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Àííîòàöèÿ

Â ðàáîòå äîêàçàíî, ÷òî äëÿ ðàçìåðíîñòè d ñòàáèëèçàòîðà àíà-

ëèòè÷åñêîé ôóíêöèè z(x, y) â êàëèáðîâî÷íîé ïñåâäîãðóïïå

G = {z(x, y)→ c(z(a(x), b(y))} èìååòñÿ ðîâíî 4 âîçìîæíîñòè:

(1) d =∞ è ñëîæíîñòü z ðàâíà íóëþ,

(2) d = 3 è ñëîæíîñòü z ðàâíà åäèíèöå,

(3) d = 1 è z ýêâèâàëåíòíà ôóíêöèè r(x+ y)− x, ñëîæíîñòè äâà,

(4) d = 0 âî âñåõ îñòàëüíûõ ñëó÷àÿõ.
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Â [1] áûëà ââåäåíà â ðàññìîòðåíèå ñòðîãî âîçðàñòàþùàÿ èåðàðõèÿ
êëàññîâ ñëîæíîñòè àíàëèòè÷åñêèõ ôóíêöèé äâóõ ïåðåìåííûõ z(x, y),
îïðåäåëÿåìûõ èíäóêòèâíî íà áàçå ôóíêöèè (x+ y)

Cl0 ⊂ Cl1 ⊂ Cl2 ⊂ Cln ⊂ . . .

Cl0 � ýòî ôóíêöèè îäíîãî ïåðåìåííîãî (x èëè y), èì ïðèïèñûâàåòñÿ
ñëîæíîñòü N(z) = 0, Cl1 � ýòî ôóíêöèè âèäà c(a(x) + b(y)), îíè èìåþò
ñëîæíîñòü N(z) ≤ 1, äàëåå Cln+1 ñîñòîèò èç ôóíêöèé âèäà C(An(x, y) +
Bn(x, y)), ãäå C � ôóíêöèÿ îäíîãî ïåðåìåííîãî, à An è Bn � ôóíêöèè èç
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Cln. Ôóíêöèè ïîïàâøèå â Cln è íå ïîïàâøèå â Cln−1 èìåþò ñëîæíîñòü
N(z) = n. Åñëè æå íåêàÿ ôóíêöèÿ z íå ïîïàëà íè â îäèí èç êëàññîâ
Cln = {z : N(z) ≤ n}, òî ìû ïîëàãàåì N(z) =∞. Óñëîâèå N(z) ≤ 1 ðàâ-
íîñèëüíî òîìó, ÷òî ðîñòîê, ëîêàëüíî ïðåäñòàâëÿþùèé z, óäîâëåòâîðÿåò
äèôôåðåíöèàëüíîìó ñîîòíîøåíèþ

d(z) = z′xz
′
y(z
′′′
xxyz

′′
y − z′′′xyyz′x) + z′′xy((z

′
x)

2z′′yy − (z′y)
2z′′xx) = 0 (1)

Ýòà îäíîðîäíàÿ ôîðìà ñòåïåíè 4 ÿâëÿåòñÿ ÷èñëèòåëåì äèôôåðåíöèàëüíî-
ðàöèîíàëüíîãî âûðàæåíèÿ δ(z) = (ln(z′y/z

′
x))
′′
xy.

Íà ñîâîêóïíîñòè ðîñòêîâ àíàëèòè÷åñêèõ ôóíêöèé äâóõ ïåðåìåííûõ
äåéñòâóåò ñëåäóþùàÿ ïñåâäîãðóïïà G = {z(x, y) → c−1(z(a(x), b(y)))},
ãäå (a, b, c) � ðîñòêè íåïîñòîÿííûõ àíàëèòè÷åñêèõ ôóíêöèé. Ýòà ïñåâ-
äîãðóïïà ñîõðàíÿåò àíàëèòè÷åñêóþ ñëîæíîñòü z, ïîýòîìó ìû íàçûâà-
åì åå êàëèáðîâî÷íîé. Â ñîîòâåòñòâèè ñ îáùèì îïðåäåëåíèåì Stab(z) ,
ñòàáèëèçàòîð ôóíêöèè z(x, y), ñîñòîèò èç íàáîðîâ (a, b, c), òàêèõ ÷òî
c(z(a(x), b(y))) = z(x, y). Â [2], ëåììà 2 áûëî ïîêàçàíî, ÷òî ñòàáèëèçàòîð
ôóíêöèè (x+ y) èìååò âèä

