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otkpbITOit [1], [2]. Koumenmus anaaurnaeckoil cioKuHOCTH [3], pasBuBaeMas
aBTOPOM JAaHHON pabOThl, UMEeT OTHOIIECHUE K 3TUM BOIIPOCAM.

Ha anasurudeckyro GyHKINIO IBYX T€PEMEHHbBIX z(X,Yy) MOKHO HOJeli-
CTBOBATH C IOMOIIbIO (DYHKIMIA OJHOIO IepeMEHHOro. TakuM ecTecTBeHHBIM
06pa30oM BO3HHUKAET IICEBIAOTPYIIIA G, KoTopad AeficTByeT cieayiomum odpa-
som. Ecm g = (a,b,¢) € G, tae (a,b, ¢) - TPU HEMOCTOSTHHBIE AHATUTHIECKHE
dyHKIMU OHOrO HepeMeHHOro, a z(r,y) - aHAIMTHYECKAsd (DYHKIUS JBYX

IepeMeHHBIX, TO
(g0 2)(z,y) = c(z(alx), by)))-

DTa MCeBIOTrPyNa UrpaeT GpyHIaAMEeHTATBHYIO POJIh B BOMPOCAX W3MEPEHHsI
CJIOXKHOCTU aHAJUTHYECKHX (DYHKIUA JBYX nepeMeHHbIX. C TOYKH 3peHHst
TEOPUH AHAJIUTHYECKON CJI0KHOCTH (DYHKIUH 2 W § O 2 - HEPABJIUIUMbI (IK-
BUBAJIEHTHBI ).

B repmunax 3T0ii MCEBAOIPYIIIBI MOYKHO, B 4aCTHOCTH, CPOPMYJINPOBATH
YHUKAJIbHOE CBOHCTBO apudMeTndecKux omeparuii. [[ocKoIbKy BCe deThipe
aprudMeTHIECKUX ONePAIN IKBUBAJEHTHBI IO MOLYJIIO G, a TaHHOEe CBOWCTBO
dopMyupyercs B TepMUHAX HCEBJIOTPYIIILI, TO PeYb MJET 00 yHUKAJIHLHOM
cBoiicTBe Beex dyHKnuit aroro kjiacca. Oupeuessas 30T KJIACC KAk Opoury
dbyukum z = x + y, Mpl noaydaem ero onucanue B Buge Cly = {z(z,y) =
cla(z) + b(y))}. Hanee, nia kaxkmoit anamurudeckoit Gyuxmu z(x,y) MbI
MOXKeM paceMorperhb nceaonoarpyiny Stab(z) = {g € G : (g o 2)(x,y) =
z(x,y)} m mycrb d(z) - eé pasMepHOCTh, TOHUMaeMash KaK Pa3MEePHOCTH CO-
orBercrByfomeil anrebpsr JIn. B [5] Obuta mokazana coemyrorias TeopeMa.
g mpoussosibHO# anamurnyeckoil dbyukmun z(x,y), 3aBucsameii or obenx
[epeMeHHbBIX (YacTHbIe MPOM3BOJHBIE HE PABHBI HYJII0 TOXKIECTBEHHO) d(2)
MOZKeT TPUHUMATh JTUIIH Tpu 3HadeHud: 0, 1 u 3. [Ipuaem 3navenme 3 pasmep-
HOCTB CTAOMJIN3ATOPA IPUHAMAET B TOM U TOJIBKO TOM CJIy4ae, eciu pyHKIHS
z € Cly \ Cly. Dra Teopema nokaswipaer, uro ¢yukiuun u3 Cly U TOJBKO OHU
00.J1a/1a10T MaKCUMAIbHON BHyTpeHHel cumMmerpueii. C TOYKH 3peHns TeOPUn
AHAJIMTHYECKON CJIOKHOCTH [3] 970, B TOYHOCTH, DYHKINH aHATUTHIECKOI
CJIOXKHOCTH OuH. OTMETHM, 9TO

Stab(x +y) ={a(z) =kz+1, bly)=ky+m, ct)= #}

Urak, amamurtudeckue byukmmn suga z(x,y) = c(a(zr) + b(y)) ¢ wemno-
CTOSTHHBIME (a, b, €) 1 TOJBKO OHEH 00JI4JAI0T MAKCHMAJIbHON KOHEYHOMEPHON
cummerpreii. Ha 5107 BHJI cHMMETPHH MOYKHO IOCMOTPETH TaKKe CJIeyIo-



muM obpazoM. leficTBue meeBAOrpynnbl § MOXKHO TPeICTABUTh KAK KOMITO-
3UIUIO JleficTBUil ABYX KOMMYTHPYIONUX ncesorpyni G, n G,. Ilpu stom G,
JeffictByer B mpoofpase, Ha He3aBHCHMBIE mepeMennnie (,Yy), a G, - B obpase
Ha 3aBUCUMYIO TIEPEMEHHYIO 2

2(z,y) = pap 0 2(7,y) = 2(a(z),b(y)), z(z,y) = g0 2(x,y) = c(2(z,y)).

Torma Stab(z) - crabunusarop dbYHKIHE 2 - 9TO Te TpeobpazoBanus u3 G =
Gy - G4, KOTOpBIE 00J1a/1a10T CBORCTBOM

_ -1
poz=gq oz

T.e. 9TO Te MPeodpa30BaHUs, )i KOTOPHIX JTeHCTBUE P-KOMIOHEHTHI sIBJIAETCS
0OpaTHBIM K JeHCTBHIO ¢-KOMIIOHEHTHI.

Jlnst pyHKIME OQHOTO MEPEMEHHOr0, 110 TOHATHBIM IIPHYNHAM, HET CYIIe-
CTBEHHON pa3HUIBI MeXKIy JeiicTBHeM B mpoobpase u B obpasze. ComepzKa-
TeJIbHBIE AHAJIOTH 3/16Ch BO3MOZKHBI JIUIIb HA YPOBHE JEHCTBHUA JTUCKPETHBIX
rpyni. VM oHE XOpOIIO U3BECTHBI. DTO NEPUOTNICCKHUE, TBOAKOICPUOINICCKHE
WK Ke aBToMOpdHbIe DYHKIUH.

Konnennus anajinTudeckoil CJI0KHOCTH, B 4aCTHOCTH, TMO3BOJISET C HO-
BOIl TOYKHU 3peHus MOCMOTPETh Ha XOPOIIO M3BecTHbIe Aud dbepeHnnaIbHbIe
VPaBHEHHS ¢ YaCTHBIMU TPOU3BOIHBIMU. BBUIY OTMedYeHHON YHUKAJIBHOCTH
Kaacca QYHKIHUI CIOKHOCTH OJWH BCAKHN pa3, KOTJA MMeeTcsl WHTepec K
KakoMy-1160 JauddepeHimajibuoMy ypaBHeHHIO g (DYHKIUNE ABYyX mepe-
MEHHBIX, BO3HUKAET BOIIPOC.

Kax yempoenwvr pewerus 0anmno20 ypasHenus, UuMeuue cA0HCHOCms 00um?

Panee orer ObLT MOJIVUEH IS CJIEAYIOIMIMX YpaBHeHuit: Jlammaca, BOIHOBO-
ro, TemnonpoBoanoctH, JInysuans, Kopresera — ne @pusa. B mamnoit padbore
MbI OTBEYaEM Ha STOT BOIPOC JIJIsI CJeAyIoleil cepun ypabHeHuii: Broprep-
ca, Xonda, leapmronbna, Kiefina-l'opnona, cunyc-lT'opaona, [lIpenunrepa n
Momzxa-Ammepa. A Tak:ke 171 ypaBHeHus Jlamimnca u BOJTHOBOIO ypaBHEHHS
Jaercst 6oJiee siBHOE W MOAPOOHOe OMUCAHWE, YeM TO, YTO MPUBOIUTCA B [4].

Kak u3BectHo, ¢ momorpio npeobpasoBanus Xorda-Koyia ypaBHeHnne
Broprepca cBognTcs K ypaBHeHUIO TemaonpoBognocTn. Ho, HecMoTpst Ha TO,



YTO BCe PeIIeHNs] yPaBHEHU TeILIONPOBOTHOCTU CJA0KHOCTA OJIMH SIBHO OTH-
caHbl (OHHU BBIPAZKAIOTCH Yepe3 CHeluaabHyo dbyHKImo erf - nHTerpas onm-
6OK), 9TO He MO3BOJISET HEMOCPEJCTBEHHO MOJIYYNUTh ONMCAHNE TAKUX Delle-
Huii Jig ypaBHeHus bioprepca.

JLJ1st KarK /1010 U3 PACCMOTPEHHbIX YPaBHEHU T BbIYUC/I€HNE PEelleHn T CJI0XK-
HOCTHU OJIMH NPEJICTAB/IAET COOON pacCMOTPEHHE JIePeBa JIOTHYECKUX BO3ZMOXK-
HOCTEl, KOTOPOE COMTPOBOKIaeTcs onucanueM guddepennuaabHo-aaredpandeckux
BBIUHCJIEHUH, BBITIOJIHEHHBIX B cucTeMme Maple.

