ = A\? # 0. We have
P(A)p(A) = XA, ¢(B)q(B) =+ B.
Whence, integrating, we obtain
ep = fp(2)+)\A2+oz2 =0, eq:—qul:)\Berﬂz:O.

Case 2.2.2.1. Let the sign at A be the minus. In this case, expressing the derivatives and substituting
them into (19), we obtain

q0°po° (24X +2 BN — 2 po® + 2 q0® + po® — 2pogo + ¢0*) = 0.

This implies that [ = A2 = 0. A contradiction.

Case 2.2.2.2. Let the sign at A\? be the plus. In this case, expressing the derivatives and substituting them
into (19), we obtain

0°po® (po — q0)° (A +1) =0,
i.e., A = —1. Solving equations (22) in this case, we obtain
a(z) =acos(x+7v)+u, bly)=0cos(y+0d)+uw.
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Substituting these a and b into (15), we obtain ¢”(t) = 0, i.e., ¢ is linear.

Finally, we have obtained the following description of the solutions of complexity one.

Theorem 5: Every solution of the form z = c(a(z) + b(y)) of the Helmholtz equation (12), where z
depends on both the variables, belongs to one of the following three families:
(I) zi(x,y) =ke™™™Y 4 lem™* Y wherem? +n? =1, mn#0,

(I1) z(z,y)=kJo(/(z—a)+(y—5)2)+1 Yo (V(z —a)® + (y — B)?)),
where (J,,Y,) are the Bessel functions,
(II1I) z3(z,y) =kcos(x+a)+lcos(y+ ), kl#0.

The solutions of the Helmholtz equation depending on only one variable are the functions of family (I) with
mmn = 0. Moreover, they coincide with family (III) for k1 = 0.

Our consideration can readily be extended to equations of the form
Zow T 2yy +9(2) =0 (23)

If p(2) = —sin(z), then this equation is called the sine-Gordon equation. The part of the consideration
related to the functions a(x) and b(y) remains the same. Here two cases are possible: z1 = ¢(Az + py) and
2o = c((xz — a)? + (y — B8)?)). In the first case, the equation for ¢ has the form

(A2 + p?) () = (e(t)). (24)
In the other case, the equation becomes
4t (t) +4(t) = p(c(t)). (25)

These two families exist for an arbitrary choice of . The third family is possible for linear functions c¢(t)
only, and therefore these solutions re possible for ¢(z) = z + m only.

Corollary 6 : Every solution of the form z = c(a(z) + b(y)) of equation (23), where z depends on both
the variable. belongs to one o two families:

(I) z(x,y) =c(mz+ny), where c(t)satisfies equation (24),
(IT) z(z,y) =c((z —a)* + (y — B)?)), where c(t)satisfies equation (25),

If we set ¢(z) = 2%, then, for the first family of functions, c(t) can be expressed using the Weierstrass -
function. If p(z) = €7, then c(t) is am elementary function (logarithms and tangents) both for the first and
the second family).

Schrédinger equation. Consider the equation
Zy = Zgz + 2. (26)
Writing out equation (26) for z = c(a(z) + b(y)), we obtain
coa1? + cras — c1by + co =0 (27)
Applying the operator L to (27), we obtain
2bicoaras + aiciba + bicraz =0 (28)

Case 1. If as = 0, i.e., a is linear, then it follows from (28) that b is also linear. We seek ¢ in the form
z=c(x 4+ 2py) and obtain 2 u ' (t) = ¢’ (t) + ¢(t). The characteristic values are

vig(p) =p£/p? -1
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Case 1.1. If y = +1, then c(t) = ke™ + [t e*t. Correspondingly,
z=ket"T2Y 4| (x4 2y) T2V
(the signs agree).

