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Àííîòàöèÿ

Îïèñàíû âñå ðåøåíèÿ óðàâíåíèé Áþðãåðñà, Õîïôà, Ãåëüìãîëü-

öà, Êëåéíà-Ãîðäîíà, ñèíóñ-Ãîðäîíà èØð¼äèíãåðà, Ìîíæà-Àìïåðà,

èìåþùèå àíàëèòè÷åñêóþ ñëîæíîñòü îäèí (ïðîñòûå ðåøåíèÿ). Îêà-

çàëîñü, ÷òî âñå ïðîñòûå ðåøåíèÿ óðàâíåíèÿ Áþðãåðñà è Õîïôà

ïðåäñòàâëåíû ýëåìåíòàðíûìè ôóíêöèÿìè. Ïðèâåäåí ïðèìåð ñå-

ìåéñòâà ðåøåíèé óðàâíåíèÿ Áþðãåðñà, ñëîæíîñòè 2. Ïðîñòûå ðå-

øåíèÿ óðàâíåíèÿ Ãåëüìãîëüöà (èëè Êëåéíà-Ãîðäîíà) âûðàæàþòñÿ

÷åðåç ôóíêöèè Áåññåëÿ è ýëåìåíòàðíûå ôóíêöèè. Ïðèâîäèòñÿ ÿâ-

íîå îïèñàíèå ïðîñòûõ ðåøåíèé óðàâíåíèé Ëàïëàñà è âîëíîâîãî,

êîòîðûå âûðàæàþòñÿ ÷åðåç ýëëèïòè÷åñêèå ôóíêöèè ßêîáè. Îá-

ñóæäàþòñÿ îòêðûòûå âîïðîñû òåîðèè àíàëèòè÷åñêîé ñëîæíîñòè

(àíàëèòè÷åñêèé ñïåêòð óðàâíåíèÿ).
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îòêðûòîé [1], [2]. Êîíöåïöèÿ àíàëèòè÷åñêîé ñëîæíîñòè [3], ðàçâèâàåìàÿ
àâòîðîì äàííîé ðàáîòû, èìååò îòíîøåíèå ê ýòèì âîïðîñàì.

Íà àíàëèòè÷åñêóþ ôóíêöèþ äâóõ ïåðåìåííûõ z(x, y) ìîæíî ïîäåé-
ñòâîâàòü ñ ïîìîùüþ ôóíêöèé îäíîãî ïåðåìåííîãî. Òàêèì åñòåñòâåííûì
îáðàçîì âîçíèêàåò ïñåâäîãðóïïà G, êîòîðàÿ äåéñòâóåò ñëåäóþùèì îáðà-
çîì. Åñëè g = (a, b, c) ∈ G , ãäå (a, b, c) - òðè íåïîñòîÿííûå àíàëèòè÷åñêèå
ôóíêöèè îäíîãî ïåðåìåííîãî, à z(x, y) - àíàëèòè÷åñêàÿ ôóíêöèÿ äâóõ
ïåðåìåííûõ, òî

(g ◦ z)(x, y) = c(z(a(x), b(y))).

Ýòà ïñåâäîãðóïïà èãðàåò ôóíäàìåíòàëüíóþ ðîëü â âîïðîñàõ èçìåðåíèÿ
ñëîæíîñòè àíàëèòè÷åñêèõ ôóíêöèé äâóõ ïåðåìåííûõ. Ñ òî÷êè çðåíèÿ
òåîðèè àíàëèòè÷åñêîé ñëîæíîñòè ôóíêöèè z è g ◦ z - íåðàçëè÷èìû (ýê-
âèâàëåíòíû).

Â òåðìèíàõ ýòîé ïñåâäîãðóïïû ìîæíî, â ÷àñòíîñòè, ñôîðìóëèðîâàòü
óíèêàëüíîå ñâîéñòâî àðèôìåòè÷åñêèõ îïåðàöèé. Ïîñêîëüêó âñå ÷åòûðå
àðèôìåòè÷åñêèõ îïåðàöèè ýêâèâàëåíòíû ïî ìîäóëþ G, à äàííîå ñâîéñòâî
ôîðìóëèðóåòñÿ â òåðìèíàõ ïñåâäîãðóïïû, òî ðå÷ü èäåò îá óíèêàëüíîì
ñâîéñòâå âñåõ ôóíêöèé ýòîãî êëàññà. Îïðåäåëÿÿ ýòîò êëàññ êàê îðáèòó
ôóíêöèè z = x + y, ìû ïîëó÷àåì åãî îïèñàíèå â âèäå Cl1 = {z(x, y) =
c(a(x) + b(y))}. Äàëåå, äëÿ êàæäîé àíàëèòè÷åñêîé ôóíêöèè z(x, y) ìû
ìîæåì ðàññìîòðåòü ïñåâäîïîäãðóïïó Stab(z) = {g ∈ G : (g ◦ z)(x, y) =
z(x, y)} è ïóñòü d(z) - å¼ ðàçìåðíîñòü, ïîíèìàåìàÿ êàê ðàçìåðíîñòü ñî-
îòâåòñòâóþùåé àëãåáðû Ëè. Â [5] áûëà äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Äëÿ ïðîèçâîëüíîé àíàëèòè÷åñêîé ôóíêöèè z(x, y), çàâèñÿùåé îò îáåèõ
ïåðåìåííûõ (÷àñòíûå ïðîèçâîäíûå íå ðàâíû íóëþ òîæäåñòâåííî) d(z)
ìîæåò ïðèíèìàòü ëèøü òðè çíà÷åíèÿ: 0, 1 è 3. Ïðè÷åì çíà÷åíèå 3 ðàçìåð-
íîñòü ñòàáèëèçàòîðà ïðèíèìàåò â òîì è òîëüêî òîì ñëó÷àå, åñëè ôóíêöèÿ
z ∈ Cl1 \Cl0. Ýòà òåîðåìà ïîêàçûâàåò, ÷òî ôóíêöèè èç Cl1 è òîëüêî îíè
îáëàäàþò ìàêñèìàëüíîé âíóòðåííåé ñèììåòðèåé. Ñ òî÷êè çðåíèÿ òåîðèè
àíàëèòè÷åñêîé ñëîæíîñòè [3] ýòî, â òî÷íîñòè, ôóíêöèè àíàëèòè÷åñêîé
ñëîæíîñòè îäèí. Îòìåòèì, ÷òî

Stab(x+ y) = {a(x) = k x+ l, b(y) = k y +m, c(t) =
t− (l +m)

k
}

Èòàê, àíàëèòè÷åñêèå ôóíêöèè âèäà z(x, y) = c(a(x) + b(y)) ñ íåïî-
ñòîÿííûìè (a, b, c) è òîëüêî îíè îáëàäàþò ìàêñèìàëüíîé êîíå÷íîìåðíîé
ñèììåòðèåé. Íà ýòîò âèä ñèììåòðèè ìîæíî ïîñìîòðåòü òàêæå ñëåäóþ-
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ùèì îáðàçîì. Äåéñòâèå ïñåâäîãðóïïû G ìîæíî ïðåäñòàâèòü êàê êîìïî-
çèöèþ äåéñòâèé äâóõ êîììóòèðóþùèõ ïñåâäîãðóïï Gp è Gq. Ïðè ýòîì Gp
äåéñòâóåò â ïðîîáðàçå, íà íåçàâèñèìûå ïåðåìåííûå (x, y), à Gq - â îáðàçå
íà çàâèñèìóþ ïåðåìåííóþ z

z(x, y)→ pab ◦ z(x, y) = z(a(x), b(y)), z(x, y)→ qc ◦ z(x, y) = c(z(x, y)).

Òîãäà Stab(z) - ñòàáèëèçàòîð ôóíêöèè z - ýòî òå ïðåîáðàçîâàíèÿ èç G =
Gp · Gq, êîòîðûå îáëàäàþò ñâîéñòâîì

p ◦ z = q−1 ◦ z,

ò.å. ýòî òå ïðåîáðàçîâàíèÿ, äëÿ êîòîðûõ äåéñòâèå p-êîìïîíåíòû ÿâëÿåòñÿ
îáðàòíûì ê äåéñòâèþ q-êîìïîíåíòû.

Äëÿ ôóíêöèé îäíîãî ïåðåìåííîãî, ïî ïîíÿòíûì ïðè÷èíàì, íåò ñóùå-
ñòâåííîé ðàçíèöû ìåæäó äåéñòâèåì â ïðîîáðàçå è â îáðàçå. Ñîäåðæà-
òåëüíûå àíàëîãè çäåñü âîçìîæíû ëèøü íà óðîâíå äåéñòâèÿ äèñêðåòíûõ
ãðóïï. È îíè õîðîøî èçâåñòíû. Ýòî ïåðèîäè÷åñêèå, äâîÿêîïåðèîäè÷åñêèå
èëè æå àâòîìîðôíûå ôóíêöèè.

Êîíöåïöèÿ àíàëèòè÷åñêîé ñëîæíîñòè, â ÷àñòíîñòè, ïîçâîëÿåò ñ íî-
âîé òî÷êè çðåíèÿ ïîñìîòðåòü íà õîðîøî èçâåñòíûå äèôôåðåíöèàëüíûå
óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè. Ââèäó îòìå÷åííîé óíèêàëüíîñòè
êëàññà ôóíêöèé ñëîæíîñòè îäèí âñÿêèé ðàç, êîãäà èìååòñÿ èíòåðåñ ê
êàêîìó-ëèáî äèôôåðåíöèàëüíîìó óðàâíåíèþ äëÿ ôóíêöèé äâóõ ïåðå-
ìåííûõ, âîçíèêàåò âîïðîñ.

Êàê óñòðîåíû ðåøåíèÿ äàííîãî óðàâíåíèÿ, èìåþùèå ñëîæíîñòü îäèí?

Ðàíåå îòâåò áûë ïîëó÷åí äëÿ ñëåäóþùèõ óðàâíåíèé: Ëàïëàñà, âîëíîâî-
ãî, òåïëîïðîâîäíîñòè, Ëèóâèëëÿ, Êîðòåâåãà � äå Ôðèçà. Â äàííîé ðàáîòå
ìû îòâå÷àåì íà ýòîò âîïðîñ äëÿ ñëåäóþùåé ñåðèè óðàâíåíèé: Áþðãåð-
ñà, Õîïôà, Ãåëüìãîëüöà, Êëåéíà-Ãîðäîíà, ñèíóñ-Ãîðäîíà, Øðåäèíãåðà è
Ìîíæà-Àìïåðà. À òàêæå äëÿ óðàâíåíèÿ Ëàïëïñà è âîëíîâîãî óðàâíåíèÿ
äàåòñÿ áîëåå ÿâíîå è ïîäðîáíîå îïèñàíèå, ÷åì òî, ÷òî ïðèâîäèòñÿ â [4].

Êàê èçâåñòíî, ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Õîïôà-Êîóëà óðàâíåíèå
Áþðãåðñà ñâîäèòñÿ ê óðàâíåíèþ òåïëîïðîâîäíîñòè. Íî, íåñìîòðÿ íà òî,
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÷òî âñå ðåøåíèÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñëîæíîñòè îäèí ÿâíî îïè-
ñàíû (îíè âûðàæàþòñÿ ÷åðåç ñïåöèàëüíóþ ôóíêöèþ erf - èíòåãðàë îøè-
áîê), ýòî íå ïîçâîëÿåò íåïîñðåäñòâåííî ïîëó÷èòü îïèñàíèå òàêèõ ðåøå-
íèé äëÿ óðàâíåíèÿ Áþðãåðñà.