¥Ypasaenue Broprepca nmeer Bu,
/ / "o
Zyt 22+ 2, =0 (1)

[Tycre 2 = c(a(x)+b(y)), tae (a, b, ¢) - HemOCTOSHADBIE aHATUTHICCKHE (DYHK-
UK OJIHOTO HepeMenHoro. Tlojcrapisist, Moy daem

2
a102+a10001+a201+b101:0

Huzxkame naaekchl 0603HAYAI0T TOPSAKA IPOU3BOIHEIX. B 9TUX 0003HAUEHH-
SIX MIPeII0I0KeHIe O HEIIOCTOSHCTBe a, b U ¢ 03Ha4YaeT, 4To aq, by U ¢y - He
ecTb TOXK/JlecTBeHHble Hy/in. Mmeem

Co a1Co + Qg + b1

_ e tath ®

C1 a

[TockosibKy JieBast uacrb (2) sro dynknus or (a(z) +b(y)), To upasas 1acrb
JOJIZKHA JIEZKATD B S/IPe OePaTopa

0 0
L=V(y)— —d(z)— 3
W), ~ )5, §)
[Tosrygaem
a1a2b100 + CL12b2 — a1a3b1 + 2 a2261 + 2 a2b12 =0 (4)

Cayuat 1. Ecau ay = 0, 1o u3 (4) cnemyer, ato by = 0, T.e. a u b - TUHEHHDI,
Te. a(x) +b(y) =kx+1ly+, vae k u | - Hemynesble KoHCTAHTHL. VmeMm z B
Buze z = c(x + Ay), Torma u3 (1) momydaem

A (t) +c(t)d(t)+ "(t) = 0.

4



Pemras ero, mosyaaem
z=2pth(p(z+Ay+v)) — A\
Cayuat 2. Ilycrb ag # 0. Torma us (4) cremyer

_a12b2 — alagbl + 2 a22b1 + 2 a21)12

ajazb;

Co =

[Ipumensist K (5) omeparop L nosyvaem

4 4 2 3 2 2 27 2
aq agblbg — aq agbg “+ ay a3b1 bQ + a1 as bl b2+

a12a2a4b13 — a12a32b13 — 2a1a22a3b13 + 2 a24b13 + 2 a23b14 =0 (6)

DT0 COOTHOIIEHNE IO3BOJIAET 3aK/IIOUUTh, 4T0 ecju by = 0, T0 ay - ToXKe, T.€.
B HAIIEM CJydae He TOJIbKO (g, HO M by OTJIMYHA OT HYJIsl. 3AIUCHIBag, ITO
BoIpazkenne (5) JJist ¢y COIVIACOBAHO C BhIpazKeHueM (2) s ¢/ ¢, oy daem

a14612b4a2 —4 a14blbgb3ag +3 CL146236Z2 — a14b12b2b3 + a14b1b23 +
a13agbl3b3 — a13a3b12b22 + a12a22b13b3 - a12a22612b22 — a12b14b3a2 -

a12613b22a2 -+ 2a1a2a3b14b2 -2 a23b14b2 -2 a22b15b2 =0 (7)

3aMeTrM, YTO 5TH COOTHOLIEHHS HE 3aBUCAT SBHO HH OT HE3ABHCHMBIX IIe-
PEMEHHBIX (,Y), HH OT CAMUX HeH3BeCTHBIX GyHKIHA (a,b), a JuIrb oT ux
npousBoaubiX. [lob3ysach aTuM, nonnsuM JuddepeninuaibHble MOPSIJIKI CO-
OTHOTIEHHI, TIEPEXOIsl K CIACAYIONNM TTepeMeHHbIM a1 = A, ag = P(A), by =
B, by = Q(B), 1.e. mepBbie MPOU3BOHBIE - 3TO HOBbIE HE3ABHCHMBbIE IEPEMEH-
HBIE, a BTOpBIE - Heum3BecTHBIe (pyHKIuU. Torma mpousBoaable H0jiee BHICOKIX
MOPSIZIKOB BBIpaskaioTces coorBercTBenno. Hampumep, ag = P/(A) P(A). Ilpn
9TOM, Kak u pamnee, oyjaem nucarb P’ = p1, P’ = ps,...,Q" = qq, .... Coorno-
mennst (6) u (7) npumyT BH

A2B?po*ps + A*Bqiqo + A*B?piqo — 2 ABpy’p1 —
Atqe® + A’B?poqo + 2 B*po® + 2 B’py”* = 0 (8)

—A’B’po’pips — A’ Bpoqigopr + A*B?po®qopa — A*B?poqopr® + A* Bpe®pa +

A’B®potps + 2 A’ BPp®pi® + A°Bgo®p1 + A°pogo’p1 + A*Bpo®qiqo +

A*B®poqopr — 4 AB*po®p1r — 4 ABpo*p1 — A*Bpogo® — A'poqo® +
A’B®py*qo — A’B*py’qo + 2 B’po® + 4 B*po* + 2 B®py”° = 0 (9)



[TockobKY o = by # 0, To BbIpazkas ¢ u3 (9) U 3amUCHIBAL, YTO ITO BHIPA-
JKeHne He 3aBHCHT o1 A, mosydaem

(—A4P2 +2 Azpo) qo — A*Bpo*ps — 2 A’ Bpopips + 4 A* Bpy*ps +
4 A’ Bpop1® — 4 AB*pop1 — 12 ABpo*py + 8 B*po®> + 8 Bpy® =0 (10)

Bosuukaet anprepnarusa. JIu6o Q = m B?+n B+, mbo (—A*py + 2pg) =
0.

Cayuati 2.1. ) 3asucut or B xBagpaTudno, T.e. Q = m B? +n B + . Iloa-
crapum B (8) u (9) Beipaxkenue mia ). Beigensas B (8) uieH, ¢cBoGOAHBIN
or B, momyuaem, uro | = 0. danee, Boigennm B (9) wiaen npu B®, BbI-
pPasuM OTTYIA p; 4epe3 po. lIponnddepeHnupoBas, IOJIYYUM BLIPAZKEHHE
JJIS1 Py depes po. lomcTaBuM 3TH BhIpazkenus B wien (8) npu B* momyunm
A%m (A?m + 2 P (A)) = 0. Nmeem caeayiontyio ajbrepuarusy: jau6o m = 0
(caymati 2.1.1), mabo P(A) = —m A%/2 (cayuati 2.1.2).

Cnyuaii 2.1.1. Botenas B (9) kosddumument npu B®, nomydaem, 4to a; =
P(A) =0, 9T0 TPOTHBOPEYHUT YCJIOBHUIO Caydas 2.

Cayuqait 2.1.2. Tloxcranoka B (8) u (9) maer HEOOXOIUMOE H JOCTATOUHOE
yeaoue m n = 0. Ho m = 0 o3nauaer, aro ay = P(A) = 0, mosromy n = 0
u Q(B) = m B% BanuceBag (5) B nepemenunix (P, Q) momydaem

_ —Ap1poB + A%qo + 2po B* 4+ 2y B
ApoB .

Co =

[omxcrasisis wanm P u @, noydaem ¢ = 0. [Iporusopeqne.

Cayuati 2.2. (—A%ps + 2pg) = 0 . Pemag 310 ypaBHenue, nojydaem obliee
pemenne B Buge P = m A% + n/A. Tlopcrassis 310 pemenue B (8) m oTe-
784 9aeH, cBoboaHb or A, moaydaem n = 0, T.e.P = m A?. Iloxcrasisd
310 B (9), ornensa wien npu A% m yunreiBag m # 0, monydaem, 9ro Jmbo
Q = —m B?, mbo Q = —2m B? .

Cayuait 2.2.1. Q = —m B?. Pemag nosydennbie o0bKHOBeHHBIE 1uddepe-
UAJTbHBIE YPABHEHUS, IOy IaeM

a(z) =In(za+p)d, bly)=—-In(By+vr)o.
[Moxcrasass 1o B (5), moaydaem

(a+ 1) B

z:c(a+b):m



Crywait 2.2.2. Q = —2m B? loacrasnas (P(A) = m A%, Q(B) = —2m B?)
B BBIDpazKeHUe JIsl Co, ToJydaeM, 94to ¢y = 0. [Iporusopedne.

JI71s OMTHOTBI KApTUHBI PACCMOTPUM, TakxKe perierust (1), 3aBucsiiie
TOJIBKO OT OIHOIO IIEPEMEHHOr0. DTO, B HAIlleldl TEePMHHOJIOIHH, (DyHKIUK
CJIOXKHOCTH HOJb. Ilycrh 2z = z(z), Torma (1) maer OOBIKHOBEHHOE ypaBHe-
Hue Buja z 2 + 2" = 0, pemas Koropoe, moJrydaem

o(z) = %th (ﬁ;‘)

Eciu ke permenne (1) He 3aBHCUT OT T, TO 9TO, OUEBUTHO, TTOCTOSHHASL.

Nrak, namu joKazaHa Caeayionas TeopemMa

Teopema 1 : (a) Jlioboe pemenne Buga z = c(a(z) + b(y)) ypaBuenus
Broprepca (1) , rae z 3aBucuT oT 06€MX NMEPEMEHHBIX MOMAJAET B OJHO W3
ABYX ceMmeiicTs

(D z=2pth(p(z+ Ay +a)) — A

(I]) 22(x7y>:3;—+|-_g

. (b) Pemenust ypasuenusi Bioprepcea, 3aBucsiiiye Jimb 0T 0JHOIO HEPEMeH-
HOT'O MMEIOT BH/L

(HI)  z3(z) = 2pth (u(z + @),

(IV) (y) =5
[puyem Ay # 0.