a(x) =
x+ α

λ
, b(y) =

y + β

λ
, c(z) = λ z − (α + β), λ 6= 0,

â ÷àñòíîñòè, dimStab(x + y) = 3. Î÷åâèäíî, ÷òî 3-ìåðíûé ñòàáèëèçàòîð
èìåþò è âñå ôóíêöèè, ýêâèâàëåíòíûå (x+y), ò.å. ôóíêöèè âèäà z(x, y) =
c(a(x) + b(y)). Òàêèå ôóíêöèè èìåþò àíàëèòè÷åñêóþ ñëîæíîñòü ðàâíóþ
åäèíèöå. Åñëè ôóíêöèÿ èìååò ñëîæíîñòü íîëü, òî ýòî îçíà÷àåò, ÷òî îíà
çàâèñèò ëèøü îò îäíîãî ïåðåìåííîãî èëè, âîîáùå, ïîñòîÿííà. ßñíî, ÷òî
â òàêîì ñëó÷àå ñòàáèëèçàòîð èìååò ðàçìåðíîñòü ðàâíóþ áåñêîíå÷íîñòè.

Íàðÿäó ñ ïñåâäîãðóïïîé G ìû áóäåì ðàññìàòðèâàòü ñîîòâåòñòâóþ-
ùóþ åé àëãåáðó Ëè g, ñîñòîÿùóþ èç ðîñòêîâ âåêòîðíûõ ïîëåé âèäà

V = a(x)
∂

∂x
+ b(y)

∂

∂y
+ c(z)

∂

∂z
(2)

ñ àíàëèòè÷åñêèìè êîýôôèöèåíòàìè. Êàæäîìó òàêîìó ïîëþ ñîîòâåòñòâó-
åò ëîêàëüíàÿ 1-ïàðàìåòðè÷åñêàÿ ïîäãðóïïà èç g. Ñòàáèëèçàòîðó Stab(z)
â G ñîîòâåòñòâóåò ïîäàëãåáðà stab(z) ⊆ g, ñîñòîÿùàÿ èç òàêèõ ïîëåé V ,
÷òî

V z = z′x(x, y) a (x) + z′y(x, y) b(y) + c (z (x, y)) = 0 (3)

2



stab(z) ÿâëÿåòñÿ ëèíåéíûì ïðîñòðàíñòâîì, ïîýòîìó ðàçìåðíîñòü ñòàáè-
ëèçàòîðà ôóíêöèè ìû áóäåì ïîíèìàòü êàê dim stab(z).

Öåëü äàííîé ðàáîòû - èçó÷èòü ñòàáèëèçàòîðû ôóíêöèé, êîòîðûå íå
ïîïàëè â äâà êëàññà, ðàññìîòðåííûå âûøå, ò.å.ôóíêöèè, ÷üÿ àíàëèòè÷å-
ñêàÿ ñëîæíîñòü áîëüøå, ÷åì åäèíèöà. Ïóñòü z(x, y) íåêîòîðàÿ ôóíêöèÿ è
V - ïîëå âèäà (3) èç åå ñòàáèëèçàòîðà.Âñÿêîå ïîëå íà ïðÿìîé â îêðåñòíî-
ñòè òî÷êè, ãäå îíî íå îáðàùàåòñÿ â íîëü, ìîæíî ðàñïðÿìèòü ëîêàëüíîé
çàìåíîé êîîðäèíàòû. Ïðèìåíÿÿ ýòî ñîîáðàæåíèå ïîêîîðäèíàòíî ïîëó-
÷àåì óòâåðæäåíèå

Ëåììà 1: Ëþáîå âåêòîðíîå âèäà (3) çàìåíîé êîîðäèíàò èç G â òî÷êå
îáùåãî ïîëîæåíèÿ (âíå èçîëèðîâàííûõ íóëåé êîîðäèíàò) ìîæíî ïðèâå-
ñòè ê âèäó, ãäå (a(x), b(y), c(z)) - ýòî ïîñòîÿííûå ðàâíûå ëèáî åäèíèöå,
ëèáî íóëþ.