Äëÿ êàæäîãî èç ðàññìîòðåííûõ óðàâíåíèé âû÷èñëåíèå ðåøåíèé ñëîæ-
íîñòè îäèí ïðåäñòàâëÿåò ñîáîé ðàññìîòðåíèå äåðåâà ëîãè÷åñêèõ âîçìîæ-
íîñòåé, êîòîðîå ñîïðîâîæäàåòñÿ îïèñàíèåì äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ
âû÷èñëåíèé, âûïîëíåííûõ â ñèñòåìå Maple.

Óðàâíåíèå Áþðãåðñà èìååò âèä

z′y + z z′x + z′′xx = 0 (1)

Ïóñòü z = c(a(x)+b(y)), ãäå (a, b, c) - íåïîñòîÿííûå àíàëèòè÷åñêèå ôóíê-
öèè îäíîãî ïåðåìåííîãî. Ïîäñòàâëÿÿ, ïîëó÷àåì

a21 c2 + a1 c0 c1 + a2 c1 + b1 c1 = 0

Íèæíèå èíäåêñû îáîçíà÷àþò ïîðÿäêè ïðîèçâîäíûõ. Â ýòèõ îáîçíà÷åíè-
ÿõ ïðåäïîëîæåíèå î íåïîñòîÿíñòâå a, b è c îçíà÷àåò, ÷òî a1, b1 è c1 - íå
åñòü òîæäåñòâåííûå íóëè. Èìååì

−c2
c1

=
a1c0 + a2 + b1

a12
(2)

Ïîñêîëüêó ëåâàÿ ÷àñòü (2) ýòî ôóíêöèÿ îò (a(x) + b(y)), òî ïðàâàÿ ÷àñòü
äîëæíà ëåæàòü â ÿäðå îïåðàòîðà

L = b′(y)
∂

∂x
− a′(x)

∂

∂y
(3)

Ïîëó÷àåì

a1a2b1c0 + a1
2b2 − a1a3b1 + 2 a2

2b1 + 2 a2b1
2 = 0 (4)

Cëó÷àé 1. Åñëè a2 = 0, òî èç (4) ñëåäóåò, ÷òî b2 = 0, ò.å. a è b - ëèíåéíû,
ò.å. a(x) + b(y) = k x+ l y + γ, ãäå k è l - íåíóëåâûå êîíñòàíòû. Èùåì z â
âèäå z = c(x+ λ y), òîãäà èç (1) ïîëó÷àåì

λ c′(t) + c(t) c′(t) + c′′(t) = 0.
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Ðåøàÿ åãî, ïîëó÷àåì

z = 2µ th(µ (x+ λ y + ν))− λ.

Cëó÷àé 2. Ïóñòü a2 6= 0. Òîãäà èç (4) ñëåäóåò

c0 = −a1
2b2 − a1a3b1 + 2 a2

2b1 + 2 a2b1
2

a1a2b1
(5)

Ïðèìåíÿÿ ê (5) îïåðàòîð L ïîëó÷àåì

a1
4a2b1b3 − a14a2b22 + a1

3a3b1
2b2 + a1

2a2
2b1

2b2+

a1
2a2a4b1

3 − a12a32b13 − 2 a1a2
2a3b1

3 + 2 a2
4b1

3 + 2 a2
3b1

4 = 0 (6)

Ýòî ñîîòíîøåíèå ïîçâîëÿåò çàêëþ÷èòü, ÷òî åñëè b2 = 0, òî a2 - òîæå, ò.å.
â íàøåì ñëó÷àå íå òîëüêî a2, íî è b2 îòëè÷íà îò íóëÿ. Çàïèñûâàÿ, ÷òî
âûðàæåíèå (5) äëÿ c0 ñîãëàñîâàíî ñ âûðàæåíèåì (2) äëÿ c2/c1, ïîëó÷àåì

a1
4b1

2b4a2 − 4 a1
4b1b2b3a2 + 3 a1

4b2
3a2 − a14b12b2b3 + a1

4b1b2
3 +

a1
3a3b1

3b3 − a13a3b12b22 + a1
2a2

2b1
3b3 − a12a22b12b22 − a12b14b3a2 −

a1
2b1

3b2
2a2 + 2 a1a2a3b1

4b2 − 2 a2
3b1

4b2 − 2 a2
2b1

5b2 = 0 (7)

Çàìåòèì, ÷òî ýòè ñîîòíîøåíèÿ íå çàâèñÿò ÿâíî íè îò íåçàâèñèìûõ ïå-
ðåìåííûõ (x, y), íè îò ñàìèõ íåèçâåñòíûõ ôóíêöèé (a, b), à ëèøü îò èõ
ïðîèçâîäíûõ. Ïîëüçóÿñü ýòèì, ïîíèçèì äèôôåðåíöèàëüíûå ïîðÿäêè ñî-
îòíîøåíèé, ïåðåõîäÿ ê ñëåäóþùèì ïåðåìåííûì a1 = A, a2 = P (A), b1 =
B, b2 = Q(B), ò.å. ïåðâûå ïðîèçâîäíûå - ýòî íîâûå íåçàâèñèìûå ïåðåìåí-
íûå, à âòîðûå - íåèçâåñòíûå ôóíêöèè. Òîãäà ïðîèçâîäíûå áîëåå âûñîêèõ
ïîðÿäêîâ âûðàæàþòñÿ ñîîòâåòñòâåííî. Íàïðèìåð, a3 = P ′(A)P (A). Ïðè
ýòîì, êàê è ðàíåå, áóäåì ïèñàòü P ′ = p1, P

′′ = p2, ..., Q
′ = q1, .... Ñîîòíî-

øåíèÿ (6) è (7) ïðèìóò âèä

A2B3p0
2p2 + A4Bq1q0 + A3B2p1q0 − 2AB3p0

2p1 −
A4q0

2 + A2B2p0q0 + 2B4p0
2 + 2B3p0

3 = 0 (8)

−A3B3p0
3p1p2 − A5Bp0q1q0p1 + A4B2p0

2q0p2 − A4B2p0q0p1
2 + A2B4p0

3p2 +

A2B3p0
4p2 + 2A2B3p0

3p1
2 + A5Bq0

2p1 + A5p0q0
2p1 + A4Bp0

2q1q0 +

A3B3p0q0p1 − 4AB4p0
3p1 − 4AB3p0

4p1 − A4Bp0q0
2 − A4p0

2q0
2 +

A2B3p0
2q0 − A2B2p0

3q0 + 2B5p0
3 + 4B4p0

4 + 2B3p0
5 = 0 (9)
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Ïîñêîëüêó q0 = b2 6= 0, òî âûðàæàÿ q1 èç (9) è çàïèñûâàÿ, ÷òî ýòî âûðà-
æåíèå íå çàâèñèò îò A, ïîëó÷àåì(

−A4p2 + 2A2p0
)
q0 − A3Bp0

2p3 − 2A3Bp0p1p2 + 4A2Bp0
2p2 +

4A2Bp0p1
2 − 4AB2p0p1 − 12ABp0

2p1 + 8B2p0
2 + 8Bp0

3 = 0 (10)

Âîçíèêàåò àëüòåðíàòèâà. Ëèáî Q = mB2 +nB+ l, ëèáî (−A2p2 + 2 p0) =
0.
Ñëó÷àé 2.1. Q çàâèñèò îò B êâàäðàòè÷íî, ò.å. Q = mB2 + nB + l. Ïîä-
ñòàâèì â (8) è (9) âûðàæåíèå äëÿ Q. Âûäåëÿÿ â (8) ÷ëåí, ñâîáîäíûé
îò B, ïîëó÷àåì, ÷òî l = 0. Äàëåå, âûäåëèì â (9) ÷ëåí ïðè B5, âû-
ðàçèì îòòóäà p1 ÷åðåç p0. Ïðîäèôôåðåíöèðîâàâ, ïîëó÷èì âûðàæåíèå
äëÿ p2 ÷åðåç p0. Ïîäñòàâèì ýòè âûðàæåíèÿ â ÷ëåí (8) ïðè B4 ïîëó÷èì
A2m (A2m+ 2P (A)) = 0. Èìååì ñëåäóþùóþ àëüòåðíàòèâó: ëèáî m = 0
(ñëó÷àé 2.1.1), ëèáî P (A) = −mA2/2 (ñëó÷àé 2.1.2).
Cëó÷àé 2.1.1. Âûäåëÿÿ â (9) êîýôôèöèåíò ïðè B5, ïîëó÷àåì, ÷òî a2 =
P (A) = 0, ÷òî ïðîòèâîðå÷èò óñëîâèþ ñëó÷àÿ 2.
Cëó÷àé 2.1.2. Ïîäñòàíîâêà â (8) è (9) äàåò íåîáõîäèìîå è äîñòàòî÷íîå
óñëîâèå m n = 0. Íî m = 0 îçíà÷àåò, ÷òî a2 = P (A) = 0, ïîýòîìó n = 0
è Q(B) = mB2. Çàïèñûâàÿ (5) â ïåðåìåííûõ (P,Q) ïîëó÷àåì

c0 = −−Ap1p0B + A2q0 + 2 p0B
2 + 2 p0

2B

Ap0B
.

Ïîäñòàâëÿÿ íàøè P è Q, ïîëó÷àåì c0 = 0. Ïðîòèâîðå÷èå.
Ñëó÷àé 2.2. (−A2p2 + 2 p0) = 0 . Ðåøàÿ ýòî óðàâíåíèå, ïîëó÷àåì îáùåå
ðåøåíèå â âèäå P = mA2 + n/A. Ïîäñòàâëÿÿ ýòî ðåøåíèå â (8) è îòäå-
ëÿÿ ÷ëåí, ñâîáîäíûé îò A, ïîëó÷àåì n = 0, ò.å.P = mA2. Ïîäñòàâëÿÿ
ýòî â (9), îòäåëÿÿ ÷ëåí ïðè A6 è ó÷èòûâàÿ m 6= 0, ïîëó÷àåì, ÷òî ëèáî
Q = −mB2, ëèáî Q = −2mB2 .
Ñëó÷àé 2.2.1. Q = −mB2. Ðåøàÿ ïîëó÷åííûå îáûêíîâåííûå äèôôåðåí-
öèàëüíûå óðàâíåíèÿ, ïîëó÷àåì

a(x) = ln (xα + µ) δ, b(y) = − ln (β y + ν) δ.

Ïîäñòàâëÿÿ ýòî â (5), ïîëó÷àåì

z = c(a+ b) =
(xα + µ) β

α (β y + ν)

6



Ñëó÷àé 2.2.2. Q = −2mB2 Ïîäñòàâëÿÿ (P (A) = mA2, Q(B) = −2mB2)
â âûðàæåíèå äëÿ c0, ïîëó÷àåì, ÷òî c0 = 0. Ïðîòèâîðå÷èå.

Äëÿ ïîëíîòû êàðòèíû ðàññìîòðèì, òàêæå ðåøåíèÿ (1), çàâèñÿùèå
òîëüêî îò îäíîãî ïåðåìåííîãî. Ýòî, â íàøåé òåðìèíîëîãèè, ôóíêöèè
ñëîæíîñòè íîëü. Ïóñòü z = z(x), òîãäà (1) äàåò îáûêíîâåííîå óðàâíå-
íèå âèäà z z′ + z′′ = 0, ðåøàÿ êîòîðîå, ïîëó÷àåì

z(x) =
1

k
th

(
x+ α

2 k

)
.