[TepBoe cemeiicTBO - 3-mapamMeTpuveckoe, BTOPOE - 2-apaMeTpuiecKoe,
TpeThe - 2-IIapaMeTpHIecKoe, IeTBePTOoe - 1-mapaMeTpHuIecKoe.,

CnencrBue 2 : Bee pentenust ypaBHeHusi Bioprepca cji0:KHOCTH He BbIIIe
YeM OJIMH TIPEJICTABILIOT cODOi deMeHTapHble (PYHKITHH.

CyiecTBYIOT JIn pellleHusl ypaBHeHHsT Broprepca, C/I02KHOCTH BBIIIE YeM
oaun? OTBET HOJIOKUTEJAbHDI.



IIpumep 3: PaccMorpuM cieyioniee ceMelicTBo pernenuii ypasuenus (1)

4x+2A
>+ Ar—2y+ B

HeTpynHo BUIETH, 9TO CJI0KHOCTH 3TOTO BhipazkeHus He Bbime aByx [3]. TTo-
KaxKeM, 9TO CJIO?KHOCTD 60ﬂbﬂle eJUHUIBI. ,ZLHH 3TOTO BBIYUC/IUM 3HAYEHUE
nuddepeHInaIbBHOTO OIpepaTopa

2h A+2x

/
m))xy:_S 9 9 2"
(A24+2Ax+222—-2B+4y)

o
Py

d(z) = (In(

OYHKIWSA 2z UMeeT CJIOKHOCTH He BBINIe 1, TOTJAa W TOJBKO TOIJA, KOTJa
d(z) = 0 (cm. [3]). Harme BbramcieHue moKa3blBAET, UTO 9TO HE BEPHO, MO-
9TOMY CJIOZKHOCTbL 2z 6osibiiie 1 u, TeM caMmbiM, paBua 2. [Ipuuem cj10KHOCTD
paBHa 2 He 3aBucuMo OT 3uadenuit A u B. B gactnocru, dpynkmnus

4z
x2 -2y

9TO TOz2KE pelienue CJI02KHOCTH JIBa.

Vpasuenne Xonda. Eciau BeecTu B ypaBHenue (1) mapamerp v, B I'H/JI-
POJIMHAMHUYICCKONR HHTEPIPETAIMA COOTBETCTBYIONIUN BASKOCTH YKHIKOCTH,
T.e. 3alMCATh YpaBHEHHE B BUJE

/ / "o
Zyt 22, =V Z, =0,

TO YCTpeMJIsisl ¥ K HYJIIO MBI MTOJTYyYUM ypaBHeHue Xornda

Zy+22,=0 (11)

A 9TO MOXKHO CKa3aTh O PEIEHHIX ITOTO YPABHEHUS CJIOKHOCTH OIUH?

YrBepxkaenue 4: Jlioboe permenne Buna z = c(a(z) + b(y)) ypaBHeHus
Xomda (11) umeer Bu,

WA 2o = 7.



Jlokazamenvemeo: loacrasnss momydaem 1 (coar + b)) = 0, T.e. ¢ = —b1/a;.
[TockosibKy ¢ - 510 dyHKIHI 0T a + b MoxkeM Hanucarb, 910 L(c) = 0, T.e.

b2a12 + b12a2 = 0. Nmm

a9 . b2 .

2B
rae m - OTJIMYHad OT HYJId ITOCTOAHHAL. Pemaﬂ O6bIKHOBeHHbIe YpaBHeHUAd,
IIoay4vaeM

1 T+«
alz) +bly) = —In(——) + .
(@) +(5) = - (- 5) 47
Tenepb MbI MOKEM OBITH YBEPEHBI, UTO pelleHue cjaeayeT UCKATh B BHJIE
x + «
z=c(——).
y+p5

[TofcraBnsist 910 Bhipazkenwe B (11), cpady mojaydaem, 9TO €IHHCTBEHHOE
HEIOCTOSTHHOE pernenne - 310 ¢(t) = t.

Jlst 3aBepiiieHnst J0Ka3aTeIbCTBA 3aMETHM, YTO €CJIH OJHA U3 IIEePBBIX
MPOU3BOJIHBIX 2 paBHA HYJIIO, TO PaBHA HYJIIO U BTOpasd.Y TBEPKICHUE JTOKa-
3aHO.

Mbi Bujim, 4TO BCe pelieHus ypaBHeHus Xoida CJI02KHOCTH OJUH COBIIa-
JIAIOT ¢ TpeTUM ceMmeiicTBOM pelenuii ypaBuenus broprepca - z3. To uTo Bce
ceMeficTBO z3 OKAa3bIBAETCs CeMeificTBOM perieHnit n ypaBHeHus Xorda cie-
JlyeT W3 TOT'0, YTO BTOpad MPOU3BOJHAA 23 MO T paBHA HyJ0. OTHAKO HaIlle
MaJIeHbKOe BBIUHCJIEHHE TOKA3BIBAET, UTO JIPYTUX PElleHnil CIOKHOCTH OJUH
y ypaBHeHHus Xormda - HeT.

Ypasaenune l'enrbmroasia. meercs jBa mpuddepeHnuaabHbIX ypaB-
HeHNs,
2 2
Zpw — Zyy T2 =0, 2y + 2y +mz2=0

KOTOpbBIEe TIEPEBOJATCA JIPYT B Jipyra mpeodpa3oBaHueM y — 1Y, HE MEHSIO-
muM cjaoxkuocTu. [lepBoe ypaBHenue (purypupyer noji pa3ubIMH HA3BAHUS-
vu: Kieitna-I'opnona, Kneitna-I'opnona-®oxka, Kineitna-Poka, Lpéamarepa-
['opnora, a BTopoe Ha3bpIBaeTCs OJTHOPOJIHBIM ypaBHeHNEM | eabmroabia. s
HAC 9TO ABe GopMBbI ofHOTO ypasuenus. [loce 3amenst (r — mx, y — my)
MOYKEM CUHUTATh, YTO M = 1 .

Zow + Zyy +2=0 (12)
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BamuceiBast 11 z = c(a(x) + b(y)) ypasuenune (12), nomydaem

ca(a? + %) 4 ci(ag + by) +co =0 (13)
[Tpumenss k (13) omeparop L (em.(3)), monyduaem

co L(a? + b)) 4 ¢1 L(ag + by) =0 (14)

Caymati 1. Ecom L(ay? + b12) = 2ay by (ag — by) = 0, TO, yIUTBIBAS, 9TO a1 W
b1 He OOpaAIIAIOTCs B HOJIb TOXKIECTBEHHO, 3aKII0IaeM, 9TO g = by U, CJI€10-
BATEJILHO, TIOCTOSAHHBL, T.¢. a(x) = A2+ iy x + o,  b(y) = Ay? + 1y + vp.
Cayuad 1.1. Ecim A = 0, T0 MBI MOXKeM HCKaTh z B BuJe c(ux + vy). Ypa-
nenue Ha c(t) npuanmvaer sug (u? + v2) ¢ (t) + c(t) = 0. OTkyga noayuaem

z=kettY 4 e (Y ppe 2 42 = 1,

Cayuati 1.2. Eciu X # 0, To MBI MOKeM HCKaTh 2z B Buge 2 = c((x — a)? +
(y—B)?). Ypauenue Ha c(t) npuanmaer sun 4t c”’(t) +4 ¢ (t) +c(t) = 0. Ecom
J,(t) u Y, (t) - dyuxiuu Beccenst co 3HadenneM napamerpa paBHbIM U, TO

2=k Jo(V(x—a)P+(y—0)2))+1Yo (V(z— )+ (y - 5)?)),

Coyuati 2. Berm L(ay? + by?) = 2a1 by (ay — by) # 0, 1o uz (14) nomyuaem,
qTOo Co = P €1, TJIE

Cleg — b1a3
= 15
7 2 b1 aq (CLQ — bg) ( )
BamucoiBas yeaosue L(p) = 0, morydaem
—a13b4b1a2 + a1363b2a2 — a13b4b1b2 + a13b32b1+ (16)

3 2 3 3 2
aq bgb2 +b1 asa1a9 — bl as (11+

b13a4a11)2 — b13a3a22 — b13a3a2b2 =0
[Tocraisist COOTHOIIEHEE o = @ ¢1 B (13), mosydaem ¢; ¢ + ¢ = 0, rue

Y= (a%—i—b%)go—i— (ag + by).
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To uaro L(v)) = 0 caeayer u3 L(p) = 0. 3anuceiBast ycJI0BHE COTTIACOBAHHI
JUISL (0 U 1), TIOJIydaeM

a1°b32 — daytasbibs + 4 ai3ax®by® + 6 a2as’b by —

2 a1 aga4bi? — 8 ayaghi?by — 4 arasbibabs + 3 ai3as’h? +

2a1%ashi’by + 4 a1°b1°by” + a1®b1°b3> — 2 a1°b1b"bs —

6 a12asasb;2bs — 4ai?ash;®bs + 6 ai2ashi?by? — 2 ajasasbyt +
3aras’bit + 2 agaghiiby + 2 as?azb* — 2 asazbi by = 0 (17)

BBoaum, Kak u nmpu u3ydeHnn ypaBHeHUd Dioprepca, HOBBIe MepeMeHHbIe

ar = A, ay = p(A) = py, az = p'(A) p(A) = p1 po, -..
by =B, by =q(B) =qo, by =¢(B)q(B) = q1 qo, --.