Ïîñëå ýòîãî ìû ïîëó÷àåì 8 âàðèàíòîâ, â êàæäîì èç êîòîðûõ ñîîò-
âåòñòâóþùàÿ 1-ïàðàìåòðè÷åñêàÿ ïîäãðóïïà èç ñòàáèëèçàòîðà äàíà ÿâíî.
Ðàññìîòðèì èõ ïîñëåäîâàòåëüíî.

1. (a(x) = 0, b(y) = 0, c(z) = 0), ýòî òðèâèàëüûé ñëó÷àé V = 0, ïðå-
îáðàçîâàíèå òîæäåñòâåííî.
2. (a(x) = 1, b(y) = 0, c(z) = 0), ïðåîáðàçîâàíèÿ èìåþò âèä (x →
x+ t, y → y, z → z. Â òàêîì ñëó÷àå z = z(y).
3. (a(x) = 0, b(y) = 1, c(z) = 0), ïðåîáðàçîâàíèÿ èìåþò âèä (x→ x, y →
y + t, z → z. Â òàêîì ñëó÷àå z = z(x).
4. (a(x) = 0, b(y) = 0, c(z) = 1), ïðåîáðàçîâàíèÿ èìåþò âèä (x→ x, y →
y, z → z + t. Òàêèõ ôóíêöèé íå ñóùåñòâóåò.
5. (a(x) = 1, b(y) = 1, c(z) = 0), ïðåîáðàçîâàíèÿ èìåþò âèä (x →
x+ t, y → y + t, z → z. Â òàêîì ñëó÷àå z = r(x− y).
6. (a(x) = 1, b(y) = 0, c(z) = 1), ïðåîáðàçîâàíèÿ èìåþò âèä (x →
x+ t, y → y, z → z + t. Â òàêîì ñëó÷àå z = x+ b(y).
7. (a(x) = 0, b(y) = 1, c(z) = 1), ïðåîáðàçîâàíèÿ èìåþò âèä (x→ x, y →
y + t, z → z + t. Â òàêîì ñëó÷àå z = a(x) + y.
8. (a(x) = 1, b(y) = 1, c(z) = 1), ïðåîáðàçîâàíèÿ èìåþò âèä (x →
x+ t, y → y + t, z → z + t. Â òàêîì ñëó÷àå z = r(x− y)− x.
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Íå òðóäíî çàìåòèòü, ÷òî âñå ñëó÷àè ñî 2-ãî ïî 7-é íå âûâîäÿò íàñ çà
ðàìêè ôóíêöèé, ñëîæíîñòè íå âûøå åäèíèöû, êîòîðûå óæå áûëè íàìè
ðàññìîòðåíû. Ïîýòîìó èíòåðåñ ïðåäñòàâëÿåò òîëüêî 8-é ñëó÷àé. Çàìåíèì
â âûðàæåíèè äëÿ z ïåðåìåííóþ y íà (−y), ýòî ðàâíîñèëüíî òîìó, ÷òî
ïðè ðàñïðÿìëåíèè ïîëÿ ìû ñäåëàëè b = −1, à íå 1. Áóäåì â äàëüíåéøåì
ñ÷èòàòü, ÷òî Ôóíêöèÿ çàïèñàíà èìåííî â òàêîì âèäå. Ôóíêöèÿ z = r(x+
y) − x èìååò ñëîæíîñòü íîëü òîëüêî åñëè r′ ëèáî íîëü, ëèáî åäèíèöà.
Ïóñòü ñëîæíîñòü z âûøå íóëÿ. Ïîäñòàâëÿÿ z = r(x+ y)− x â óðàâíåíèå
ïåðâîãî êëàññà (1), ïîëó÷àåì

d(r) = r′′′ (r′)2 − 2 (r′′)2 r′ − r′′′ r′ + (r′′)2 = 0 (4)

Ïîëó÷àåì

Ëåììà 2: (1) Ôóíêöèÿ z(x, y), ÷üÿ ñëîæíîñòü âûøå åäèíèöû èìååò
ñàáèëèçàòîð ïîëîæèòåëüíîé ðàçìåðíîñòè òîãäà è òîëüêî òîãäà, êîãäà îíà
ýêâèâàëåíòíà ôóíêöèè âèäà z(x, y) = r(x+ y)− x.
(2) Óñëîâèå, ÷òî z(x, y) = r(x+y)−x èìååò ñëîæíîñòü âûøå, ÷åì åäèíèöà
ýêâèâàëåíòíî íåðàâåíñòâó d(r) 6= 0.