Åñëè æå ðåøåíèå (1) íå çàâèñèò îò x, òî ýòî, î÷åâèäíî, ïîñòîÿííàÿ.

Èòàê, íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà

Òåîðåìà 1 : (a) Ëþáîå ðåøåíèå âèäà z = c(a(x) + b(y)) óðàâíåíèÿ
Áþðãåðñà (1) , ãäå z çàâèñèò îò îáåèõ ïåðåìåííûõ ïîïàäàåò â îäíî èç
äâóõ ñåìåéñòâ

(I) z1 = 2µ th(µ (x+ λ y + α))− λ

(II) z2(x, y) = x+α
y+β

. (b) Ðåøåíèÿ óðàâíåíèÿ Áþðãåðñà, çàâèñÿùèå ëèøü îò îäíîãî ïåðåìåí-
íîãî èìåþò âèä

(III) z3(x) = 2µ th (µ(x+ α)) ,

(IV ) z4(y) = β
Ïðè÷åì λµ 6= 0.

Ïåðâîå ñåìåéñòâî - 3-ïàðàìåòðè÷åñêîå, âòîðîå - 2-ïàðàìåòðè÷åñêîå,
òðåòüå - 2-ïàðàìåòðè÷åñêîå, ÷åòâåðòîå - 1-ïàðàìåòðè÷åñêîå.

Ñëåäñòâèå 2 : Âñå ðåøåíèÿ óðàâíåíèÿ Áþðãåðñà ñëîæíîñòè íå âûøå
÷åì îäèí ïðåäñòàâëÿþò ñîáîé ýëåìåíòàðíûå ôóíêöèè.

Ñóùåñòâóþò ëè ðåøåíèÿ óðàâíåíèÿ Áþðãåðñà, ñëîæíîñòè âûøå ÷åì
îäèí? Îòâåò ïîëîæèòåëüíûé.
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Ïðèìåð 3: Ðàññìîòðèì ñëåäóþùåå ñåìåéñòâî ðåøåíèé óðàâíåíèÿ (1)

z =
4x+ 2A

x2 + Ax− 2 y +B

Íåòðóäíî âèäåòü, ÷òî ñëîæíîñòü ýòîãî âûðàæåíèÿ íå âûøå äâóõ [3]. Ïî-
êàæåì, ÷òî ñëîæíîñòü áîëüøå åäèíèöû. Äëÿ ýòîãî âû÷èñëèì çíà÷åíèå
äèôôåðåíöèàëüíîãî îïðåðàòîðà

δ(z) = (ln(
z′x
z′y

))′′xy = −8
A+ 2x

(A2 + 2Ax+ 2x2 − 2B + 4 y)2
.

Ôóíêöèÿ z èìååò ñëîæíîñòü íå âûøå 1, òîãäà è òîëüêî òîãäà, êîãäà
δ(z) ≡ 0 (ñì. [3]). Íàøå âû÷èñëåíèå ïîêàçûâàåò, ÷òî ýòî íå âåðíî, ïî-
ýòîìó ñëîæíîñòü z áîëüøå 1 è, òåì ñàìûì, ðàâíà 2. Ïðè÷åì ñëîæíîñòü
ðàâíà 2 íå çàâèñèìî îò çíà÷åíèé A è B. Â ÷àñòíîñòè, ôóíêöèÿ

z =
4x

x2 − 2 y

ýòî òîæå ðåøåíèå ñëîæíîñòè äâà.

Óðàâíåíèå Õîïôà. Åñëè ââåñòè â óðàâíåíèå (1) ïàðàìåòð ν, â ãèä-
ðîäèíàìè÷åñêîé èíòåðïðåòàöèè ñîîòâåòñòâóþùèé âÿçêîñòè æèäêîñòè,
ò.å. çàïèñàòü óðàâíåíèå â âèäå

z′y + z z′x − ν z′′xx = 0,

òî óñòðåìëÿÿ ν ê íóëþ ìû ïîëó÷èì óðàâíåíèå Õîïôà

z′y + z z′x = 0 (11)

À ÷òî ìîæíî ñêàçàòü î ðåøåíèÿõ ýòîãî óðàâíåíèÿ ñëîæíîñòè îäèí?

Óòâåðæäåíèå 4: Ëþáîå ðåøåíèå âèäà z = c(a(x) + b(y)) óðàâíåíèÿ
Õîïôà (11) èìååò âèä

z1(x, y) =
x+ α

y + β
èëè z0 = γ.
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Äîêàçàòåëüñòâî:Ïîäñòàâëÿÿ ïîëó÷àåì c1 (c0a1 + b1) = 0, ò.å. c0 = −b1/a1.
Ïîñêîëüêó c - ýòî ôóíêöèÿ îò a + b ìîæåì íàïèñàòü, ÷òî L(c) = 0, ò.å.
b2a1

2 + b1
2a2 = 0. Èëè

a2
a21

= −b2
b21

= m,

ãäå m - îòëè÷íàÿ îò íóëÿ ïîñòîÿííàÿ. Ðåøàÿ îáûêíîâåííûå óðàâíåíèÿ,
ïîëó÷àåì

a(x) + b(y) =
1

m
ln(

x+ α

y + β
) + γ.

Òåïåðü ìû ìîæåì áûòü óâåðåíû, ÷òî ðåøåíèå ñëåäóåò èñêàòü â âèäå

z = c(
x+ α

y + β
).

Ïîäñòàâëÿÿ ýòî âûðàæåíèå â (11), ñðàçó ïîëó÷àåì, ÷òî åäèíñòâåííîå
íåïîñòîÿííîå ðåøåíèå - ýòî c(t) = t.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà çàìåòèì, ÷òî åñëè îäíà èç ïåðâûõ
ïðîèçâîäíûõ z ðàâíà íóëþ, òî ðàâíà íóëþ è âòîðàÿ.Óòâåðæäåíèå äîêà-
çàíî.

Ìû âèäèì, ÷òî âñå ðåøåíèÿ óðàâíåíèÿ Õîïôà ñëîæíîñòè îäèí ñîâïà-
äàþò ñ òðåòèì ñåìåéñòâîì ðåøåíèé óðàâíåíèÿ Áþðãåðñà - z3. Òî ÷òî âñå
ñåìåéñòâî z3 îêàçûâàåòñÿ ñåìåéñòâîì ðåøåíèé è óðàâíåíèÿ Õîïôà ñëå-
äóåò èç òîãî, ÷òî âòîðàÿ ïðîèçâîäíàÿ z3 ïî x ðàâíà íóëþ. Îäíàêî íàøå
ìàëåíüêîå âû÷èñëåíèå äîêàçûâàåò, ÷òî äðóãèõ ðåøåíèé ñëîæíîñòè îäèí
ó óðàâíåíèÿ Õîïôà - íåò.

Óðàâíåíèå Ãåëüìãîëüöà. Èìååòñÿ äâà äèôôåðåíöèàëüíûõ óðàâ-
íåíèÿ,

zxx − zyy +m2 z = 0, zxx + zyy +m2 z = 0

êîòîðûå ïåðåâîäÿòñÿ äðóã â äðóãà ïðåîáðàçîâàíèåì y → i y, íå ìåíÿþ-
ùèì ñëîæíîñòè. Ïåðâîå óðàâíåíèå ôèãóðèðóåò ïîä ðàçíûìè íàçâàíèÿ-
ìè: Êëåéíà-Ãîðäîíà, Êëåéíà-Ãîðäîíà-Ôîêà, Êëåéíà-Ôîêà, Øð¼äèíãåðà-
Ãîðäîíà, à âòîðîå íàçûâàåòñÿ îäíîðîäíûì óðàâíåíèåì Ãåëüìãîëüöà. Äëÿ
íàñ ýòî äâå ôîðìû îäíîãî óðàâíåíèÿ. Ïîñëå çàìåíû (x→ mx, y → my)
ìîæåì ñ÷èòàòü, ÷òî m = 1 .

zxx + zyy + z = 0 (12)
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Çàïèñûâàÿ äëÿ z = c(a(x) + b(y)) óðàâíåíèå (12), ïîëó÷àåì

c2(a
2
1 + b21) + c1(a2 + b2) + c0 = 0 (13)

Ïðèìåíÿÿ ê (13) îïåðàòîð L (ñì.(3)), ïîëó÷àåì

c2 L(a21 + b21) + c1 L(a2 + b2) = 0 (14)

Ñëó÷àé 1. Åñëè L(a1
2 + b1

2) = 2 a1 b1 (a2 − b2) = 0, òî, ó÷èòûâàÿ, ÷òî a1 è
b1 íå îáðàùàþòñÿ â íîëü òîæäåñòâåííî, çàêëþ÷àåì, ÷òî a2 = b2 è, ñëåäî-
âàòåëüíî, ïîñòîÿííû, ò.å. a(x) = λx2 + µ1 x+ µ0, b(y) = λ y2 + ν1 y + ν0.
Ñëó÷àé 1.1. Åñëè λ = 0, òî ìû ìîæåì èñêàòü z â âèäå c(µx + ν y). Óðà-
íåíèå íà c(t) ïðèíèìàåò âèä (µ2 + ν2) c′′(t) + c(t) = 0. Îòêóäà ïîëó÷àåì

z = k eµx+ν y + l e−(µx+ν y), ãäå µ2 + ν2 = −1.

Ñëó÷àé 1.2. Åñëè λ 6= 0, òî ìû ìîæåì èñêàòü z â âèäå z = c((x − α)2 +
(y−β)2). Óðàíåíèå íà c(t) ïðèíèìàåò âèä 4 t c′′(t)+4 c′(t)+c(t) = 0. Åñëè
Jν(t) è Yν(t) - ôóíêöèè Áåññåëÿ ñî çíà÷åíèåì ïàðàìåòðà ðàâíûì ν, òî

z = k J0 (
√

(x− α)2 + (y − β)2)) + l Y0 (
√

(x− α)2 + (y − β)2)),

Ñëó÷àé 2. Åñëè L(a1
2 + b1

2) = 2 a1 b1 (a2 − b2) 6= 0, òî èç (14) ïîëó÷àåì,
÷òî c2 = ϕ c1, ãäå

ϕ =
a1b3 − b1a3

2 b1 a1 (a2 − b2)
(15)

Çàïèñûâàÿ óñëîâèå L(ϕ) = 0, ïîëó÷àåì

−a13b4b1a2 + a1
3b3b2a2 − a13b4b1b2 + a1

3b3
2b1+ (16)

a1
3b3b2

2 + b1
3a4a1a2 − b13a32a1+

b1
3a4a1b2 − b13a3a22 − b13a3a2b2 = 0

Ïîäñòàâëÿÿ ñîîòíîøåíèå c2 = ϕ c1 â (13), ïîëó÷àåì c1 ψ + c0 = 0, ãäå

ψ = (a21 + b21)ϕ+ (a2 + b2).
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Òî ÷òî L(ψ) = 0 ñëåäóåò èç L(ϕ) = 0. Çàïèñûâàÿ óñëîâèå ñîãëàñîâàíèÿ
äëÿ ϕ è ψ, ïîëó÷àåì

a1
5b3

2 − 4 a1
4a3b1b3 + 4 a1

3a2
2b1

2 + 6 a1
3a2

2b1b3 −
2 a1

3a2a4b1
2 − 8 a1

3a2b1
2b2 − 4 a1

3a2b1b2b3 + 3 a1
3a3

2b1
2 +

2 a1
3a4b1

2b2 + 4 a1
3b1

2b2
2 + a1

3b1
2b3

2 − 2 a1
3b1b2

2b3 −
6 a1

2a2a3b1
2b2 − 4 a1

2a3b1
3b3 + 6 a1

2a3b1
2b2

2 − 2 a1a2a4b1
4 +

3 a1a3
2b1

4 + 2 a1a4b1
4b2 + 2 a2

2a3b1
4 − 2 a2a3b1

4b2 = 0 (17)

Ââîäèì, êàê è ïðè èçó÷åíèè óðàâíåíèÿ Áþðãåðñà, íîâûå ïåðåìåííûå

a1 = A, a2 = p(A) = p0, a3 = p′(A) p(A) = p1 p0, ...

b1 = B, b2 = q(B) = q0, b3 = q′(B) q(B) = q1 q0, ...