Torga (16) npumver Bu

A° (QQQO + Q12) Qo Bpo — A’qrqo’po — A (Q2QO + Q12) Q° B+
Aq?q’ B + Aquqo® + B® (p2p0 + p12) po’A — B’pi*py* A—
B? (p0p2 + p12) poAqo — B’p1po® + B’p1po°qo = 0 (18)

a (17) - Bun

Aqi*q0® — 4 A'pipoBaiqo + 4 A’po” B* + 6 A%py” Bqigo— (19)
2 A%po? (p0p2 + p12) B? — 8 A’pyB*qo — 4 A’poBgo’ g1+
3A%p*pe°B? + 2 A (popz + p12) poBqo + 4 A’ B?qp*+
AB?qiq0” — 2 A’ Bao’q1 — 6 A*po*p1 B2 qo — 4 A’pipo B quqo+
6 A’p1poB2q0” — 2 Apo® (pop2 + p1%) B* + 3 Api*py* B*+
2 A (pop2 + p1°) poB*qo + 2po°p1 B* — 2po°p1 B*go = 0

Hecioxubiit anamus coornomenunit (18) n (19) mokasbiBaer, 4To ecan ay =
po =0, 10 1w by = qp = 0. A 310 B pamKax cjaydas 2 - HeBO3MOKHO. [TosTomy
mojiaraem, ato py # 0, qo # 0. Ecim ¢ = 0, T.e. ¢y - mocrositnHast, TO WC-
KJII09asd p; U P TOJIYYAEM, 9TO Py = (o. AHAJTOTUIHOE 3aKII0UYEHHEe MOYKHO
HOJIYYUTh U3 Mpeanookenus p; = 0, T.e. B paMKax HaIrero ciaydas p; 7 0
u g # 0. Koadpbunuenr B (18), croguuit upu o 310 A*Bgy? (po — qo) U ero
obpalllenue B HOJIb B paMKaX HAIero cjydas - HeBO3MOXKHO. Bbipasum ¢s g7,
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npoauddepeHupyeM mo A, TogIyIuM
—AYqo 1 p1 + A2 B2pspot + 2 A2B?poPpap + 2 A2B?psqopo®+
(20)
6 A?B*qopo°pap1 + A*B*p3qo’po’® + 4 A2 B*qy*popap1 + A Bq°p1°—
3 ABon‘lpg -2 143229032?12 -6 ABQPOSPZQO -6 AB2P02P12C]0—
3 AB%py*paq” — 4 AB?popr®qo” + 3 B*po’pr + 6 B*po’p1go + 3 B*po’prge” = 0

DTO COOTHOIIEHUE UMEET BU/I
(¢ (B)q(B))* = B* (n(A) ¢(B)* + m(A) q(B) + 1(A)).
[oce muddepennuposanus 1o A noJydum
n'(A)q(B)* +m/(A) ¢(B) + U'(A) = 0.

Ecnu qo - mocrosinHa, T0 ¢; = qa = 0, TO HCKITIOYast P; U P MOKHO TTOKA3aTh,
9TO po HOCTOAHHA U PaBHA (o. AHAJIOIMYHOE 3aKJII0UYEHHE CIELYeT U3 IIOCTO-
SIHCTBA Po. B paMKax cjiydas 2 970 HEBO3MOXKHO, HOITOMY HOJIATAEM, YTO KAK
Do, TaK U qo - Henocroauusl. Craenosarensio nocrosaunsl (n(A), m(A),[(A)).
U3Baekas u3 (20) Beipakenus qysi Koabdurmentos depe3 p(A) n npupas-
HUBasi UX K 3HAYEHUSAM MOCTOSIHHBIX (1, M, 1), MOIydaem

A2B?py*ps + 2 A2 B?po’pap1 — 3 AB?py*pa—

2 AB2ppi2 + 3 B2poipy — 1A*p, = 0

—2 A’ B?py®p3 — 6 A B*py*pipa + 6 AB*py’pat

6 AB%py’p12 — mA*p; — 6 B*po®p; = 0

A’B?po*ps + 4 A B*pop1ps + A*B?p®—

nA*py — 3 AB*py*py — 4 AB*pops® + 3 B?po’p1 = 0
Uckmovas U3 9TUX COOTHOIIEHHUH P3 U Po, MoaydaeM, 9o p(A) yaoBaerBo-

psieT TAKOMY 2Ke COOTHOIIEHHI0, Kak u ¢(B), Toabpko ¢ 3amenoil B Ha A T.e.
MBI TIMeeM

(' (A) p(A))* = A% (np(A)* + mp(A) +1),
(¢(B)q(B))* = B*(nq(B)*+ mq(B) +1) (21)

[Toncrasnsis (21) B (18) ybexmaemes, aro Heobxoaumble yeaoBust (21) oka-
3BIBAIOTCSH JIOCTATOYHBIME JIJIst BhiosHeHust (18).
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Cayuati 2.1. Tlyers n # 0. Pemast mepsoe ypasaenue (21) Kak ypaBHeHue
C Pa3aesIAIoIUMACA IIePEMEHHBIMH, II0CJIC HHTCIPUPOBAHUI IOy IaeM

Vr @A) +mp()+1

A+ const = -
1/2 n’ZjQ In (m/2 7%(’4)" + \/n (p (A)? +mp(A) + z)

AnamornanoMy COOTHOIIECHUIO YaoBaeTBOpsieT dbyukust ¢(B). OTKyma ce-
ayer, uro p(A) u q(B) - Tpancuengentabie byukiun. Venoassys (21), u3
coorHomenust (19) MOKHO MCKJIIOUATH BCE IIPOM3BOIHBIE U MOJYYUTH AJIre6-
paudecKuii moJmHOM, cBsa3biBatonwil Bemaunsl (p(A), A, q(B), B). 3 Tpasc-
HEeHIeHTHOCTH P U ¢ CJIEIYET, 9TO BCe KOIPPUIUEHTHI 3TOr0 HOIMHOMA PABHEI
HyJTI0. Pelnast oIy ueHHy 0 CUCTeMY OTHOCUTETBHO (1, m, [) yoeK 1aeMest, 4To
oHa mMmeer pemenns Toabko upu n = 0. ITporusopeune.

Cayuad 2.2.1. Tlycrs renepb n = 0, m # 0. Coorrorennst (21) npuHIMAOT
BH/I

(P'(A)p(A))? = A% (mp(A) + 1),
(¢'(B)q(B))* = B*(mq(B) +1) (22)

Pemenusa stux auddepeHInagibublx ypaBHEHUNR ¢ pa3IeISioNIMUACS IIepe-
MEHHBIMH - 9TO ajiredpamdeckue OYHKIUH, YIOBICTBOPAIOIINE CJIEIYIONTHM
COOTHOTIEHUSIM

ep=—9A'm* —18 A2am® + 16 m*p® — 9a’m* — 48 Im*p* + 6413
eq=—9B*m* — 18 B*m* + 16 m3¢® — 9 5°m* — 48Im?*¢* + 6413

[Toab3ysich coorHomenusmu ep = eq = 0 MOXKHO BBIPA3HTH NPOU3BOIHBIE
(p2, @2, 01, q1) 9epes (po, go) 1 TpeBpaTuTh (19) B MOJHHOMHAIBHOE COOTHOIITE-
Hue, cBasbiBaomiee (po, qo, A, B, «, 5, m, ). Bbrauc/iss pe3yibTant, HCKI09a-
eM U3 9TOro cooTHomrenus u eq = 0 GyHKIUIO qo. Iloaydyennoe cooTHOLIEHE
- 910 nosmHOM 110 B crenenu 23 Buga Y r;(po, A, @, 8, m, ) B?. IIlpupasuu-
BaeM K HYyJ10 ero koadgdunmentol. Vckiounm py u3 coorHomenuit ry = 0 u
ep = 0, TOyIUM COOTHOIIEHIE, KOTOPOe IpeacTaBasgeT coboil moanHom mo A
crerrenu 12. O6pamenne B TOXKIECTBEHHBIA HOJIb 9TOTO MOJUHOMA BO3MOYKHO
gaums npu | = f = 0. U3 cummerpun (p, A, o) <> (¢, B, ) moaydaem 910
a = 0. O1HaKO TpoBepKa MOJIyYEHHBIX PelleHuil, II0KA3bIBAET, YTO BHIIIOIHE-
aue (18) u (19) Bozmoxkuo Junib upu m = 0. [Iporusopeune.

13



Cayuati 2.2.2. Tlyers teneps n = 0, m = 0, [ = A\? # 0. lmeewm,
P (A)p(A) =X A, ¢(B)q(B)=+\B.
OTKy/ma HHTErpUpysT TOJTYIAEM,
ep=—-pa+AA2+a*=0, eq=—-q@+AB*+5°=0

Cayuwat 2.2.2.1. 1lycth 302K mepen A - 310 munyc. Torma BbIpazkast Tpou3-
BOZIHBIE U mozcTaBJss ux B (19), noxydaem

0°po° (2A’N +2B°X* —2Xpo* + 2 X q0° + po° — 2pogo + @0°) = 0.