Case 1.2. If pi # +1, then c(t) = ke* (Wt 4 [ e72(W ¢t Correspondingly,

5y = ket (w) (242 py) +1 ev2(m) (+2py)

Case 2. Let now as # 0,by # 0. Then ¢y = pcy, where

_aiba+agh
o 2 a1a2b1
Writing our the relation L(y) = 0, we obtain
a13b3a2b1 — a13b22a2 + a3b2a12b12 — b13a4a1a2 + b13a32a1 + a3b13a22 =0 (29)

It follows from (27) that ¢; ¢ + co = 0, where 1 = a? ¢ + ag — by. The condition L(1)) = 0 coincides with
the condition L(yp) = 0. The consistency condition for ¢ and v becomes

Uy tarpdar
= CL13b22 + 4a12a3b1b2 + 4&1(122b12 - 6a1a22b1b2 - 2a1a2a4b12

+ 2a1a2b12b2 + 3a1a32b12 +2 a2a3613 =0 (30)

Translating the relations thus obtained from the ab- to the pg-notation and taking into account that as =
po # 0, we obtain

e1 = —AB®po*p2 + A%q1qo B + p1goA*B? + p1po® B® — A%q* = 0 (31)
4 A2B + 2 AB?%py — 6 ABpg>
es = qo> + ( PopP1 — Po Po )qo+
—2 AB?po®ps + Ap12po® B? + 2 po*p1 B® + 4 Apy? B?
= —0 (32)

Relation (32) has the form ¢2 +m(po, p1, p2, A, B) g0 +1(po, p1, p2, A, B) = 0. Differentiating it with respect
to A, we obtain go m/y + 1’y = 0. There are two possibilities:

Case 2.1. m'y =1, = 0. Either relation is linear with respect to B, and therefore we obtain four relations

A?pyps + 2 Apopapr — A%p1® — 2 Apo®ps + Apop1® — 4 A%py + 4 Apy = 0,
—Apop2 — 2 Api® + 3pop1 = 0,

2 A%pops + 2 A’pr? — 8 Apop1 + 6po® = 0,

Ap1 —2po = 0.

We obtain immediately from the last equation that p(A) = X A2. Substituting this into each of the remaining
equations, we obtain A = 0, which does not correspond Case 2.
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Case 2.2. (I'y/m/y)y = 0. Separating the coefficients at powers of B in this expression, we obtain
ro =2 Ao paps — 2 Apo*ps” + 2 Apo®p1®pa + 4 A%py®po®
+12 A%po®p1°ps — 6 A%po®p1°p2” + 6 A’popy py — 2 A°p
—8 A'po*p1pa + 6 A'po*paps — 40 A'po®p1®ps — 12 A%po®p1°po
+6 A'pop1® + 8 A%po®pips — 8 A%po°p2” + 8 A%pop1 *pa
—8 A°p1* + 6 A%po°ps + 34 Apo*pips + 4 Apo*py”
+10 A%po®p1®p2 — 6 A%po®pr* — 8 A'po®ps + 24 A'pop,
—6 A%po°ps — 4 A%po*pipa + 2 A%po’p1® — 8 A%py’po
—24 A3po?pr? + 8 A%po®pr = 0,
r1 = A'po®pipa — A'po®paps + 7 A'po®pi®ps — 6 A'popips”
=2 A'pop1®pa — 5 A'p1® — 2 A%pytps — 8 A%po®pips
+33 A%po®p1®p2 + 22 APpop1* — 4 A'pr® — 4 A%pops
—48 Apo®pipa — 4T A%po®p1® + 4 A%po®ps + 8 A’popy®
+18 Apo*ps + 48 Apo®p1* — 4 A%po®p1 — 18 py*pr =0,
ry = —A%po®pips + A%po®pa” — 4 APpopiPpy — 2 A%py*
+2 A%po’ps + 11 A%po®p1pa + 8 A%pop1” — 6 Apy®pa
—12 Apo®p1® + 6 po°p1 = 0.
Eliminating p4 from r¢ and r;1, we obtain the relation R(ps, ps, p1,po, A) = 0. Eliminating p3 from R and ra,
we obtain a differential polynomial which factorizes into a product of powers of three factors:
Ry = Ap1 — 2po,
Ry =2 Apop1®ps + 2 A%p1* — 8 A%po®pip2 — T A%popy”
+5 Apo®p2 + 10 Apo®p1® — 5po°p1,
Rs = 3 A%po®pa® + 4 A%pop1®pa + A%p1* — 9 A%po®pipo
—11 A%pop1® — 4 A%p1® + 4 Apo®ps + 22 Apyp1
+12 A%pop1 — 12 po>p1 — 8 Apo?.

Case 2.2.1. Let Ry = 0, i.e., p(A) = XA A%. Then, substituting this relation nto (31) and (32), we see that
A = 0. A contradiction.