Òîãäà (16) ïðèìåò âèä

A3
(
q2q0 + q1

2
)
q0Bp0 − A3q1q0

2p0 − A3
(
q2q0 + q1

2
)
q0

2B+

A3q1
2q0

2B + A3q1q0
3 +B3

(
p2p0 + p1

2
)
p0

2A−B3p1
2p0

2A−
B3
(
p0p2 + p1

2
)
p0Aq0 −B3p1p0

3 +B3p1p0
2q0 = 0 (18)

à (17) - âèä

A5q1
2q0

2 − 4A4p1p0Bq1q0 + 4A3p0
2B2 + 6A3p0

2Bq1q0− (19)

2A3p0
2
(
p0p2 + p1

2
)
B2 − 8A3p0B

2q0 − 4A3p0Bq0
2q1+

3A3p1
2p0

2B2 + 2A3
(
p0p2 + p1

2
)
p0B

2q0 + 4A3B2q0
2+

A3B2q1
2q0

2 − 2A3Bq0
3q1 − 6A2p0

2p1B
2q0 − 4A2p1p0B

3q1q0+

6A2p1p0B
2q0

2 − 2Ap0
2
(
p0p2 + p1

2
)
B4 + 3Ap1

2p0
2B4+

2A
(
p0p2 + p1

2
)
p0B

4q0 + 2 p0
3p1B

4 − 2 p0
2p1B

4q0 = 0

Íåñëîæíûé àíàëèç ñîîòíîøåíèé (18) è (19) ïîêàçûâàåò, ÷òî åñëè a2 =
p0 = 0, òî è b2 = q0 = 0. À ýòî â ðàìêàõ ñëó÷àÿ 2 - íåâîçìîæíî. Ïîýòîìó
ïîëàãàåì, ÷òî p0 6= 0, q0 6= 0. Åñëè q1 = 0, ò.å. q0 - ïîñòîÿííàÿ, òî èñ-
êëþ÷àÿ p1 è p2 ïîëó÷àåì, ÷òî p0 = q0. Àíàëîãè÷íîå çàêëþ÷åíèå ìîæíî
ïîëó÷èòü èç ïðåäïîëîæåíèÿ p1 = 0, ò.å. â ðàìêàõ íàøåãî ñëó÷àÿ p1 6= 0
è q1 6= 0. Êîýôôèöèåíò â (18), ñòîÿùèé ïðè q2 ýòî A

3Bq0
2 (p0 − q0) È åãî

îáðàùåíèå â íîëü â ðàìêàõ íàøåãî ñëó÷àÿ - íåâîçìîæíî. Âûðàçèì q2 q
2
0,
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ïðîäèôôåðåíöèðóåì ïî A, ïîëó÷èì

−A4q0
2q1

2p1 + A2B2p3p0
4 + 2A2B2p0

3p2p1 + 2A2B2p3q0p0
3+

(20)

6A2B2q0p0
2p2p1 + A2B2p3q0

2p0
2 + 4A2B2q0

2p0p2p1 + A2B2q0
2p1

3−
3AB2p0

4p2 − 2AB2p0
3p1

2 − 6AB2p0
3p2q0 − 6AB2p0

2p1
2q0−

3AB2p0
2p2q0

2 − 4AB2p0p1
2q0

2 + 3B2p0
4p1 + 6B2p0

3p1q0 + 3B2p0
2p1q0

2 = 0

Ýòî ñîîòíîøåíèå èìååò âèä

(q′(B) q(B))2 = B2 (n(A) q(B)2 +m(A) q(B) + l(A)).

Ïîñëå äèôôåðåíöèðîâàíèÿ ïî A ïîëó÷èì

n′(A) q(B)2 +m′(A) q(B) + l′(A) = 0.

Åñëè q0 - ïîñòîÿííà, òî q1 = q2 = 0, òî èñêëþ÷àÿ p1 è p2 ìîæíî ïîêàçàòü,
÷òî p0 ïîñòîÿííà è ðàâíà q0. Àíàëîãè÷íîå çàêëþ÷åíèå ñëåäóåò èç ïîñòî-
ÿíñòâà p0. Â ðàìêàõ ñëó÷àÿ 2 ýòî íåâîçìîæíî, ïîýòîìó ïîëàãàåì, ÷òî êàê
p0, òàê è q0 - íåïîñòîÿííû. Ñëåäîâàòåëüíî ïîñòîÿííû (n(A),m(A), l(A)).
Èçâëåêàÿ èç (20) âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ ÷åðåç p(A) è ïðèðàâ-
íèâàÿ èõ ê çíà÷åíèÿì ïîñòîÿííûõ (n,m, l), ïîëó÷àåì

A2B2p0
4p3 + 2A2B2p0

3p2p1 − 3AB2p0
4p2−

2AB2p0
3p1

2 + 3B2p0
4p1 − lA4p1 = 0

−2A2B2p0
3p3 − 6A2B2p0

2p1p2 + 6AB2p0
3p2+

6AB2p0
2p1

2 −mA4p1 − 6B2p0
3p1 = 0

A2B2p0
2p3 + 4A2B2p0p1p2 + A2B2p1

3−
nA4p1 − 3AB2p0

2p2 − 4AB2p0p1
2 + 3B2p0

2p1 = 0

Èñêëþ÷àÿ èç ýòèõ ñîîòíîøåíèé p3 è p2, ïîëó÷àåì, ÷òî p(A) óäîâëåòâî-
ðÿåò òàêîìó æå ñîîòíîøåíèþ, êàê è q(B), òîëüêî ñ çàìåíîé B íà A ò.å.
ìû èìååì

(p′(A) p(A))2 = A2 (n p(A)2 +mp(A) + l),

(q′(B) q(B))2 = B2 (n q(B)2 +mq(B) + l) (21)

Ïîäñòàâëÿÿ (21) â (18) óáåæäàåìñÿ, ÷òî íåîáõîäèìûå óñëîâèÿ (21) îêà-
çûâàþòñÿ äîñòàòî÷íûìè äëÿ âûïîëíåíèÿ (18).
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Ñëó÷àé 2.1. Ïóñòü n 6= 0. Ðåøàÿ ïåðâîå óðàâíåíèå (21) êàê óðàâíåíèå
ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, ïîñëå èíòåãðèðîâàíèÿ ïîëó÷àåì

A+ const =

√
n (p (A))2 +mp (A) + l

n
−

1/2
m

n3/2
ln

(
m/2 + p (A)n√

n
+

√
n (p (A))2 +mp (A) + l

)
Àíàëîãè÷íîìó ñîîòíîøåíèþ óäîâëåòâîðÿåò ôóíêöèÿ q(B). Îòêóäà ñëå-
äóåò, ÷òî p(A) è q(B) - òðàíñöåíäåíòíûå ôóíêöèè. Èñïîëüçóÿ (21), èç
ñîîòíîøåíèÿ (19) ìîæíî èñêëþ÷èòü âñå ïðîèçâîäíûå è ïîëó÷èòü àëãåá-
ðàè÷åñêèé ïîëèíîì, ñâÿçûâàþùèé âåëè÷èíû (p(A), A, q(B), B). Èç òðàíñ-
öåíäåíòíîñòè p è q ñëåäóåò, ÷òî âñå êîýôôèöèåíòû ýòîãî ïîëèíîìà ðàâíû
íóëþ. Ðåøàÿ ïîëó÷åííóþ ñèñòåìó îòíîñèòåëüíî (n,m, l) óáåæäàåìñÿ, ÷òî
îíà èìååò ðåøåíèÿ òîëüêî ïðè n = 0. Ïðîòèâîðå÷èå.
Ñëó÷àé 2.2.1. Ïóñòü òåïåðü n = 0, m 6= 0. Ñîîòíîøåíèÿ (21) ïðèíèìàþò
âèä

(p′(A) p(A))2 = A2 (mp(A) + l),

(q′(B) q(B))2 = B2 (mq(B) + l) (22)

Ðåøåíèÿ ýòèõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàçäåëÿþùèìèñÿ ïåðå-
ìåííûìè - ýòî àëãåáðàè÷åñêèå ôóíêöèè, óäîâëåòâîðÿþùèå ñëåäóþùèì
ñîîòíîøåíèÿì

ep = −9A4m4 − 18A2αm4 + 16m3p3 − 9α2m4 − 48 lm2p2 + 64 l3

eq = −9B4m4 − 18B2β m4 + 16m3q3 − 9 β2m4 − 48 lm2q2 + 64 l3

Ïîëüçóÿñü ñîîòíîøåíèÿìè ep = eq = 0 ìîæíî âûðàçèòü ïðîèçâîäíûå
(p2, q2, p1, q1) ÷åðåç (p0, q0) è ïðåâðàòèòü (19) â ïîëèíîìèàëüíîå ñîîòíîøå-
íèå, ñâÿçûâàþùåå (p0, q0, A,B, α, β,m, l). Âû÷èñëÿÿ ðåçóëüòàíò, èñêëþ÷à-
åì èç ýòîãî ñîîòíîøåíèÿ è eq = 0 ôóíêöèþ q0. Ïîëó÷åííîå ñîîòíîøåíèå
- ýòî ïîëèíîì ïî B ñòåïåíè 23 âèäà

∑
rj(p0, A, α, β, m, l)B

j. Ïðèðàâíè-
âàåì ê íóëþ åãî êîýôôèöèåíòû. Èñêëþ÷èì p0 èç ñîîòíîøåíèé r2 = 0 è
ep = 0, ïîëó÷èì ñîîòíîøåíèå, êîòîðîå ïðåäñòàâëÿåò ñîáîé ïîëèíîì ïî A
ñòåïåíè 12. Îáðàùåíèå â òîæäåñòâåííûé íîëü ýòîãî ïîëèíîìà âîçìîæíî
ëèøü ïðè l = β = 0. Èç ñèììåòðèè (p,A, α) ↔ (q, B, β) ïîëó÷àåì ÷òî
α = 0. Îäíàêî ïðîâåðêà ïîëó÷åííûõ ðåøåíèé, ïîêàçûâàåò, ÷òî âûïîëíå-
íèå (18) è (19) âîçìîæíî ëèøü ïðè m = 0. Ïðîòèâîðå÷èå.
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Ñëó÷àé 2.2.2. Ïóñòü òåïåðü n = 0, m = 0, l = λ2 6= 0. Èìååì,

p′(A) p(A) = λ A, q′(B) q(B) = ±λ B.