Otkyna caenyer, uto | = A2 = 0. IIporuBopedne.
Cayuati 2.2.2.2. Tlyers 3nak nepen A2 - 310 matoc. Torma BeIpazKas MpOn3-
BOJHBIEC U MOJACTaBIAd uX B (19), momydaem

00°po” (po — @0)* (A +1) =0,
T.e. A = —1. Pemasg B 9T0M ciiydae ypaBHeHus (22), mojydaem
a(r) =acos(x+v)+pn, bly)=pcos(y+90)+wv.

[loacraBnsis 31 a u b B (15), nosyaaem ¢’ (t) = 0, t.e. ¢ - auHeiina.

B urore namu mosiy4eHo cJieIyIoniee Onucanne pemnennii CJI0KHOCTH O/ H.

Teopema 5: Jlio6oe pemenue Buga z = c(a(x) +b(y)) ypasuenns LerbM-
roJibiia (12) | re z 3aBUCAT OT 00EHMX TePEeMEeHHbBIX TONAIAeT B OHO U3 TPeX
CeMeicTB

() z(z,y) =ke™™™¥ 4 le™™ " rnem?+n’ =1, mn#0,

(I1)  z(z,y) =k Jo (V(x— )+ (y — £)?) +1 Yo (V(z — )2+ (y — B)?)),
rae (J,,Y,) - dynknun Beccens,

(I11) zs3(x,y) = kcos(x +a) +lcos(y+ B), kl#0.

Pemenusa ypasuenus ['eibMrosibiia, 3aBucsIiye JIMIb OT OJTHOTO TEPEMEHHO-
ro 910 dhyukmun u3 cemeiicrsa (1), rae mn = 0. llpudem oHu coBmAIAOT €
cemeiictom (III) mpu k1 = 0.
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Hare paccyzK/iemnue JIerko MepeHoCHTCs Ha YPABHEHUS BH/IA
Zoa + 2yy +0(2) =0 (23)

Eciu ¢(z) = —sin(z), To Takoe ypasuenue naspizaercs cuayc-I'opmon. Ta
9aCTh PacCyzKjeHusl, Koropas Kacaercs a(x) u b(y) ocraercs HeM3MeHHOI.
[Ipy 5TOM BO3MOZKHBI JIMIIb JBa cIydad 21 = c( Az +py) u 20 = c((v —a)? +
(y — B)?)). B mepBoM coiydae ypapHEHHE HA ¢ HIMEET BUJL

(N + %) '(t) = p(c(t)). (24)
A Bo BTOpOM
4t"(t) + 4 (t) = p(c(t)). (25)

9THn JABa ceMeiicTBa CYIMIECTBYIOT npu J0O0M BbIOOpe . TpeThe cemeiicTBO
BO3MOZKHO JINIIb JJisl JUHEHHBIX ¢(1), TOTOMY TaKue pereHus BO3MOKHBI
TOJILKO IpH ¢(2) = z + m.

Caeacteue 6 : Jlioboe pemenne Buja z = c(a(x)+b(y)) ypasuenns (23),
I7le z 3aBUCHUT OT 00erX IepeMeHHBIX IIONAIAaeT B OJHO M3 JBYX CEMEHCTB

(I) z(x,y)=c(mx+ny), rvae c(t)ygoBrerBopsieT ypaBHeHn0(24),
(I1)  z(z,y) = c((z—
2

Ecau monoxuth ¢(z) = 2%, To ajis nepBoro cemeiictsa dbyHkIiust ¢(t) Bbi-
pazkaercs 1depes @-ynkuio Beiiepmrpacca. Ecau ke ¢(z) = €7, To Kak
JYIsl IEPBOTO, TakK M Jyis BTOporo cemeiicra c(t) - saemenrapaas QyHKIusI

(orapudMBl W TAHTEHCHI ).

@)+ (y—B)%), rae c(t)ymoprersopser ypasrenuio(25),

YpaBuenne IlIpéanumuarepa. PaccMorpuM ypaBHeHHE
2y = Zgp + 2 (26)

BanuceiBas wist z = c(a(x) + b(y)) ypasuenue (26), nosydaem

CQCL12 + c1a9 — Clbl +co = 0 (27)
[Ipumensist K (27) oneparop L , moaydaem

2 b102a1a2 + alclbg + blclag =0 (28)
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Cayuati 1. Ecnu ag = 0, T.e. a - quneitna, Torga us (28) cuemyer, 4ro u b -
muneitna. Mmem 2z = c¢(z + 2 py), nomygaem 2 puc () = ’(t) + c(t). Xapax-
TEPHCTHYCCKUE 3HAYCHUS - 3T0 vy o(p) = p+ /p? — 1.

Cayuati 1.1 Ecmm p = £1, 10 ¢(t) = ke* + 1t e*'. CoorpercTBenHO

oy = ke:ﬁ:m—f—Qy +l(fL‘:|: 2y) 6:I:;zc—"-Qy

(3HAKH - COLJIACOBAMBI).
Coyuati 1.2 Bemm p # +1, 10 c(t) = ket 4 [ et Coorrercrrento

2 = ket (@t2uy) 4 1 or2(p) (e+2py)

Cayuati 2. llyetb Teneps as # 0, by # 0. Torma co = @cq, Tae

_ albz + a361

= 2a1a261

BamucsiBast coornomtenne L(p) = 0, momydaem

3 37 2 27 2 3 32 3.2
aq b3a2b1 — aq b2 as + a3b2a1 bl — bl a,a1a9 + b1 as“a; + a3b1 a9 = 0

(29)

U3 (27) noayuaem, 9to ¢; Y—+co = 0, Te ¢ = a2 p+ay—by. Yeaosue L(y) =0
coBnaaer ¢ ycaosueM L(y) = 0. YcaoBue coriacoBaHus ¢ U ) TPUHAMAET
B

Uy Farpa =
3by? + 4 ar2asbiby + 4 aras?by? — 6 ayas®biby — 2 b,?
a1”02" +4a1"azb102 + 4 ajas”by a1a2~0109 1020401+
2 a1a2b12b2 +3 a1a32b12 + 2 a2a3b13 =0 (30)

[lepekaunBas mo/Ty9YeHHBIE COOTHOIIEHUS U3 ab- B pg-0003HAUEHUS U Y IUTHI-
Basi, UTO as = po # 0, mosydaem

er = —AB%py®py + A% qiqo B + p1goA’B? + pip* B — A%q* =0 (31)

4 A%B +2AB?p, — 6 ABpy?
e3 = C]02 + ( PoP1 o Po Po )qo+
—2 AB?py*ps + Api®po® B* + 2 po®p1 B® + 4 Apy? B?
A3

=0 (32)
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Coornomenne (32) mmeet Bun g2 + m(po, p1, p2, A, B) g0+ (po, p1, p2, A, B) =
0. Tuddepenuupys ero mo A mosydaem qom'y + I’y = 0. Vmeercs jase Bo3-
MOYKHOCTH:

Caywat 2.1. m'y = l'y = 0. Kaxnoe coorHomenne nuheiino 1o B, mosToMy
MBI TI0JIy4aeM YeThIpe COOTHOIIEHNUS

A2p02p3 + 2 A*popap1 — A2p13 -2 Ap02p2 + Ap0p12 —4 A2P1 +4 Apy = 0,
— Apops — 2 Api® + 3pop1 = 0,
2 A%popa + 2 A*p1? — 8 Apopy + 6 py” = 0,
Apr —2po =0
I3 nocieinero ypapHenus cpasy mosydaeM, uto p(A) = X A% Iloxcrapiss
ero B J000€ M3 OCTABIIMXCH, HOAydYaeM, 4To A = (), 94TO HE COOTBETCTBYET
caydaro 2.