Case 2.2.2. Let Ry = 0. Then, eliminating p3 from (Rz)’y = 0 and r3 = 0, we obtain
Ry =3 A'pop1®p2”® — 3 A%p1 s — 14 Apo®pipa® + 27 Apop1®po
—A%py® + 13 A%po®po® — T1 Apo®p1®p2 + 7 A?popy*
+68 Apo®p1p2 — 11 Apo®p1® — 20 po*pa + 5po*p1? = 0.
Eliminating ps from R, = 0 and R4 = 0, we obtain a polynomial which factorizes into three factors,
R5 = Aph

Rs = Ap1 — po,
Ry =2 A%p1® — 6 Apopr + 5po”.

Case 2.2.2.1. Let Rs = Ap1 =0, i.e., p(A) is constant. Then, substituting this into (31) and (32), we see
that go = 0. A contradiction.

Case 2.2.2.2. Let Rg = Ap1 — po = 0; then p(A) = X A. Substituting this relation into (31) and (32), we
see that ¢(B) = p B and, further, A = 0. A contradiction.

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 27 No. 3 2020



283

Case 2.2.2.3. Let Ry = 0. Eliminating ps from (R7)’y = 0 and Rs = 0, we obtain Rs(p1,po, A). Eliminat-
ing p; from Ry = 0 and Rg = 0, we obtain 80 A%py® = 0. A contradiction.

Case 2.2.3. Let R3 = 0; then, eliminating ps {from (R3)’y = 0 and ro = 0, we obtain Ry(p2,p1,po, A) = 0.
Eliminating ps from Ry = 0 and R3 = 0, we obtain a polynomial for which only two of its irreducible factors
can vanish in our case:

Rig = pop1 + A,

Ryy = 60 A" + 828 APpgp,® + 784 Ap,® — 7341 A*py?p,®

—5744 APpop;* + 21554 A3po3p1* + 16896 Atpo>p1® — 30350 A%pytp,
—24816 A%po3p1? + 20968 Apo®p1? — 48 A*po?p1 + 18088 A%py*p:
—5712pSp1 + 96 A3po> — 5168 Apo°.

Case 2.2.8.1. Let R1g = 0; then p(A) = vV A? — A2, Eliminating ps from (R10)’4y = 0 and R3 = 0, we obtain
Ri2(p1,po, A) = 0. Eliminating p; from Ri; = 0 and Rj2 = 0, we obtain the relation Ri3(po, A) = 0 which,
after substitution the value py = VA2 — A2, becomes 18630 431 — 270081 A2 A%°... = 0. A contradiction.

Case 2.2.3.2. Let Ry; = 0. Eliminating ps from (R11)), = 0 and Rs = 0, we obtain R14(p1,po, A) = 0.
Eliminating p; from R;; = 0 and Ry4 = 0, we obtain the relation Ry5(po, A) = 0 which, after removing the
nonzero factor 37354656749261842022400 A°! p3?, is a homogeneous polynomial with respect to the variables
po and A of degree 78. This polynomial factorizes into factors of the form (pg — A; A). Thus, its vanishing is
possible only for p(A) = A A, and this possibility was excluded above.

Thus, we have proved the following theorem.

Theorem 7: Every solution of the form z = c(a(x) + b(y)) of the Schrédinger equation (26), where z
depends on both the variables, belongs to one of the following two families of elementary functions:

() 21(w,y) = ke WER2mY) g aWEH200) 1y (1) = pt\/p? — 1, p# £1,
(IT) 2z (x,y) = keTT2Y 41 (2 £ 2y) e "2, the signs agree,

and at least one of the parameters k and [ is nonzero.

The solutions depending on = only have the form z(z) = k€' + 1 e~ ; the solutions depending on y only
have the form z(y) = kY.

The Homogeneous Monge—Ampere Equation is

Z/xlz Z;/y,y - (ny)2 =0, (33)
Substituting z = c(a(z) + b(y)), we obtain
a12b202 + a261202 + a2b201 =0 (34)

where ¢; #Z0, a; # 0, by # 0.

Case 1. Let co = 0, i.e., c(t) is linear; then ag by = 0, i.e., one of these functions is also linear and the
other is arbitrary, i.e., 21 = kxz + b(y), 20 = a(x) + 1 y.

Case 2. Let co # 0. If here ay = 0, then by = 0, and conversely. Thus, both the functions are linear and
z = c(kx +ly), where c is arbitrary.