Îòêóäà èíòåãðèðóÿ ïîëó÷àåì,

ep = −p20 + λA2 + α2 = 0, eq = −q20 ± λB2 + β2 = 0

Ñëó÷àé 2.2.2.1. Ïóñòü çíàê ïåðåä λ - ýòî ìèíóñ. Òîãäà âûðàæàÿ ïðîèç-
âîäíûå è ïîäñòàâëÿÿ èõ â (19), ïîëó÷àåì

q0
2p0

3
(
2A2λ2 + 2B2λ2 − 2λ p0

2 + 2λ q0
2 + p0

2 − 2 p0q0 + q0
2
)

= 0.

Îòêóäà ñëåäóåò, ÷òî l = λ2 = 0. Ïðîòèâîðå÷èå.
Ñëó÷àé 2.2.2.2. Ïóñòü çíàê ïåðåä λ2 - ýòî ïëþñ. Òîãäà âûðàæàÿ ïðîèç-
âîäíûå è ïîäñòàâëÿÿ èõ â (19), ïîëó÷àåì

q0
2p0

3 (p0 − q0)2 (λ+ 1) = 0,

ò.å. λ = −1. Ðåøàÿ â ýòîì ñëó÷àå óðàâíåíèÿ (22), ïîëó÷àåì

a(x) = α cos (x+ γ) + µ, b(y) = β cos (y + δ) + ν.

Ïîäñòàâëÿÿ ýòè a è b â (15), ïîëó÷àåì c′′(t) = 0, ò.å. c - ëèíåéíà.

Â èòîãå íàìè ïîëó÷åíî ñëåäóþùåå îïèñàíèå ðåøåíèé ñëîæíîñòè îäèí.

Òåîðåìà 5: Ëþáîå ðåøåíèå âèäà z = c(a(x) + b(y)) óðàâíåíèÿ Ãåëüì-
ãîëüöà (12) , ãäå z çàâèñèò îò îáåèõ ïåðåìåííûõ ïîïàäàåò â îäíî èç òðåõ
ñåìåéñòâ

(I) z1(x, y) = k emx+n y + l e−mx−n y, ãäå m2 + n2 = 1, mn 6= 0,

(II) z2(x, y) = k J0 (
√

(x− α)2 + (y − β)2)) + l Y0 (
√

(x− α)2 + (y − β)2)),

ãäå (Jν , Yν) - ôóíêöèè Áåññåëÿ,

(III) z3(x, y) = k cos(x+ α) + l cos(y + β), k l 6= 0.

Ðåøåíèÿ óðàâíåíèÿ Ãåëüìãîëüöà, çàâèñÿùèå ëèøü îò îäíîãî ïåðåìåííî-
ãî ýòî ôóíêöèè èç ñåìåéñòâà (I), ãäå mn = 0. Ïðè÷åì îíè ñîâïàäàþò ñ
ñåìåéñòâîì (III) ïðè k l = 0.
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Íàøå ðàññóæäåíèå ëåãêî ïåðåíîñèòñÿ íà óðàâíåíèÿ âèäà

zxx + zyy + ϕ(z) = 0 (23)

Åñëè ϕ(z) = −sin(z), òî òàêîå óðàâíåíèå íàçûâàåòñÿ ñèíóñ-Ãîðäîí. Òà
÷àñòü ðàññóæäåíèÿ, êîòîðàÿ êàñàåòñÿ a(x) è b(y) îñòàåòñÿ íåèçìåííîé.
Ïðè ýòîì âîçìîæíû ëèøü äâà ñëó÷àÿ z1 = c(λx+µ y) è z2 = c((x−α)2 +
(y − β)2)). Â ïåðâîì ñëó÷àå óðàâíåíèå íà c èìååò âèä

(λ2 + µ2) c′′(t) = ϕ(c(t)). (24)

À âî âòîðîì

4 t c′′(t) + 4 c′(t) = ϕ(c(t)). (25)

Ýòè äâà ñåìåéñòâà ñóùåñòâóþò ïðè ëþáîì âûáîðå ϕ. Òðåòüå ñåìåéñòâî
âîçìîæíî ëèøü äëÿ ëèíåéíûõ c(t), ïîýòîìó òàêèå ðåøåíèÿ âîçìîæíû
òîëüêî ïðè ϕ(z) = z +m.

Ñëåäñòâèå 6 : Ëþáîå ðåøåíèå âèäà z = c(a(x)+b(y)) óðàâíåíèÿ (23),
ãäå z çàâèñèò îò îáåèõ ïåðåìåííûõ ïîïàäàåò â îäíî èç äâóõ ñåìåéñòâ

(I) z1(x, y) = c(mx+ n y), ãäå c(t)óäîâëåòâîðÿåò óðàâíåíèþ(24),

(II) z2(x, y) = c((x− α)2 + (y − β)2)), ãäå c(t)óäîâëåòâîðÿåò óðàâíåíèþ(25),

Åñëè ïîëîæèòü ϕ(z) = z2, òî äëÿ ïåðâîãî ñåìåéñòâà ôóíêöèÿ c(t) âû-
ðàæàåòñÿ ÷åðåç ℘-ôóíêöèþ Âåéåðøòðàññà. Åñëè æå ϕ(z) = ez, òî êàê
äëÿ ïåðâîãî, òàê è äëÿ âòîðîãî ñåìåéñòâà c(t) - ýëåìåíòàðíàÿ ôóíêöèÿ
(ëîãàðèôìû è òàíãåíñû).

Óðàâíåíèå Øð¼äèíãåðà. Ðàññìîòðèì óðàâíåíèå

zy = zxx + z (26)

Çàïèñûâàÿ äëÿ z = c(a(x) + b(y)) óðàâíåíèå (26), ïîëó÷àåì

c2a1
2 + c1a2 − c1b1 + c0 = 0 (27)

Ïðèìåíÿÿ ê (27) îïåðàòîð L , ïîëó÷àåì

2 b1c2a1a2 + a1c1b2 + b1c1a3 = 0 (28)
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Ñëó÷àé 1. Åñëè a2 = 0, ò.å. a - ëèíåéíà, òîãäà èç (28) ñëåäóåò, ÷òî è b -
ëèíåéíà. Èùåì z = c(x + 2µ y), ïîëó÷àåì 2µ c′(t) = c′′(t) + c(t). Õàðàê-
òåðèñòè÷åñêèå çíà÷åíèÿ - ýòî ν1,2(µ) = µ±

√
µ2 − 1.

Ñëó÷àé 1.1 Åñëè µ = ±1, òî c(t) = k e±t + l t e±t. Ñîîòâåòñòâåííî

z = k e±x+2 y + l (x± 2 y) e±x+2 y

(çíàêè - ñîãëàñîâàíû).
Ñëó÷àé 1.2 Åñëè µ 6= ±1, òî c(t) = k eν1(µ) t + l eν2(µ) t. Ñîîòâåòñòâåííî

z = k eν1(µ) (x+2µy) + l eν2(µ) (x+2µ y).

Ñëó÷àé 2. Ïóñòü òåïåðü a2 6= 0, b2 6= 0. Òîãäà c2 = ϕc1, ãäå

ϕ = −a1b2 + a3b1
2 a1a2b1

.

Çàïèñûâàÿ ñîîòíîøåíèå L(ϕ) = 0, ïîëó÷àåì

a1
3b3a2b1 − a13b22a2 + a3b2a1

2b1
2 − b13a4a1a2 + b1

3a3
2a1 + a3b1

3a2
2 = 0
(29)

Èç (27) ïîëó÷àåì, ÷òî c1 ψ+c0 = 0, ãäå ψ = a21 ϕ+a2−b1. Óñëîâèå L(ψ) = 0
ñîâïàäàåò ñ óñëîâèåì L(ϕ) = 0. Óñëîâèå ñîãëàñîâàíèÿ ϕ è ψ ïðèíèìàåò
âèä

ψ′x + a1 ϕψ a1 =

a1
3b2

2 + 4 a1
2a3b1b2 + 4 a1a2

2b1
2 − 6 a1a2

2b1b2 − 2 a1a2a4b1
2+

2 a1a2b1
2b2 + 3 a1a3

2b1
2 + 2 a2a3b1

3 = 0 (30)

Ïåðåêà÷èâàÿ ïîëó÷åííûå ñîîòíîøåíèÿ èç ab- â pq-îáîçíà÷åíèÿ è ó÷èòû-
âàÿ, ÷òî a2 = p0 6= 0, ïîëó÷àåì

e1 = −AB3p0
2p2 + A3q1q0B + p1q0A

2B2 + p1p0
2B3 − A3q0

2 = 0 (31)

e3 = q0
2 +

(4A2Bp0p1 + 2AB2p0 − 6ABp0
2) q0

A3
+

−2AB2p0
3p2 + Ap1

2p0
2B2 + 2 p0

2p1B
3 + 4Ap0

2B2

A3
= 0 (32)
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Ñîîòíîøåíèå (32) èìååò âèä q20 +m(p0, p1, p2, A,B) q0 + l(p0, p1, p2, A,B) =
0. Äèôôåðåíöèðóÿ åãî ïî A ïîëó÷àåì q0m

′
A + l′A = 0. Èìååòñÿ äâå âîç-

ìîæíîñòè:
Ñëó÷àé 2.1. m′A = l′A = 0. Êàæäîå ñîîòíîøåíèå ëèíåéíî ïî B, ïîýòîìó
ìû ïîëó÷àåì ÷åòûðå ñîîòíîøåíèÿ

A2p0
2p3 + 2A2p0p2p1 − A2p1

3 − 2Ap0
2p2 + Ap0p1

2 − 4A2p1 + 4Ap0 = 0,

−Ap0p2 − 2Ap1
2 + 3 p0p1 = 0,

2A2p0p2 + 2A2p1
2 − 8Ap0p1 + 6 p0

2 = 0,

Ap1 − 2 p0 = 0

Èç ïîñëåäíåãî óðàâíåíèÿ ñðàçó ïîëó÷àåì, ÷òî p(A) = λA2. Ïîäñòàâëÿÿ
åãî â ëþáîå èç îñòàâøèõñÿ, ïîëó÷àåì, ÷òî λ = 0, ÷òî íå ñîîòâåòñòâóåò
ñëó÷àþ 2.
Ñëó÷àé 2.2. Ëèáî (l′A/m

′
A)′A = 0. Îòäåëÿÿ â ýòîì âûðàæåíèè êîýôôèöè-

åíòû ïðè ñòåïåíÿõ B, ïîëó÷àåì

r0 = 2A5p0
4p2p4 − 2A5p0

4p3
2 + 2A5p0

3p1
2p4 + 4A5p0

3p2
3+

12A5p0
2p1

3p3 − 6A5p0
2p1

2p2
2 + 6A5p0p1

4p2 − 2A5p1
6−

8A4p0
4p1p4 + 6A4p0

4p2p3 − 40A4p0
3p1

2p3 − 12A4p0
2p1

3p2+

6A4p0p1
5 + 8A5p0

2p1p3 − 8A5p0
2p2

2 + 8A5p0p1
2p2−

8A5p1
4 + 6A3p0

5p4 + 34A3p0
4p1p3 + 4A3p0

4p2
2+

10A3p0
3p1

2p2 − 6A3p0
2p1

4 − 8A4p0
3p3 + 24A4p0p1

3−
6A2p0

5p3 − 4A2p0
4p1p2 + 2A2p0

3p1
3 − 8A3p0

3p2−
24A3p0

2p1
2 + 8A2p0

3p1 = 0,

r1 = A4p0
3p1p4 − A4p0

3p2p3 + 7A4p0
2p1

2p3 − 6A4p0
2p1p2

2−
2A4p0p1

3p2 − 5A4p1
5 − 2A3p0

4p4 − 8A3p0
3p1p3+

33A3p0
2p1

2p2 + 22A3p0p1
4 − 4A4p1

3 − 4A2p0
4p3−

48A2p0
3p1p2 − 47A2p0

2p1
3 + 4A3p0

2p2 + 8A3p0p1
2+

18Ap0
4p2 + 48Ap0

3p1
2 − 4A2p0

2p1 − 18 p0
4p1 = 0,

r2 = −A3p0
2p1p3 + A3p0

2p2
2 − 4A3p0p1

2p2 − 2A3p1
4+

2A2p0
3p3 + 11A2p0

2p1p2 + 8A2p0p1
3 − 6Ap0

3p2−
12Ap0

2p1
2 + 6 p0

3p1 = 0.