Cayuad 2.2. Tubo (I'y/m'y)y = 0. Ornessiss B 910M Bhipazkenuu K03 duriu-
eHTHI TIPU CTelleHaAX B, mnoJjydaem

ro = 2 A’po*paps — 2 A%po*ps® + 2 APpo®pi®pa + 4 APpo’pa®+

12 A°po°p1°ps — 6 A%po°p1’pa” + 6 A’pop1 pa — 2 A%p°—

8 A'py'pips + 6 A'po*paps — 40 A'po’pr®ps — 12 A'py*pr* pa-t

6 A'popr” + 8 A’py°p1ps — 8 A°po®pa” + 8 A°popy*pa—

8 A°pi* 4 6 A%po°ps + 34 A’py*pips + 4 APpo*pa*+

10 A%po°p1°pa — 6 A%po’pr* — 8 A'pe®ps + 24 A'pop1®—

6 A%po®ps — 4 A%po*pips + 2 A%pe®pi® — 8 A3py’pa—

24 Apo®p1® + 8 Apy’pr = 0,

1= A'po’pipa — A'pe’paps + T A'po’pr’ps — 6 A'po*pips®—

2 A'pop1°py — 5 A'p1® — 2 Apy*py — 8 Apy’pips+

33 A%po”pi’pa + 22 APpopy* — 4 A'py® — 4 A%pyps—

48 A%po’pips — AT A%py’pr® + 4 APpo®ps + 8 Apopi >+

18 Apo*pa + 48 Ap®p1® — 4 A%po®p1 — 18 po*p1 = 0,

ry = —A’po’pips + A’po’pa® — 4 Apopi®pa — 2 A%py '+

2 A%po®ps + 11 A%po°p1ps + 8 A’pop1® — 6 Apo®pa—

12 Apo*p1* + 6 po’p1 = 0.
Uckmrouast py w3 rg U 11, moaydaem coornomenue R(ps,pa,pi,po, A) = 0
Uckitouas ps u3 R u ro, nojiyvyaem JuddepeHinuaibHblil OJUHOM, KOTOPbIT
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pacnagaeTcda B TpOU3BeeHue cTelleHell Tpex MHOXKUTe el

Ry = Apy — 2y,

Ry =2 A%popi®ps + 2 A%p1* — 8 A%po°pips — 7 A%popr®+
5 Apo’p2 + 10 Apo®pi® — 5 po’p1,

Ry = 3 A%po®pa® + 4 APpopi®pa + APpi* — 9 A%po®pipa—
11 A?popr® — 4 A%p1® + 4 Ap®pe + 22 Apy°pi*+

12 A2P0P1 - 12]903]71 -8 Apoz-

Cayuati 2.2.1 Tycrs Ry = 0, T.e. p(A) = X\ A% Torpaa, nojcrasigs 3ro B (31)
u (32) nosyuaem, uro A = 0. [IporuBopedne.

Cayuati 2.2.2 Ilycts Ry = 0, Torga uckmodas ps u3 (Ry)y = 0 u ry = 0,
HOJIy 9aeM

Ry = 3 A'pop1®py® — 3 A'pipy — 14 APp®pipa® + 27 APpopr®pa—
APp® + 13 APpoPpy® — T1 A%py®pi°py + 7 Apopr '+
68 Apo’pip2 — 11 Apo*p1® — 20 po*p2 + 5po’pi® = 0

Nckaovas py u3 Ry = 0 u Ry = 0, nosiyyaem OJMHOM, pa3Jaraiomuiics Ha
TpHu MHO2KHUTEJIA

R5 == Apla
R = Api — po,
Ry =2 A%p® — 6 Apop1 + 5po’.

Cayuat 2.2.2.1 Tlycts Rs = Apy = 0, t.e. p(A) - nocrosauas. Torga, moj-
craiss 910 B (31) u (32) mosmyuaem, 4ro gy = 0. IIpoTuBopeune.

Cayuat 2.2.2.2. llycts Rg = Apy — po = 0, Torma p(A) = X A. Tloncrassist
510 B (31) u (32) nomyuaem, uro ¢(B) = u B u, nanee, A u = 0. [IporuBope-
que.

Cayuat 2.2.2.3. llycts Ry = 0. Vckiouast po u3 (R7)y, = 0 u Ry = 0,
noxygaeM Rg(pi, po, A). Uckmovas p; uz3 Ry = 0 u Ry = 0, monydaem
80 A%py® = 0. IIpoTuBopeune.

Cayuat 2.2.3 Ilyers Ry = 0, Torma uckitodas ps u3 (R3)y = 0 u ry = 0,
nosnyaaem Rg(p2, p1,po, A) = 0. Uckntouas ps u3 Ry = 0 u R3 = 0, moaygaem
TTOJIMHOM, U3 HEMMPUBOANUMBIX MHOXKHUTeJ1ei KOTOPOTO B HallleM CJIy49a€ B HOJIb
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MOT'YT 00paIlaThCcsa TOJBKO B,

Ry = pop1 + A,

Ry = 60 A%p,™ + 828 A%pgp,© + 784 ASp,® — 7341 A'pyPp,°—

5744 Apopr* + 21554 A3pepit + 16896 A'py?p:® — 30350 A%pytpi®—
24816 Apy3p1? + 20968 Ap°pi? — 48 Atpypr + 18088 A%py'p; —
5712 po®p1 + 96 Ap® — 5168 Apy°.

Caynat 2.2.3.1 Tlyets Ryp = 0, Torma p(A) = VA2 — A2, Vckiaouast po
u3 (Ryo)y = 0 m Ry = 0, nonyaaem Ria(p1,po, A) = 0. Vckmouast p; u3
Ri1 = 0 u Ryp = 0, noiyvaem coorromterue Ri3(py, A) = 0 Koropoe, 1mo-
cJle TIOJICTAHOBKH 3HaudeHHs py = VA2 — A2, npunumaer suj 18630 A3! —
270081 A2 A%, = 0. IIpoTusopeune.

Cayuatd 2.2.3.2 Mycrs Ry = 0. Uckmoaast pe u3 (Ry1)y = 0 u Ry = 0, mouty-
qaeM R14(p1, po, A) = 0. Uckmouas py u3 Ry = 0w Ryy = 0, mosydaem coot-
nomrenne Ris(pg, A) = 0 KoTopoe, moc/e yuaaeHus HEHYJIEBOIO MHOMKHTE/IS
37354656749261842022400 A% p3?, mpencraBaser coboil OMHOPOMHBIN MHOTO-
YIeH IO MepeMeHHBIM py U A cTemenn 78. DTOT MHOTOUIEH pa3jaraeTcs Ha
muoxuTen Buga (po — Aj A). Takum o6pazoM ero obparienue B HOIb BO3-
MOzKHO Jiutiib 1pu p(A) = A A, a 3ra BO3MOXKHOCTE ObLIa OTCEYeHA BHIIIIE.

Nrak, namu jgoKazaHna Caeayionias TeopeMa.

Teopema 7: Jlio6oe penrernne Buga z = c(a(x) + b(y)) ypasuenns HIpe-
muarepa (26) , TAe z 3aBHCAT OT 00EMX MEPEMEHHBIX TOMAJAeT B OJHO W3
JIByX CEMEHCTB 3/IEMEHTAPHBIX (PYHKITU

([) Zl(l',y) = k;eVl(/L)($+2My) +1 €V2(M)(x+2ﬂy)’ 1/172([0 =/ + \/[LQ —1, W 7& +1,
(I1) zi(z,y) = keF™2Y £ (v £+ 2y) e*"Y 3HaKH COrTACOBAHBL,

npudeM XOTs Obl OJIMH U3 TapaMeTpoB k WU [ OTJIWYEH OT HYJIS.

Pertenust, 3apucsiiue T01bK0 0T T umetor Buj z(x) = ke 4+ le™"*, pe-
IIEHNUsT, 3aBUCSIIAE TOJIBKO OT y uMetoT Buf z(y) = kev.

OnauopoaHoe ypaBuenue Mouxka- AMmnepa -

22— (20y)? =0, (33)

zx “yy
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[Moncrasnss z = c(a(x) 4 b(y)), moayaaem
a1’bycs + azbi*cy + azbacy = 0 (34)

rine ¢; # 0, a; # 0, by # 0.
Cayuat 1. Tlycrs ¢y = 0, 1.e. ¢(t) - iuneiina, Torya as by = 0, T.e. OfHA U3 ITUX
dbyHKIHiT ToXKe JHHeHA, a BTOPasi - MTPOU3BOJIbHA, T.e. 21 = k& + b(y), 22 =
a(z) +1y.
Cayuati 2. Ilyctsb co # 0. Ecm npu stom as = 0, To by = 0 u Haoboport. Takum
obpasom JuHeiHb 00e dyukmun u 2z = c(kx + ly), Tae ¢ - TpOu3BOJIbHA.
Cayuat 8. Ilycrb co # 0, ag # 0,by # 0, Torma

€2 azby

— _—2.
C1 a12b2 + (lgbl
[Tpumensist onieparop L, moJiydaem

bs by as ay
—a1a3b22 -+ a22b11)3 =0 wm 5 = B}
5 a3

= \ = const.

Cayuati 3.1. Pemast ipu A # 0; 1; 2 quddepennuanibioe ypaBHeHue

(S—;f(t)) %f(t) Y (j—)jﬁ(t))2 =0,

IOJIy 4aeM

A—2
a(z) +b(y) = p (z+ )1 +v (y + )
(aAIUTHBHYIO KOHCTAHTY BiiodaeM B ¢(t)). Ypasuenne Ha c(t) mpuHuMaer
BH/
d'(t) 1
) (A=2)t

Pemras ero mony4gaem
A—1
c(t) =~v+dtr=.
Nroro N
A2 A=2\ 373
z=7+ (V (y+6)>" +u (x+04)*—1) :
Cayuatd 3.2. Ecim A =0, 1o az = b3 = 0, T.e.
a(z) +(y) =k (z —a)* +1(y - B)*
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[Ipu sTom ypaBHenue Ha c(t) IPUHUMAET BU]

a ero pemrenne umeer suj c(t) = v + 0 v/t. Uroro noayqaem

z:7+5\/k:(a:—a)2+l(y—6)2.