Case 3. Let co # 0, as # 0, by # 0; then

C2 azby

— 772.
C1 a12b2 + CLle
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Applying the operator L, we obtain

bsb1  azax

= = X\ = const
2 2 :
b3 az

—(11(13622 + (ZQlebg =0or
Case 8.1. Solving, for A # 0; 1; 2, the differential equation

we obtain
a(z) +b(y) = p (z + )3T +v (y+ 83T

(we include the additive constant into ¢(t)). The equation for ¢(t) becomes

Solving it, we obtain

Finally,

A-2 A2\ 52
p=r+ (v @+ @) )

Case 3.2. If A =0, then a3 = b3 =0, i.e.,
a(z) +b(y) = k(z —a)* +1(y - B)*.

Here the equation for ¢(t) becomes
') 1

=0
dai) 2t 7

and its solution has the form c(t) = v + 6 v/t. Finally, we obtain

z:'y+5\/k(x—a)2+l(y—ﬁ)2.

Case 3.3. If A =1, then, solving the equation

(Lr0) Sr0=(Brm)

we obtain
eCQ (3] etCJ
ft) = ——+cs,
Cq
and therefore
eczcl ezcl eC5C4eyC4
a(z)+by)y=———+cs+ ——— + 5.
(&1 Cyq

We can remove the additive constants, and the equation for c(t) becomes i,((tt)) + % = 0. Its solution is

c(t) = p In(t) +~, and we obtain

z =0 In(pe®® +ve).

Case 8.4. If A =2, then, solving the equation

(Lr0) Srw=2(Sr0)
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we obtain
a(@)+b(y) = g n(a +a)+v I (B+y).
Here c(t) = C; + Cy eﬁ, and therefore

z=b(ata) (B+y) "+

Theorem 8: Every solution of the form z = c(a(z) + b(y)) of the Monge-Ampere equation (34), where
z depends on both the variables, belongs to one of the following families of functions:

(I) zu=kz+0b(y), z2=alx)+ly,

(II) zy=clkx+1y),

(1) 2= (@ —aP +vly— BN  +7 A£0, 1
(IV) z4=26In(pet® +vel),

(V) z=d@-a)'(y=B)"+7y, ntv=1

where klpvd # 0, (a(z), b(y), c¢(t)) are arbitrary nonconstant functions.

These families have the following dimensions: (I) oo, (II) oo, (IIT) 6, (IV) 5, (V) 5. Note also that any
function of one variable is a solution to the homogeneous Monge—Ampere equation (34).

The Laplace equation
2y =0, (35)

and also the wave equation 2!/, — z’y’y = 0 related to the Laplace equation by the substitution y — ¢y were
previously considered in [4]. However, the description of the solutions of complexity one given there was
insufficiently explicit, and therefore we return to these equations here. From these two equations we choose
the Laplace equation for defliniteness, and construct a procedure for calculating in another way )not as in
[4]). Here we pose the question differently. For what f and g, the general solution to the Laplace equation
z= f(z+1iy)+ g(x — iy) has the complexity one?

Case 0. If z depends on only one variable, then this means hat z =kx+lorz=ky+1.

Case 1. Note further that, if one of the functions is constant, then, for every choice of the other function,
z has the complexity not exceeding one (“holomorphic” and “antiholomorphic” functions).

Case 2. Let

fllat+iy) #0, g'(x—iy) #0, fla+iy) +4g(x—iy) #0, fl(x+iy) —g'(x —iy) #0.

Let us write out the equation of the first class for z = f + g; we obtain

% flet+iy)+g'(x—iy)
(hl(;?))gy = (ID(Z f’(ﬂ? +zy) . ig'(l’ _ iy) ))gy =0.
y
This is a fraction whose numerator gives
flgs+ A2 fgr — 2 f1f22g1 — fronPgs + 2 figrg2® — fag® =0, (36)

and the denominator (f1 + g1)* (f1 — ¢1)° is nonzero. Assume now that f'(z + iy) = A is the independent
variable and (f”(z +iy))? = p(A) is the function. Similarly, ¢'(x —iy) = B and (¢"(z —iy))? = q(B). Then
(36) becomes

d d d
A3d§q (B) + A2Bd—Ap (A) —4Ap(A)B — A32d73q (B)
+4 ABq (B) — B3d—Ap (A) =0. (37)
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Choosing the values (B # 0, ¢(B), ¢'(B)) in (37), we obtain an ordinary linear differential equation for
p(A). Its general solution has the form

A?qy — B%q1 + 2 By
B b

(A% - B?)*C +(1/2)

where C is an arbitrary constant. Thus, we can write that p(A) = N A* + M A? + L. Proceeding in the
similar way, we obtain ¢(B) = n B* + m B? + [. Substituting these expressions into (37), we see that
N =n, M =m, L =1 and, for every (n,m,l), this is sufficient for the validity of (37).