Èñêëþ÷àÿ p4 èç r0 è r1, ïîëó÷àåì ñîîòíîøåíèå R(p3, p2, p1, p0, A) = 0
Èñêëþ÷àÿ p3 èç R è r2, ïîëó÷àåì äèôôåðåíöèàëüíûé ïîëèíîì, êîòîðûé
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ðàñïàäàåòñÿ â ïðîèçâåäåíèå ñòåïåíåé òðåõ ìíîæèòåëåé:

R1 = Ap1 − 2 p0,

R2 = 2A3p0p1
2p2 + 2A3p1

4 − 8A2p0
2p1p2 − 7A2p0p1

3+

5Ap0
3p2 + 10Ap0

2p1
2 − 5 p0

3p1,

R3 = 3A3p0
2p2

2 + 4A3p0p1
2p2 + A3p1

4 − 9A2p0
2p1p2−

11A2p0p1
3 − 4A3p1

2 + 4Ap0
3p2 + 22Ap0

2p1
2+

12A2p0p1 − 12 p0
3p1 − 8Ap0

2.

Ñëó÷àé 2.2.1 Ïóñòü R1 = 0, ò.å. p(A) = λA2. Òîãäà, ïîäñòàâëÿÿ ýòî â (31)
è (32) ïîëó÷àåì, ÷òî λ = 0. Ïðîòèâîðå÷èå.
Ñëó÷àé 2.2.2 Ïóñòü R2 = 0, òîãäà èñêëþ÷àÿ p3 èç (R2)

′
A = 0 è r2 = 0,

ïîëó÷àåì

R4 = 3A4p0p1
2p2

2 − 3A4p1
4p2 − 14A3p0

2p1p2
2 + 27A3p0p1

3p2−
A3p1

5 + 13A2p0
3p2

2 − 71A2p0
2p1

2p2 + 7A2p0p1
4+

68Ap0
3p1p2 − 11Ap0

2p1
3 − 20 p0

4p2 + 5 p0
3p1

2 = 0

Èñêëþ÷àÿ p2 èç R2 = 0 è R4 = 0, ïîëó÷àåì ïîëèíîì, ðàçëàãàþùèéñÿ íà
òðè ìíîæèòåëÿ

R5 = Ap1,

R6 = Ap1 − p0,
R7 = 2A2p1

2 − 6Ap0p1 + 5 p0
2.

Ñëó÷àé 2.2.2.1 Ïóñòü R5 = Ap1 = 0, ò.å. p(A) - ïîñòîÿííàÿ. Òîãäà, ïîä-
ñòàâëÿÿ ýòî â (31) è (32) ïîëó÷àåì, ÷òî q0 = 0. Ïðîòèâîðå÷èå.
Ñëó÷àé 2.2.2.2. Ïóñòü R6 = Ap1 − p0 = 0, òîãäà p(A) = λA. Ïîäñòàâëÿÿ
ýòî â (31) è (32) ïîëó÷àåì, ÷òî q(B) = µB è, äàëåå, λµ = 0. Ïðîòèâîðå-
÷èå.
Ñëó÷àé 2.2.2.3. Ïóñòü R7 = 0. Èñêëþ÷àÿ p2 èç (R7)

′
A = 0 è R2 = 0,

ïîëó÷àåì R8(p1, p0, A). Èñêëþ÷àÿ p1 èç R7 = 0 è R8 = 0, ïîëó÷àåì
80A8p0

8 = 0. Ïðîòèâîðå÷èå.
Ñëó÷àé 2.2.3 Ïóñòü R3 = 0, òîãäà èñêëþ÷àÿ p3 èç (R3)

′
A = 0 è r2 = 0,

ïîëó÷àåì R9(p2, p1, p0, A) = 0. Èñêëþ÷àÿ p2 èç R9 = 0 è R3 = 0, ïîëó÷àåì
ïîëèíîì, èç íåïðèâîäèìûõ ìíîæèòåëåé êîòîðîãî â íàøåì ñëó÷àå â íîëü
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ìîãóò îáðàùàòüñÿ òîëüêî äâà

R10 = p0p1 + A,

R11 = 60A6p1
7 + 828A5p0p1

6 + 784A6p1
5 − 7341A4p0

2p1
5−

5744A5p0p1
4 + 21554A3p0

3p1
4 + 16896A4p0

2p1
3 − 30350A2p0

4p1
3−

24816A3p0
3p1

2 + 20968Ap0
5p1

2 − 48A4p0
2p1 + 18088A2p0

4p1−
5712 p0

6p1 + 96A3p0
3 − 5168Ap0

5.

Ñëó÷àé 2.2.3.1 Ïóñòü R10 = 0, òîãäà p(A) =
√
λ2 − A2. Èñêëþ÷àÿ p2

èç (R10)
′
A = 0 è R3 = 0, ïîëó÷àåì R12(p1, p0, A) = 0. Èñêëþ÷àÿ p1 èç

R11 = 0 è R12 = 0, ïîëó÷àåì ñîîòíîøåíèå R13(p0, A) = 0 êîòîðîå, ïî-
ñëå ïîäñòàíîâêè çíà÷åíèÿ p0 =

√
λ2 − A2, ïðèíèìàåò âèä 18630A31 −

270081λ2A29... = 0. Ïðîòèâîðå÷èå.
Ñëó÷àé 2.2.3.2 Ïóñòü R11 = 0. Èñêëþ÷àÿ p2 èç (R11)

′
A = 0 è R3 = 0, ïîëó-

÷àåì R14(p1, p0, A) = 0. Èñêëþ÷àÿ p1 èç R11 = 0 è R14 = 0, ïîëó÷àåì ñîîò-
íîøåíèå R15(p0, A) = 0 êîòîðîå, ïîñëå óäàëåíèÿ íåíóëåâîãî ìíîæèòåëÿ
37354656749261842022400A91 p320 , ïðåäñòàâëÿåò ñîáîé îäíîðîäíûé ìíîãî-
÷ëåí ïî ïåðåìåííûì p0 è A ñòåïåíè 78. Ýòîò ìíîãî÷ëåí ðàçëàãàåòñÿ íà
ìíîæèòåëè âèäà (p0 − λj A). Òàêèì îáðàçîì åãî îáðàùåíèå â íîëü âîç-
ìîæíî ëèøü ïðè p(A) = λA, à ýòà âîçìîæíîñòü áûëà îòñå÷åíà âûøå.

Èòàê, íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 7: Ëþáîå ðåøåíèå âèäà z = c(a(x) + b(y)) óðàâíåíèÿ Øðå-
äèíãåðà (26) , ãäå z çàâèñèò îò îáåèõ ïåðåìåííûõ ïîïàäàåò â îäíî èç
äâóõ ñåìåéñòâ ýëåìåíòàðíûõ ôóíêöèé

(I) z1(x, y) = k eν1(µ)(x+2µ y) + l eν2(µ)(x+2µ y), ν1,2(µ) = µ±
√
µ2 − 1, µ 6= ±1,

(II) z1(x, y) = k e±x+2 y + l (x± 2 y) e±x+2 y, çíàêè ñîãëàñîâàíû,

ïðè÷åì õîòÿ áû îäèí èç ïàðàìåòðîâ k èëè l îòëè÷åí îò íóëÿ.

Ðåøåíèÿ, çàâèñÿùèå òîëüêî îò x èìåþò âèä z(x) = k eix + l e−ix, ðå-
øåíèÿ, çàâèñÿùèå òîëüêî îò y èìåþò âèä z(y) = k ey.

Îäíîðîäíîå óðàâíåíèå Ìîíæà-Àìïåðà -

z′′xx z
′′
yy − (zxy)

2 = 0, (33)
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Ïîäñòàâëÿÿ z = c(a(x) + b(y)), ïîëó÷àåì

a1
2b2c2 + a2b1

2c2 + a2b2c1 = 0 (34)

ãäå c1 6= 0, a1 6= 0, b1 6= 0.
Ñëó÷àé 1.Ïóñòü c2 = 0, ò.å. c(t) - ëèíåéíà, òîãäà a2 b2 = 0, ò.å. îäíà èç ýòèõ
ôóíêöèé òîæå ëèíåéíà, à âòîðàÿ - ïðîèçâîëüíà, ò.å. z1 = k x+ b(y), z2 =
a(x) + l y.
Ñëó÷àé 2. Ïóñòü c2 6= 0. Åñëè ïðè ýòîì a2 = 0, òî b2 = 0 è íàîáîðîò. Òàêèì
îáðàçîì ëèíåéíû îáå ôóíêöèè è z = c(k x+ l y), ãäå c - ïðîèçâîëüíà.
Ñëó÷àé 3. Ïóñòü c2 6= 0, a2 6= 0, b2 6= 0, òîãäà

c2
c1

= − a2b2

a12b2 + a2b1
2 .

Ïðèìåíÿÿ îïåðàòîð L, ïîëó÷àåì

−a1a3b22 + a2
2b1b3 = 0 èëè

b3 b1
b22

=
a3 a1
a22

= λ = const.

Ñëó÷àé 3.1. Ðåøàÿ ïðè λ 6= 0; 1; 2 äèôôåðåíöèàëüíîå óðàâíåíèå(
d3

dt3
f (t)

)
d

dt
f (t)− λ

(
d2

dt2
f (t)

)2

= 0,

ïîëó÷àåì

a(x) + b(y) = µ (x+ α)
λ−2
λ−1 + ν (y + β)

λ−2
λ−1

(àääèòèâíóþ êîíñòàíòó âëþ÷àåì â c(t)). Óðàâíåíèå íà c(t) ïðèíèìàåò
âèä

c′′(t)

c′(t)
=

1

(λ− 2) t
.

Ðåøàÿ åãî ïîëó÷àåì

c(t) = γ + δ t
λ−1
λ−2 .

Èòîãî

z = γ +
(
ν (y + β)

λ−2
λ−1 + µ (x+ α)

λ−2
λ−1

)λ−1
λ−2

.

Ñëó÷àé 3.2. Åñëè λ = 0, òî a3 = b3 = 0, ò.å.

a(x) + b(y) = k (x− α)2 + l (y − β)2.
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Ïðè ýòîì óðàâíåíèå íà c(t) ïðèíèìàåò âèä

c′′(t)

c′(t)
+

1

2 t
= 0,

à åãî ðåøåíèå èìååò âèä c(t) = γ + δ
√
t. Èòîãî ïîëó÷àåì

z = γ + δ

√
k (x− α)2 + l (y − β)2.