Ìû çíàåì, ÷òî äëÿ âñÿêîé òàêîé ôóíêöèè ñòàáèëèçàòîð ñîäåðæèò
ïîëå âèäà (2), ãäå a = −b = c = 1. Ïîêàæåì, ÷òî äðóãèõ ïîëåé â ñòàáè-
ëèçàòîðå íåò. Ïóñòü ïîëå âèäà (2) - ïðîèçâîëüíîå ïîëå èç ñòàáèëèçàòîðà
z = r(x+ y)− x. Çàïèñûâàÿ ñîîòíîøåíèå (3), ïîëó÷àåì

c (r (x+ y)− x) = −r′(x+ y) (a(x) + b(y)) + a(x) (5)

Â äàëüíåéøåì ïîðÿäîê ïðîèçâîäíîé áóäåì îáîçíà÷àòü íèæíèì èíäåê-
ñîì. Çàïèñûâàÿ, ÷òî ïðàâàÿ ÷àñòü (5) - ýòî ôóíêöèÿ îò r(x + y) − x,
ïîëó÷àåì

−a1 r12 + b1 r1
2 − r2 a0 + r1 a1 − r2 b0 − r1 b1 = 0 (6)

Âûðàæàÿ îòñþäà b1 è çàïèñûâàÿ, ÷òî ýòî âûðàæåíèå íå çàâèñèò îò x,
ïîëó÷àåì

a2r1
4 + a0r3r1

2 − 2 a0r1r2
2 + a1r1

2r2 − 2 a2r1
3 + b0r3r1

2 − 2 b0r1r2
2 −

a0r3r1 + a0r2
2 − a1r1r2 + a2r1

2 − b0r3r1 + b0r2
2 = 0 (7)
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Ïðè ýòîì îòìå÷àåì, ÷òî çíàìåíàòåëü - r21(r1−1)2 íå åñòü òîæäåñòâåííûé
íîëü, ò.ê. ñëîæíîñòü z = r(x + y) − x áîëüøå íóëÿ. Âûðàæàÿ èç (7)
ôóíêöèþ b0 è çàïèñûâàÿ, ÷òî îíà íå çàâèñèò îò x, ïîëó÷àåì

r4a2r1
4 − 6 a2r3r1

3r2 + 6 a2r1
2r2

3 − a3r3r14 + 2 a3r1
3r2

2 + r4a1r1
2r2 −

2 a1r3
2r1

2 + 2 a1r3r1r2
2 − 2 a1r2

4 − 2 r4a2r1
3 + 8 a2r3r1

2r2 − 4 a2r1r2
3 +

2 a3r3r1
3 − 3 a3r1

2r2
2 − r4a1r1r2 + 2 a1r3

2r1 −
a1r3r2

2 + r4a2r1
2 − 2 a2r3r1r2 + a2r2

3 − a3r3r12 + a3r1r2
2 = 0 (8)

Ïðè ýòîì ìû îñâîáîäèëèñü îò çíàìåíàòåëÿ d(r)2, êîòîðûé îáðàùàåòñÿ â
òîæäåñòâåííûé íîëü òîëüêî òîãäà, êîãäà z = r(x+y)−x èìååò ñëîæíîñòü
íå âûøå åäèíèöû. Òåïåðü ìû ìîæåì çàïèñàòü ñëåäóþùåå ñîîòíîøåíèå:
ïðîèçâîäíàÿ ïî y âûðàæåíèÿ äëÿ b0, ïîëó÷åííîãî èç (7) ñîâïàäàåò ñ âû-
ðàæåíèåì äëÿ b1, ïîëó÷åííîå èç (6) è â êîòîðîå ïîäñòàâëåíî âûðàæåíèå
äëÿ b0, ïîëó÷àåì

r4a2r1
6 − 6 a2r3r1

5r2 + 6 a2r1
4r2

3 + r4a1r1
4r2 − 2 a1r3

2r1
4 + 2 a1r3r1

3r2
2 −

2 a1r1
2r2

4 − 3 r4a2r1
5 + 16 a2r3r1

4r2 − 14 a2r1
3r2

3 − 2 r4a1r1
3r2 + 4 a1r3

2r1
3 −

2 a1r3r1
2r2

2 + 3 r4a2r1
4 − 14 a2r3r1

3r2 + 11 a2r1
2r2

3 +

r4a1r1
2r2 − 2 a1r3

2r1
2 + a1r2

4 − r4a2r13 + 4 a2r3r1
2r2 − 3 a2r1r2

3 = 0 (9)