Cayuatdi 3.3. Ecoim A = 1, 1o pemasi ypaBHeHnne

(4r0) rw=(Srw)

noJIydaeM
eCQ cy etC1
f) =",
C1
IIO3TOMY
ecgcl excl e6564 eyC4
a(z) + b(y) = +e3+ + ¢
1 C4

A uTHBHBIE KOHCTAHTBI MOZKHO yOpaTh U ypaBHeHue Ha ¢(f) IpUHIMAeT BHI

i’,/((f)) + 1 = 0. Ero pemenne - ¢(t) = g In (t) + v u Mbl n0s1ydaem

z =08 In(pe™ +veh).
Cayuati 3.4. Ecin A = 2, 1o pemnas ypaBHeH#e
2
(370) 35/ 0 =2 (527 0)
110JLy 4aeM
a(z)+b(y) =pn(a+z)+vn(B+y).
[Ipu stom ¢(t) = C; + Cy ey, [OITOMY

z=0(a+a) (B+y) "+

21



Teopema 8: Jlioboe pemrenne Bua z = c(a(z)+b(y)) ypasuenns Momxka-
Awmmnepa (34) , nae z 3aBUCHT OT ODEHX MEPEMEHHBIX IONAJAET B OJHO W3
ceMeicTB hyHKITUI

(I) zn=kx+bly), zi2=oalx)+1y,

(II) 2 = c(kz+1y),

(I11) 2= (e — ) +w(y— BN +7. A#£0, 1
(IV) 2z =0 In(ue® + vel),

(V) zm=d(@—a)'(y—8)"+7y, pt+tv=1

npudeM kL pv o # 0, (a(x), b(y), c(t)) - 1pOE3BOIbHDBIE HEIOCTOSHHBIE (DYHK-
1.

Hannbie cemeiictBa umeror caeaytorue pasmeprocru: (1) - oo, (II) - oo,
(ITT) - 6, (IV) - 5, (V) - 5. Ormernm, Takxe, 410 JT106ast HYHKINA OTHO-
'O IEePpEeMEHHOI'0 ABJIdeTCd pelleHrueM YypaBHEHUAd OAHOPOIHOI'O YPaBHCHHA
Momzka-Ammepa (34).

VYpasuenne Jlammaaca -
" "o
Zyw + 2y, = 0, (35)

a TaKKe CBA3AHHOE ¢ HUM 3aMeHoll § — iy BOIHOBOE ypaBHenue 2, — 2z, =0
Oblin panee paccMorpenbl B [4]. OaHako onmcanme pemeHuii CJI0KHOCTH
OJIVH, JIAHHOE TaM OBLIO HEJOCTATOYHO sIBHBIM M, IO9TOMY, 3/1€Ch MbI €Ille pPa3
BO3BPAIAEMCS K 9TUM ypaBHeHUsAM. V3 3TuX JBYX ypaBHEHUI MbI I OTIpe-
JIeJIEHHOCTH BhIOMpaeM ypapHeHue Jlammaca, mpudeM MOCTPOUM IIPOIELYPY
BBIUHMC/IEHHs] He TaK, Kak B [4]. 3meck Mbl Gyaem craBuTh Bonpoc unave. [Ipu
kakux f u g obiee peienue ypasuenus Jlamaca z = f(z+iy) + glx —iy)
AMEET CJIOYKHOCTHL OJIMH?

Cayuat 0. Ecim z 3aBUCAT JMITH OT OJHOTO TIEPEMEHHOTr0, TO 3TO O3HAYAET,
yro z = kx+lwm z = ky + L.

Cayuati 1. Jamee 3amMeTum, 9T0 €c/id OfHA U3 (DYHKIMHA TOCTOSHHA, TO MPH
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JI060M BBIGOPE BTOPOl (DYHKINY 2 IMEeT CJI0KHOCTD He BhIIIe e uHuIs ('ro-
aomopdubien "anTurosomopdusie GyHKImN).
Cayuati 2. Tlycrs

fllatiy) #0, g (v—iy) #0, f(xt+iy)+g'(x—iy) #0, f(a+iy)—g'(x—iy) #0

Banurmiem g 2 = f 4 g ypaBHeHHe TIEPBOTO KJIACCa, MOTYIHM

(111(2:_:2))// . (ln( f’(l’ + @y) + g/(fL’ - Zy) ))// —0.

Wi firtiy) —ag(r —iy)
9TO JIPoOb, YUCJIUTEb KOTOPOH JTaeT

1295+ fi2fsgr — 2 fifo’ g — fi91293 + 2 fignge® — fagi® =0, (36)

a 3HaMenaresb - (f; + 91)2 (fi — 91)2 orsmden ot mys. [lyers reneps f/(z +
iy) = A - 370 He3aBucuMag nepeMennas, a (f(z+iy))? = p(A) - bynxnus.
Awnagornuno - ¢'(z —iy) = B u (¢"(x —iy))* = q(B). Torga (36) npumer
BUJ,

d d d
3 4 2p 4 _ _ap2 4
A qu(B)—i—A BdAp(A) 4Ap(A)B — AB qu(B)+
— 3— =
4ABq(B)— B dAp(A) 0 (37)

Duxcupyst B (37) 3navenus (B # 0, ¢(B), ¢'(B)) , nonydaeM OGBIKHOBEH-
Hoe JinHelinoe jauddepennuaibioe ypasaenue va p(A). Ero obuiee perienue
HMeeT BHUI

A?%q; — B%q, + 2 Bqo
B

(A2 - B’ C +1/2

rae C' - npou3BOJbHAS IIOCTOAHHAL. TakuM 00pa30M MBI MOZKEM HAIUCATD,
uro p(A) = N A*+ M A%+ L. lloctynas anajoradno, noaydaem, uro ¢(B) =
n B*+m B2+ 1. llogcrasngs 5tu Boipazkenusd B (37), ybe:kaaemcs, 9to N =
n, M =m, L =1 u upu nobbix (n,m,l) 910 sBJIAETCS JOCTATOUHBIM JIJisi
BoITOTHeHUsT (37).

Cayuati 2.1. Ecimn = m =1 = 0, rorna f” = ¢’ = 0, npu stom z =
ar+By+.

Cayuati 2.2. Ecoun = m = 0, | = \? # 0, Torna f” = ¢” = \, upu srom
f(t) = (M\2)t* + cit + ¢y, coorsercrienno g(t) = (A/2)t* + cst + c4. [pu
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stoM 2 = f(z +iy) + gz —iy) = A((z +a)* = (y+ B)*) +7-

Cayuati 2.3.1 Ecrmn = 0, m = p? # 0,1 = 0, Torna pemras ypaBHEHHE
17(@t) = p(f'(t), nonyuaem f(t) = ¢; e +C}. Ananoruuno noayqaem g(t) =
co et 4+ Cy. B urore

z=flr+iy)+g(x—iy) =c et @Hiy) 4oy el (T=1Y) 4 oo
Cayuati 2.3.2 Eciun =0, m = p? # 0, | = v% # 0, Torma pemas ypaBHeHHe
') = /12 (f'(t)% + v2, moaydaem

y2 Cleut

—|—1/2 Iu2 —l—CQ.

f(t)=1/2

Iu2cle,ut

Pemas ypaBnenue Ha g COOTBETCTBEHHO IOJIyYaeM,

z=flr+iy) +g(r—iy) =

+1/2 +1/2 +1/2

1/2 ,u25 et (z—iy) /'LQ

+7

qua ek (z+iy) ,U2

Cayuati 2.4 Ilyers Temeps n = 62 # 0, Torma n A* + m A2 + 1 = §% (A2 —
p?) (A% — v?), 1.e. ypasnenus na f(t) u g(t) yJa0BIeTBOPAIOT OJHOMY M TOMY
K€ YPABHEHUIO BUJIA

f'@&) =0/ (f(t)? = 2) (f ()2 = v?) (38)

Cayuati 2.4.1. Tlyers = v = 0, Torna, pemas ypasuenue f”(t) = 4 (f/(t))?,
TOJTy 4aeM

2= =3 Inl(rip)+e) =3 Il(e—iy) +a)te = A(n((+aP++5)2)+

Cayuat 2.4.2. Tycers p # 0, v = 0, Torga, pemmas ypaBHeHust (38), mosaydaem

2 ei(iéyfézfcz)u efi(5x+cl+i5y),u
z=— (arctg (1/2 —) + arctg (1/2 —)) + c3
01 It It

Cayuati 2.4.5. Tlycrs p? = v? # 0. Pemas ypasuenue (38), mosydaem

In (_1 + 62t5u+25,u01>

flt) = 3 +1/2

In <e2t5,u+25,ucl)

J

+CQ.

24



Torma

z=flx+iy)+g(z—iy) =
1

eé,u(a-l—ﬁ-i-?w)
5 n ((—1 + e20nliyteta)) (1 4 e”“(iyﬁx))) o

Coyuati 2.4.4. Tyers temepns o # 0, v # 0, u? # 12, Torma MozKeM HaIlICATh

nA*+mA* +1 =6 2(1—A—2)(1—l<:2’4—2)
—opnv ©2 MQ’

rne k% = p?/v? # 1. Ecom F(t) = f'(t), To F ynoBreTBopsier ypaBHEHHIO

F(t) = S v \/ - F0 g FUP,

p? 2

[Iycts ®(t) = F(t/(6v))/p, Torma @ yaoBieTBopsieT ypaBHEHUTO

(1) = /(1 - @(t)?) (1 - k2 D(t)?).