Ñëó÷àé 3.3. Åñëè λ = 1, òî ðåøàÿ óðàâíåíèå(
d

dt
f (t)

)
d3

dt3
f (t) =

(
d2

dt2
f (t)

)2

ïîëó÷àåì

f(t) =
ec2 c1 etc1

c1
+ c3 ,

ïîýòîìó

a(x) + b(y) =
ec2c1exc1

c1
+ c3 +

ec5c4eyc4

c4
+ c6

Àääèòèâíûå êîíñòàíòû ìîæíî óáðàòü è óðàâíåíèå íà c(t) ïðèíèìàåò âèä
c′′(t)
c′(t)

+ 1
t

= 0. Åãî ðåøåíèå - c(t) = µ ln (t) + γ è ìû ïîëó÷àåì

z = δ ln(µ eαx + ν eβy).

Ñëó÷àé 3.4. Åñëè λ = 2, òî ðåøàÿ óðàâíåíèå(
d

dt
f (t)

)
d3

dt3
f (t) = 2

(
d2

dt2
f (t)

)2

ïîëó÷àåì

a(x) + b(y) = µ ln (α + x) + ν ln (β + y) .

Ïðè ýòîì c(t) = C1 + C2 e
t

µ+ν , ïîýòîìó

z = δ (α + x)µ (β + y)1−µ + γ
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Òåîðåìà 8: Ëþáîå ðåøåíèå âèäà z = c(a(x)+b(y)) óðàâíåíèÿ Ìîíæà-
Àìïåðà (34) , ãäå z çàâèñèò îò îáåèõ ïåðåìåííûõ ïîïàäàåò â îäíî èç
ñåìåéñòâ ôóíêöèé

(I) z11 = k x+ b(y), z12 = a(x) + l y,

(II) z2 = c(k x+ l y),

(III) z3 =
(
µ (x− α)λ + ν (y − β)λ

) 1
λ + γ, λ 6= 0, 1

(IV ) z4 = δ ln(µ ekx + ν ely),

(V ) z5 = δ (x− α)µ (y − β)ν + γ, µ+ ν = 1.

ïðè÷åì k l µ ν δ 6= 0, (a(x), b(y), c(t)) - ïðîèçâîëüíûå íåïîñòîÿííûå ôóíê-
öèè.

Äàííûå ñåìåéñòâà èìåþò ñëåäóþùèå ðàçìåðíîñòè: (I) - ∞, (II) - ∞,
(III) - 6, (IV) - 5, (V) - 5. Îòìåòèì, òàêæå, ÷òî ëþáàÿ ôóíêöèÿ îäíî-
ãî ïåðåìåííîãî ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ îäíîðîäíîãî óðàâíåíèÿ
Ìîíæà-Àìïåðà (34).

Óðàâíåíèå Ëàïëàñà -

z′′xx + z′′yy = 0, (35)

à òàêæå ñâÿçàííîå ñ íèì çàìåíîé y → i y âîëíîâîå óðàâíåíèå z′′xx−z′′yy = 0
áûëè ðàíåå ðàññìîòðåíû â [4]. Îäíàêî îïèñàíèå ðåøåíèé ñëîæíîñòè
îäèí, äàííîå òàì áûëî íåäîñòàòî÷íî ÿâíûì è, ïîýòîìó, çäåñü ìû åùå ðàç
âîçâðàùàåìñÿ ê ýòèì óðàâíåíèÿì. Èç ýòèõ äâóõ óðàâíåíèé ìû äëÿ îïðå-
äåëåííîñòè âûáèðàåì óðàâíåíèå Ëàïëàñà, ïðè÷åì ïîñòðîèì ïðîöåäóðó
âû÷èñëåíèÿ íå òàê, êàê â [4]. Çäåñü ìû áóäåì ñòàâèòü âîïðîñ èíà÷å. Ïðè
êàêèõ f è g îáùåå ðåøåíèå óðàâíåíèÿ Ëàïëàñà z = f(x+ i y) + g(x− i y)
èìååò ñëîæíîñòü îäèí?
Ñëó÷àé 0. Åñëè z çàâèñèò ëèøü îò îäíîãî ïåðåìåííîãî, òî ýòî îçíà÷àåò,
÷òî z = k x+ l èëè z = k y + l.
Ñëó÷àé 1. Äàëåå çàìåòèì, ÷òî åñëè îäíà èç ôóíêöèé ïîñòîÿííà, òî ïðè
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ëþáîì âûáîðå âòîðîé ôóíêöèè z èìååò ñëîæíîñòü íå âûøå åäèíèöû ("ãî-
ëîìîðôíûå"è "àíòèãîëîìîðôíûå"ôóíêöèè).
Ñëó÷àé 2. Ïóñòü

f ′(x+i y) 6= 0, g′(x−i y) 6= 0, f ′(x+i y)+g′(x−i y) 6= 0, f ′(x+i y)−g′(x−i y) 6= 0

Çàïèøåì äëÿ z = f + g óðàâíåíèå ïåðâîãî êëàññà, ïîëó÷èì

(ln(
z′x
z′y

))′′xy = (ln(
f ′(x+ i y) + g′(x− i y)

i f ′(x+ i y)− i g′(x− i y)
))′′xy = 0.

Ýòî äðîáü, ÷èñëèòåëü êîòîðîé äàåò

f1
3g3 + f1

2f3g1 − 2 f1f2
2g1 − f1g12g3 + 2 f1g1g2

2 − f3g13 = 0, (36)

à çíàìåíàòåëü - (f1 + g1)
2 (f1 − g1)2 îòëè÷åí îò íóëÿ. Ïóñòü òåïåðü f ′(x+

i y) = A - ýòî íåçàâèñèìàÿ ïåðåìåííàÿ, à (f ′′(x+ i y))2 = p(A) - ôóíêöèÿ.
Àíàëîãè÷íî - g′(x − i y) = B è (g′′(x − i y))2 = q(B). Òîãäà (36) ïðèìåò
âèä

A3 d

dB
q (B) + A2B

d

dA
p (A)− 4Ap (A)B − AB2 d

dB
q (B) +

4ABq (B)−B3 d

dA
p (A) = 0 (37)

Ôèêñèðóÿ â (37) çíà÷åíèÿ (B 6= 0, q(B), q′(B)) , ïîëó÷àåì îáûêíîâåí-
íîå ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå íà p(A). Åãî îáùåå ðåøåíèå
èìååò âèä(

A2 −B2
)2
C + 1/2

A2q1 −B2q1 + 2Bq0
B

ãäå C - ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Òàêèì îáðàçîì ìû ìîæåì íàïèñàòü,
÷òî p(A) = N A4+M A2+L. Ïîñòóïàÿ àíàëîãè÷íî, ïîëó÷àåì, ÷òî q(B) =
nB4 +mB2 + l. Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â (37), óáåæäàåìñÿ, ÷òî N =
n, M = m, L = l è ïðè ëþáûõ (n,m, l) ýòî ÿâëÿåòñÿ äîñòàòî÷íûì äëÿ
âûïîëíåíèÿ (37).
Ñëó÷àé 2.1. Åñëè n = m = l = 0, òîãäà f ′′ = g′′ = 0, ïðè ýòîì z =
αx+ β y + γ.
Ñëó÷àé 2.2. Åñëè n = m = 0, l = λ2 6= 0, òîãäà f ′′ = g′′ = λ, ïðè ýòîì
f(t) = (λ/2) t2 + c1 t + c0, ñîîòâåòñòâåííî g(t) = (λ/2) t2 + c3 t + c4. Ïðè
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ýòîì z = f(x+ i y) + g(x− i y) = λ((x+ α)2 − (y + β)2) + γ.
Ñëó÷àé 2.3.1 Åñëè n = 0, m = µ2 6= 0, l = 0, òîãäà ðåøàÿ óðàâíåíèå
f ′′(t) = µ (f ′(t)), ïîëó÷àåì f(t) = c1 e

µ t+C1. Àíàëîãè÷íî ïîëó÷àåì g(t) =
c2 e

µ t + C2. Â èòîãå

z = f(x+ i y) + g(x− i y) = c1 e
µ (x+i y) + c2 e

µ (x−i y) + c3

Ñëó÷àé 2.3.2 Åñëè n = 0, m = µ2 6= 0, l = ν2 6= 0, òîãäà ðåøàÿ óðàâíåíèå
f ′′(t) =

√
µ2 (f ′(t))2 + ν2, ïîëó÷àåì

f(t) = 1/2
ν2

µ2c1eµ t
+ 1/2

c1e
µ t

µ2
+ c2.

Ðåøàÿ óðàâíåíèå íà g ñîîòâåòñòâåííî ïîëó÷àåì,

z = f(x+ i y) + g(x− i y) =

1/2
ν2

µ2α eµ (x+iy)
+ 1/2

α eµ (x+iy)

µ2
+ 1/2

ν2

µ2β eµ (x−iy) + 1/2
β eµ (x−iy)

µ2
+ γ

Ñëó÷àé 2.4 Ïóñòü òåïåðü n = δ2 6= 0, òîãäà nA4 + mA2 + l = δ2 (A2 −
µ2)(A2 − ν2), ò.å. óðàâíåíèÿ íà f(t) è g(t) óäîâëåòâîðÿþò îäíîìó è òîìó
æå óðàâíåíèþ âèäà

f ′′(t) = δ
√

(f ′(t)2 − µ2) (f ′(t)2 − ν2) (38)

Ñëó÷àé 2.4.1. Ïóñòü µ = ν = 0, òîãäà, ðåøàÿ óðàâíåíèå f ′′(t) = δ (f ′(t))2,
ïîëó÷àåì

z = −1

δ
ln((x+i y)+c1)−

1

δ
ln((x−i y)+c2)+c3 = λ (ln((x+α)2+(y+β)2))+γ,

Ñëó÷àé 2.4.2. Ïóñòü µ 6= 0, ν = 0, òîãäà, ðåøàÿ óðàâíåíèÿ (38), ïîëó÷àåì

z =
2

δ i

(
arctg

(
1/2

ei(iδ y−δ x−c2)µ

µ

)
+ arctg

(
1/2

e−i(δ x+c1+iδ y)µ

µ

))
+ c3

Ñëó÷àé 2.4.3. Ïóñòü µ2 = ν2 6= 0. Ðåøàÿ óðàâíåíèe (38), ïîëó÷àåì

f(t) = −
ln
(
−1 + e2 tδ µ+2 δ µ c1

)
δ

+ 1/2
ln
(
e2 tδ µ+2 δ µ c1

)
δ

+ c2.
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Òîãäà

z = f(x+ i y) + g(x− i y) =

1

δ
ln

(
eδ µ (α+β+2x)

(−1 + e2 δ µ (iy+x+α)) (−1 + e−2 δ µ (iy−β−x))

)
+ γ

Ñëó÷àé 2.4.4. Ïóñòü òåïåðü µ 6= 0, ν 6= 0, µ2 6= ν2, òîãäà ìîæåì íàïèñàòü

nA4 +mA2 + l = δ2 µ2 ν2 (1− A2

µ2
) (1− k2 A

2

µ2
),

ãäå k2 = µ2/ν2 6= 1. Åñëè F (t) = f ′(t), òî F óäîâëåòâîðÿåò óðàâíåíèþ

F ′(t) = δ µ ν

√
(1− F (t)2

µ2
) (1− k2 F (t)2

µ2
)

Ïóñòü Φ(t) = F (t/(δν))/µ, òîãäà Φ óäîâëåòâîðÿåò óðàâíåíèþ

Φ′(t) =
√

(1− Φ(t)2) (1− k2 Φ(t)2).