Case 2.1.ffn=m=1=0, then " =¢" =0;here z=ax + By + 7.

Case 2.2.1fn = m = 0, | = A2 # 0, then f”

= g" = )\ here f(t) ()\/Q)t2+01t+00(():
(A\/2) 1% + c3t + cq, respectively). Here z = f(x +iy) + g(

r—ig) =M+ a)’ — (y+B)?) +

Case 2.83.1. If n = 0, m = p? # 0,1 = 0, then, solving the equation f”(t) = u(f’(t)), we obtain
f(t) = c1 "t + C1. We btain similarly g(t) = ¢z e#? + Cs. Finally,

z=fle4iy)+glx—iy) =cr et TV Loy et @71 4oy

Case 2.8.2. 1t n =0, m = pu? # 0,1 = v? # 0, then, solving the solution f”(t) = /u? (f'(t))2 + 12, we
obtain

2 wnt
cle
f(t)=(1/2 ) +(1/2) + ca.
Solving the equation for g, we obtain, respectlvely,
z=flx+iy)+g(x—iy)
2 o et (T+iy) 2 B et (z—1iy)
(U)m (1/2)T (U)W (U)T‘f—%

Case 2.4. Let now n = 0% # 0; then n A* + m A? + 1 = 62 (A% — u?)(A? — v?), i.e., the equations for f(t)
and g(t) satisfy one and the same equation of the form

=5V (F1(6)? — p?) (f'(t)2 — v2). (38)

Case 2.4.1. Let u = v = 0; then, solving the equation f”(t) = 6 (f'(t))?, we obtain

2= (@ +iy) ) — (i) +es) +es = A(n((e+a)’ + (5 + 92) +

Case 2.4.2. Let pn # 0, v = 0; then, solving equations (38), we obtain

) ei(i5 y—8x—Cco)p efi((? zt+er1+isy)p
=5 (arctan <(1/2) /J) + arctan <(1/2) M)) + c3.

Case 2.4.3. Let u? = v? # 0. Solving equation (38), we obtain

In _1+62t5ﬂ+25#01 In e2t5,u+25,ucl
sy = -2 5 Y ; ) b e

Then

z=flz+iy) +g(x—iy)
ed 1 (atp+2m)
= 5 In (_1 +825H(iy+z+a)) (_1 +6726u(iy75,aj)) + 7.

Case 2.4.4. Let now u # 0, v # 0, u? # v?; then we can write

A2 A?
nA*+mA* +1=6 202 (1 - )(1—k2 —)s
(i p?
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where k? = p?/v? # 1. If F(t) = f'(t), then F satisfies the equation

) = sup a1 EB? g 2 FO?
F'(t)=6u \/(1 ) =k,

Let ®(t) = F(t/(6v))/u; then @ satisfies the equation
() = /(1 - 2(1)2) (1 - k2 (1)?).

This implies that ®(t) = sn(t+¢1, k), where sn is the Jacobi elliptic sine. Thus, f'(t) = F(t) = psn(dvit+cy).
Since the antiderivative of sn (¢, k) has the form

/Sn(t, k)dt = % In(dn(t, k) — ken(t, k)) + cao,

where dn and cn are also well-known Jacobi elliptic functions, we obtain

In(dn(dvt+ci,k)—ken(dvt+ci, k

C2
As a result,

z=flz+iy) +g(x—iy)
_pln(dn(0v (z+idy) +c1, k) —ken (0v (z +1y) + 1, k))
B ovk
L H In(dn(0v (z —iy) + co, k) —ken (0 v (z — iy) + co2, k))
ovk

+03.

Thus, the description of harmonic functions of complexity one looks as follows.