Otrkyna noaygaem, aro ®(t) = sn(t + c1, k), ve sn - JUIMOTHYECKHI CHHYC
Axobu. Takum obpazom f'(t) = F(t) = usn(d vt + c1). [Tockoabky mepBoos-
pasHag sn = (¢, k) uMeer BU[

/sn(t, k) dt = % In(dn(t, k) — ken(t, k)) + co,

e dn # cn TakkKe XOPOIIO M3BECTHBIE dmnnTHIeckne dyHkiun fkobu, To
OJTy YaeM

pn(dn(6vt+er, k) —ken(dvt+cy,k)) N

f(t) Sk

Co
B pesynprare momydaem

= [flz+iy) +g(z—iy) =
pln(dn(dv (z+iy) + e, k) — ken (S v (:B+iy)+c1,k))+
vk
pwln(dn(dv (x —iy) + co, k) —ken (dv (v — iy) + 2, k)) N
vk

C3
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Urak, onucanme TapMOHNICCKUX (DYHKIHUIT CTOKHOCTH OJUH BBHITJIAJIAT TAK
Teopema 9: JTio60e penenne Bua z = c(a(x)+b(y)) ypasuenus Jlannaca

(35) monasaer B OMHO U3 ceMeiicTB

(I) zn=kax+l, wmmzp,=ky+1, k+#0,

(1) zo1=g(x+iy) mm 2 = f(x —iy), [fg#0,

(I1I) zg3=azx+py+~v, «af#0, [+#+ia,

(V) z=ME+a) = (y+8)")+v, A#0,

(V) 25 =aet @) 4 Ber@=iy) 4 ~n o umm B#0, p#0,

(VI) Z=Aln((z+a)*+(y+0)°)+7 A#0,

2

(VII) 2= v acl CHW) 4

QHZQQP' (z+iy) + 2/.1,2

2 (z—iy)

o
QHQBeVl‘(-T—iy) _{_682#2 + 7, Oéﬁ[,l,l/#()’

m 2u

o8 i (atB+22)
(IX) z= % In ((_1+e25u(iy+z+a>)(_1+e25u(z‘y6w))) +7, op#0,
(X) z0=5Indn(0v (z+iy)+a, (u/v)) —pen (v (z +iy) + o, (u/v)))+

sIn(vdn(dv (x —iy) + B, (u/v)) —pen (v (z —iy) + 6, (u/v)) +v, dv #0.

[Tpu 5TOM Pa3MEPHOCTH 3TUX JIECSTH CeMeiicTB TakoBbl: pa3MepHOCTh (1)
pasra 2, (II) - oo, (IIT) - 3, (IV) - 4, (V) - 4, (VI) - 4, (VII) - 5, (VIII) - 5,
(IX) - 5, (X) - 6.

Hanomuunwm, aro npeobpazosanue (y — i y) nepeBoauT GYHKIUA U3 J1ECsI-
TH ONMCAHHBIX CEMEHCTB B pelleHusd BOJTHOBOTO YPaBHEHUs, CJIOKHOCTH He
BBITIE €UHUATTHI.
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C kaxapiM auddepeHnnaIbHbIM COOTHOIIEHHEM Ha (DYHKIHE ABYX Iepe-
MEHHBIX MOKHO CBSA3ATH OCIe0BATEIbHOCTD {d, } (anarumuveckuid cnexmp),
rje d, -MakCHMaJbHAasT Pa3MEPHOCTh CEMeHCTB perieHu JTaHHOTO ypaBHe-
HHUsI, COCTOSIINX U3 PeIleHnil aHAJTUTHIECKOH cJoxKHOCTH n. Ilpm srom n
npunumMaet 3uadenus 0, 1, ..., 00, Kak u d,,. HamomunMm, uro Teopema Komn-
KoBaieBcKoil M0O3BOISIET YTBEPXKIATH, ITO

Zdn:oo.

n=0

Ecyin moJbITOXKUTH UMEIONUEcHd y HAC JAHHbIe 110 HEKOTOPLIM yPaBHEHUSIM,
TO TTOJIy1aeM:

ypasuenue Bioprepca dy =2, d; = 3,d>
ypaBuenue Xonda dy=1, dy =2;
ypaBHEHHE TEILIONPOBOIHOCTU dy = 2, dy = 4;

ypasuenue [pemunrepa dy =2, d; = 3;

ypaBuenns [enbmrosibia, Kaefina-I'opgona, cunyc-I'opaona,... do = 2,dy = 4;
ypasuenune JluyBuinga dyp =0, d; =6,dy = 00,d3 = ... = dys = 0;
ypasuenwus Jlamraca n BoHoBoe dy = 2,d; = 00,dy = 00,d3z = .. = dy = 0;

ypasuenne Monxka-Amvmepa dy = 00, d; = 00.

He Ttpyano nokasarh, 4T0 dn, MOKET NPUHUMATD JIMIITH JBAa 3HAYEHU: JTUOO
HOJIb, JTuO0 GeckoHedyHOCTh. HeaBmo, ¢ mMoMoIpio BecbMa OCTPOYMHBIX ap-
rymerTos M.CrenanoBoii 7] ynanoch gokasarh, 9To Jjisi ypaBHEHUST TEILIO-
IPOBOTHOCTH do, = 00. B 3T0it 2Ke paboTe mocTpoeHbl KOHKPETHBIE TTPUMEPHI
pelteHuil ypaBHEHUsI TEIJIONPOBOIHOCTH OECKOHEYHON CJIOYKHOCTH.

Ecyim e B KauecTBe ypaBHEHUS B34Th ypaBHEHUE IMEPBOTO KJIacca,

51(2) = 242 gy — ) 2y ()2l = (2)2) = 0

TO TOJIYYaeM, ITO ero aHAJHTHIECKHN CcrmeKTp umeeT BUI (dy = o0o,d; =
00,dy = d3 =,... = do, = 0). Ecsiu 6parb B KauecTBe ypaBHeHUs! ypPABHEHUE
Kakoro -mubo kaacca caoxuoctu Cl,, toe n > 1, To TaM KapTHHa AHAJIO-
ruvHa, T.e. Bce dy = dy = ... = d, = 0, dpyq = ... = 0. OgHaKo npu 3TOM
cJeJlyeT UMeTh BBHU/Y, YTO 9TO He OJHO ypaBHeHHe, a cucTeMa jaucddepen-
IHAAJIBHBIX TOJUHOMOB BBICOKHX TOpsiakoB. Hampumep mig n = 2 mepsbie
jucdepennuaibie yejoBus BO3HUKAOT B 11-crpye, a 4umMc/o ypaBHeHUIT He
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MenbItie 3. [Ipudyem A7g cucTeMbl ypaBHEHHId, T.e. B cJaydae KOTJa COOTHe-
menuii 6oJIbIlNe, YeM OJHO, CYMMa pa3MEepPHOCTEl, T.e. pa3MEePHOCTH TOJHOIO
IPOCTPAHCTBA PENeHnii, KaK MpaBuji0, KOHEIHA.

[Tonnee, gem B ¢opMe aHAIUTHIECKOTO CIEKTpa, WHMOPMAIUIO O B3a-
UMOAEHTBUN YPaBHEHUI U MepapxXuy KJAaCCOB CJIOXKHOCTH MOXKHO IIPEJICTa-
BUTH KaK HEKOe TOMOJIOTHYeCKOe TIPOCTPAHCTBO (cmpamuduyuposannoe npo-
cmparemeo pewenuid). DTO TPOCTPAHCTBO, CTPATH(MUIMPOBAHHOE 110 KJIac-
caM, mapaMeTpu3yeT ceMelcTBa peleHni JaHHo#i caoxKHocTH. OHO ecTecTBeH-
HO BO3HUKAET TP MCIOJb30BAHUH TOTOJOIUH COOTBETCTBYIONMUX CTPYil (HO-
Mep cTpyw - auddepeHuanibHbIi HOPsI0K ceMeRcTBa).

HaHOC.He,ZLOK HECKOJILKO BOIIPOCOB.

Bompocsr 10: (a) Bo3morkHa i cuTyallisi KOT/JIa B TOCIeA0BATETbHOCTH
{d,}, mocrpoenHoii 1151 HEMPUBOAUMOTO TuDbePEHITHATHBHOTO MOJTHHOMA MO~
cie 6eCKOHEIHOCTH CTOMT HEHYJIeBOe KOHEUHOe YUCJIO0?

(b) BoamozkHa 1 cUTyaImsi KOria B 3Toil mocsegoarenbuoctu {d, } npe Gec-
KOHETHOCTH PA3IeIsA0TCd KOHETHBIMA 3HAYCHUAMU !

(¢) PacemorpuM kiace HenpuBoauMbiX auddepeHnaibHbIX TOJTHHOMOB (-
depeHIuaIbHOIO MOPAIKA P , JJId KOTOPBIX d < 00. fB/dercsd Jiu 9Ta BeJu-
YHHA OTPAHMYEHHOU 1Mo BeeMmy Kiaccy? Ecam - ma, To Ha Kakux jaucddepen-
IAAJTbHBIX MOJUHOMAX PEATU3YETCAd MaKCHMyM?

(d) dAsnsiercst s crpaTudUIEPOBAHHOE TTPOCTPAHCTBO DPEIEHHUH OTHOCBSI3-
HbIM?
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