Îòêóäà ïîëó÷àåì, ÷òî Φ(t) = sn(t + c1, k), ãäå sn - ýëëèïòè÷åñêèé ñèíóñ
ßêîáè. Òàêèì îáðàçîì f ′(t) = F (t) = µ sn(δ ν t+ c1). Ïîñêîëüêó ïåðâîîá-
ðàçíàÿ sn = (t, k) èìååò âèä∫

sn(t, k) dt =
1

k
ln(dn(t, k)− k cn(t, k)) + c2,

ãäå dn è cn òàêæå õîðîøî èçâåñòíûå ýëëèïòè÷åñêèå ôóíêöèè ßêîáè, òî
ïîëó÷àåì

f(t) =
µ ln (dn (δ ν t+ c1, k)− kcn (δ ν t+ c1, k))

δ ν k
+ c2

Â ðåçóëüòàòå ïîëó÷àåì

z = f(x+ i y) + g(x− i y) =

µ ln (dn (δ ν (x+ iy) + c1, k)− kcn (δ ν (x+ iy) + c1, k))

δ ν k
+

µ ln (dn (δ ν (x− iy) + c2, k)− kcn (δ ν (x− iy) + c2, k))

δ ν k
+ c3
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Èòàê, îïèñàíèå ãàðìîíè÷åñêèõ ôóíêöèé ñëîæíîñòè îäèí âûãëÿäèò òàê

Òåîðåìà 9:Ëþáîå ðåøåíèå âèäà z = c(a(x)+b(y)) óðàâíåíèÿ Ëàïëàñà
(35) ïîïàäàåò â îäíî èç ñåìåéñòâ

(I) z11 = k x+ l, èëè z12 = k y + l, k 6= 0,

(II) z21 = g(x+ i y) èëè z22 = f(x− i y), f ′ g′ 6= 0,

(III) z3 = αx+ β y + γ, α β 6= 0, β 6= ±i α,

(IV ) z4 = λ((x+ α)2 − (y + β)2) + γ, λ 6= 0,

(V ) z5 = α eµ (x+i y) + β eµ (x−i y) + γ, α èëè β 6= 0, µ 6= 0,

(V I) z6 = λ ln((x+ α)2 + (y + β)2) + γ, λ 6= 0,

(V II) z7 = ν2

2µ2α eµ (x+iy) + α eµ (x+iy)

2µ2
+

ν2

2µ2β eµ (x−iy) + β eµ (x−iy)

2µ2
+ γ, α β µ ν 6= 0,

(V III) z8 = 2
δ i

(
arctg

(
ei(iδ y−δ x−β)µ

2µ

)
+ arctg

(
e−i(δ x+iδ y+α)µ

2µ

))
+ γ, δ µ 6= 0,

(IX) z9 = 1
δ

ln

(
eδ µ (α+β+2 x)

(−1+e2 δ µ (iy+x+α))(−1+e−2 δ µ (iy−β−x))

)
+ γ, δ µ 6= 0,

(X) z10 = 1
δ

ln (ν dn (δ ν (x+ iy) + α, (µ/ν))− µ cn (δ ν (x+ iy) + α, (µ/ν)))+

1
δ

ln (ν dn (δ ν (x− iy) + β, (µ/ν))− µ cn (δ ν (x− iy) + β, (µ/ν))) + γ, δ ν 6= 0.

Ïðè ýòîì ðàçìåðíîñòè ýòèõ äåcÿòè ñåìåéñòâ òàêîâû: ðàçìåðíîñòü (I)
ðàâíà 2, (II) - ∞, (III) - 3, (IV) - 4, (V) - 4, (VI) - 4, (VII) - 5, (VIII) - 5,
(IX) - 5, (X) - 6.

Íàïîìíèì, ÷òî ïðåîáðàçîâàíèå (y → i y) ïåðåâîäèò ôóíêöèè èç äåcÿ-
òè îïèñàííûõ ñåìåéñòâ â ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ, ñëîæíîñòè íå
âûøå åäèíèöû.
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Ñ êàæäûì äèôôåðåíöèàëüíûì ñîîòíîøåíèåì íà ôóíêöèè äâóõ ïåðå-
ìåííûõ ìîæíî ñâÿçàòü ïîñëåäîâàòåëüíîñòü {dn} (àíàëèòè÷åñêèé ñïåêòð),
ãäå dn -ìàêñèìàëüíàÿ ðàçìåðíîñòü ñåìåéñòâ ðåøåíèé äàííîãî óðàâíå-
íèÿ, ñîñòîÿùèõ èç ðåøåíèé àíàëèòè÷åñêîé ñëîæíîñòè n. Ïðè ýòîì n
ïðèíèìàåò çíà÷åíèÿ 0, 1, ...,∞, êàê è dn. Íàïîìíèì, ÷òî òåîðåìà Êîøè-
Êîâàëåâñêîé ïîçâîëÿåò óòâåðæäàòü, ÷òî

∞∑
n=0

dn =∞.

Åñëè ïîäûòîæèòü èìåþùèåñÿ ó íàñ äàííûå ïî íåêîòîðûì óðàâíåíèÿì,
òî ïîëó÷àåì:

óðàâíåíèå Áþðãåðñà d0 = 2, d1 = 3, d2 ≥ 2;

óðàâíåíèå Õîïôà d0 = 1, d1 = 2;

óðàâíåíèå òåïëîïðîâîäíîñòè d0 = 2, d1 = 4;

óðàâíåíèå Øðåäèíãåðà d0 = 2, d1 = 3;

óðàâíåíèÿ Ãåëüìãîëüöà, Êëåéíà-Ãîðäîíà, ñèíóñ-Ãîðäîíà,... d0 = 2, d1 = 4;

óðàâíåíèå Ëèóâèëëÿ d0 = 0, d1 = 6, d2 =∞, d3 = ... = d∞ = 0;

óðàâíåíèÿ Ëàïëàñà è âîëíîâîå d0 = 2, d1 =∞, d2 =∞, d3 = .. = d∞ = 0;

óðàâíåíèå Ìîíæà-Àìïåðà d0 =∞, d1 =∞.

Íå òðóäíî ïîêàçàòü, ÷òî d∞ ìîæåò ïðèíèìàòü ëèøü äâà çíà÷åíèÿ: ëèáî
íîëü, ëèáî áåñêîíå÷íîñòü. Íåäàâíî, ñ ïîìîùüþ âåñüìà îñòðîóìíûõ àð-
ãóìåíòîâ Ì.Ñòåïàíîâîé [7] óäàëîñü äîêàçàòü, ÷òî äëÿ óðàâíåíèÿ òåïëî-
ïðîâîäíîñòè d∞ =∞. Â ýòîé æå ðàáîòå ïîñòðîåíû êîíêðåòíûå ïðèìåðû
ðåøåíèé óðàâíåíèÿ òåïëîïðîâîäíîñòè áåñêîíå÷íîé ñëîæíîñòè.
Åñëè æå â êà÷åñòâå óðàâíåíèÿ âçÿòü óðàâíåíèå ïåðâîãî êëàññà,

δ1(z) = z′xz
′
y(z
′′′
xxyz

′
y − z′′′xyyz′x) + z′′xy((z

′
x)

2z′′yy − (z′y)
2z′′xx) = 0

òî ïîëó÷àåì, ÷òî åãî àíàëèòè÷åñêèé ñïåêòð èìååò âèä (d0 = ∞, d1 =
∞, d2 = d3 =, ... = d∞ = 0). Åñëè áðàòü â êà÷åñòâå óðàâíåíèÿ óðàâíåíèå
êàêîãî -ëèáî êëàññà ñëîæíîñòè Cln, ãäå n > 1, òî òàì êàðòèíà àíàëî-
ãè÷íà, ò.å. âñå d0 = d1 = ... = dn = ∞, dn+1 = ... = 0. Îäíàêî ïðè ýòîì
ñëåäóåò èìåòü ââèäó, ÷òî ýòî íå îäíî óðàâíåíèå, à ñèñòåìà äèôôåðåí-
öèàëüíûõ ïîëèíîìîâ âûñîêèõ ïîðÿäêîâ. Íàïðèìåð äëÿ n = 2 ïåðâûå
äèôôåðåíöèàëüíå óñëîâèÿ âîçíèêàþò â 11-ñòðóå, à ÷èñëî óðàâíåíèé íå
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ìåíüøå 3. Ïðè÷åì äëÿ ñèñòåìû óðàâíåíèé, ò.å. â ñëó÷àå êîãäà ñîîòíå-
øåíèé áîëüøå, ÷åì îäíî, ñóììà ðàçìåðíîñòåé, ò.å. ðàçìåðíîñòü ïîëíîãî
ïðîñòðàíñòâà ðåøåíèé, êàê ïðàâèëî, êîíå÷íà.

Ïîëíåå, ÷åì â ôîðìå àíàëèòè÷åñêîãî ñïåêòðà, èíôîðìàöèþ î âçà-
èìîäåéòâèè óðàâíåíèé è èåðàðõèè êëàññîâ ñëîæíîñòè ìîæíî ïðåäñòà-
âèòü êàê íåêîå òîïîëîãè÷åñêîå ïðîñòðàíñòâî (ñòðàòèôèöèðîâàííîå ïðî-
ñòðàíñòâî ðåøåíèé). Ýòî ïðîñòðàíñòâî, ñòðàòèôèöèðîâàííîå ïî êëàñ-
ñàì, ïàðàìåòðèçóåò ñåìåéñòâà ðåøåíèé äàííîé ñëîæíîñòè. Îíî åñòåñòâåí-
íî âîçíèêàåò ïðè èñïîëüçîâàíèè òîïîëîãèè ñîîòâåòñòâóþùèõ ñòðóé (íî-
ìåð ñòðóè - äèôôåðåíöèàëüíûé ïîðÿäîê ñåìåéñòâà).

Íàïîñëåäîê íåñêîëüêî âîïðîñîâ.

Âîïðîñû 10: (a) Âîçìîæíà ëè ñèòóàöèÿ êîãäà â ïîñëåäîâàòåëüíîñòè
{dn}, ïîñòðîåííîé äëÿ íåïðèâîäèìîãî äèôôåðåíöèàëüíîãî ïîëèíîìà ïî-
ñëå áåñêîíå÷íîñòè ñòîèò íåíóëåâîå êîíå÷íîå ÷èñëî?
(b) Âîçìîæíà ëè ñèòóàöèÿ êîãäà â ýòîé ïîñëåäîâàòåëüíîñòè {dn} äâå áåñ-
êîíå÷íîñòè ðàçäåëÿþòñÿ êîíå÷íûìè çíà÷åíèÿìè?
(c) Ðàññìîòðèì êëàññ íåïðèâîäèìûõ äèôôåðåíöèàëüíûõ ïîëèíîìîâ äèô-
ôåðåíöèàëüíîãî ïîðÿäêà p , äëÿ êîòîðûõ d1 <∞. ßâëÿåòñÿ ëè ýòà âåëè-
÷èíà îãðàíè÷åííîé ïî âñåìó êëàññó? Åñëè - äà, òî íà êàêèõ äèôôåðåí-
öèàëüíûõ ïîëèíîìàõ ðåàëèçóåòñÿ ìàêñèìóì?
(d) ßâëÿåòñÿ ëè ñòðàòèôèöèðîâàííîå ïðîñòðàíñòâî ðåøåíèé îäíîñâÿç-
íûì?
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