Theorem 9: Every solution of the form z = c(a(z) + b(y)) of the Laplace equation (35) belongs to one
of the following families:

(D) z11=kaz+1, or zia=ky+1, k#0,
(IT) 221 = g(x +iy) or 220 = f(x —iy), ['g' #0,
() zs =az+ By +y, af#0, B#+ia,
(IV) za = M(z+ ) = (y+ B)*) +7, A#0,
(
(

V) z5 = aer @Hiv) L ger@—iv) Ly qor 340, p#0,
VD) z = An((z +a)* + (y+ 6)*) +7, A#0,

2 o et (@t+iy)
(VII) 27 = 2 p2o ek (@ 1Y) + 2 p?

2 B et (z=iv)
topperem T g t aBuv#0,

cilidy—85z—B)pn e—i(atis y+alu

(VIII) 25 = % (arctg (T) + arctg (#)) +v, dp#0,

1 o8 1 (atBt2)

(IX) 29 = 5 In (—1+e26u (iy+w+a))(—1+e*26u(iy*ﬁ*w)) + e 5’“ 7£ 0’
(X) 210 = 2 In(vdn (3v (@ +iy) + a, (1/v) = pen (50 (@ +iy) + a, (1/v))) +3 In (vdn (G (2 — iy) + B, (/) — pen (Gv
v, dv#0.

Here the dimensions of these ten families are as follows: (I) 2, (II) oo, (III) 3, (IV) 4, (V) 4, (VI) 4, (VII)
5, (VIII) 5, (IX) 5, and (X) 6.

Recall that the transformation (y — i y) takes the functions of the ten families described above to solutions
of the wave equation whose complexity does nor exceed one.

To every differential relation for a function of two variables we can assign a sequence {d,} (the analytic
spectrum), where d,, stands for the maximum of the dimensions of the families of solutions of this equation
consisting of solutions of the analytic complexity n. Here n takes the values 0,1, ..., 00, as well as d,. Recall
that the Cauchy—Kovalevskaya theorem enables us to claim that

i d, = oo.
n=0
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If we sum up the data we have concerning some equations, then we obtain:

the Burgers equation: dg =2, dy =4,ds > 2;

the Hopf equation: do =1, di = 2;

the heat equation: dp =2, dy = 4;

the Schrodinger equation: dy = 2, d; = 3;

the Helmholtz, Klein—Gordon, sine-Gordon equations, ...: do = 2,d; = 4;
the Liouville equation: dop =0, dy =6,dy = 00,d3 = ... = do = 0;

the Laplace and wave equations: dy = 2,d; = 00,ds = 00,d3 = .. = doo = 0;

the Monge-Ampere equation: dy = 0o,dy = 00.

It is not difficult to show that d., can take only two values: either zero or infinity. Recently, with the help of
very witty arguments, M. Stepanova [7] managed to prove that d., = oo for the heat equation. In the same
paper, specific examples of solutions to the heat equation of infinite complexity were constructed.

If, for an equation, we take the equation of the first class,

then we shall see that its analytic spectrum has the form (dy = 00,d; = 00,ds = d3 =, ... = doo = 0). If, for
an equation, we take an equation of some complexity class and Cl,,, where n > 1, then the picture is similar,
ie,alldy=d; = ---=d, =00 and d,4+1 = --- = 0. However, it should be kept in mind that that this is a
system of high-order differential polynomials rather than a single equation. For example, for n = 2, the first
differential conditions arise in the 11-jet, and the number of equations is not less than 3. Moreover, for a
system of equations, i.e., for the case in which there are more than one relation, the sum of the dimensions,
i.e., the dimension of the complete solution space, is finite as a rule.

In a more complete form than that of an analytic spectrum, one can represent the information on the
interaction of equations and the hierarchy of complexity classes as a kind of a topological space, the (stratified
solution space). This space, stratified with respect to classes, parameterizes the families of solutions of a given
complexity . This space naturally arises when using the topology of the corresponding jets (the number of
the jet is the differential order of the family).

Finally, a few questions.

Questions 10: (a) Is it possible that the sequence {d,} constructed for an irreducible differential poly-
nomial contains a nonzero finite number after infinity?
(b) Is it possible that, in this sequence {d,}, there are two infinities separated by finite values?
(¢) Consider the class of irreducible differential polynomials of the differential order p for which dq < oo. Is
this value bounded on the class? If the answer is ‘yes,” then what are differential polynomials on which the
maximum is attained?
(d) Is the stratified solution space simply connected?
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