Îòìåòèì, ÷òî çíàìåíàòåëü, îò êîòîðîãî ìû îñâîáîäèëèñü - ýòî òî æå
ñàìîå âûðàæåíèå d(r)2. Âûðàæåíèÿ (8) è (9) - ýòî óñëîâèÿ ñóùåñòâîâà-
íèÿ ôóíêöèè b. Ïîëàãàÿ â (8) è (9) y = t − x, ìû ïîëó÷àåì, ÷òî â ýòèõ
âûðàæåíèÿõ a è r - ýòî ôóíêöèè ðàçíûõ íåçàâèñèìûõ ïåðåìåííûõ. Ïðî-
äèôôåðåíöèðóåì (9) ïî x, ïîëó÷èì ñîîòíîøåíèå, ëèíåéíîå ïî (a2, a3).
Èñêëþ÷èì a3 èç ýòîãî ñîîòíîøåíèÿ è ñîîòíîøåíèÿ (8), ïîëó÷èì

−r1 (r1 − 1) (a2r1
8r4

2 − 12 a2r1
7r2r3r4 + 12 a2r1

6r2
3r4 +

36 a2r1
6r2

2r3
2 − 72 a2r1

5r2
4r3 + 36 a2r1

4r2
6 + a1r1

6r2r4
2 −

2 a1r1
6r3

2r4 − 4 a1r1
5r2

2r3r4 + 12 a1r1
5r2r3

3 + 4 a1r1
4r2

4r4 −
24 a1r1

4r2
3r3

2 + 24 a1r1
3r2

5r3 − 12 a1r1
2r2

7 − 4 a2r1
7r4

2 +

43 a2r1
6r2r3r4 − 2 a2r1

6r3
3 − 38 a2r1

5r2
3r4 − 102 a2r1

5r2
2r3

2 +

174 a2r1
4r2

4r3 − 68 a2r1
3r2

6 − 3 a1r1
5r2r4

2 + 6 a1r1
5r3

2r4 +

11 a1r1
4r2

2r3r4 − 32 a1r1
4r2r3

3 − 10 a1r1
3r2

4r4 + 54 a1r1
3r2

3r3
2 −

42 a1r1
2r2

5r3 + 16 a1r1r2
7 + 6 a2r1

6r4
2 − 57 a2r1

5r2r3r4 +

5



6 a2r1
5r3

3 + 45 a2r1
4r2

3r4 + 102 a2r1
4r2

2r3
2 − 156 a2r1

3r2
4r3 +

54 a2r1
2r2

6 + 3 a1r1
4r2r4

2 − 6 a1r1
4r3

2r4 − 10 a1r1
3r2

2r3r4 +

28 a1r1
3r2r3

3 + 9 a1r1
2r2

4r4 − 40 a1r1
2r2

3r3
2 + 22 a1r1r2

5r3 −
6 a1r2

7 − 4 a2r1
5r4

2 + 33 a2r1
4r2r3r4 − 6 a2r1

4r3
3 − 24 a2r1

3r2
3r4 −

42 a2r1
3r2

2r3
2 + 65 a2r1

2r2
4r3 − 22 a2r1r2

6 − a1r13r2r42 + (10)

2 a1r1
3r3

2r4 + 3 a1r1
2r2

2r3r4 − 8 a1r1
2r2r3

3 − 3 a1r1r2
4r4 +

10 a1r1r2
3r3

2 − 3 a1r2
5r3 + a2r1

4r4
2 − 7 a2r1

3r2r3r4 +

2 a2r1
3r3

3 + 5 a2r1
2r2

3r4 + 6 a2r1
2r2

2r3
2 − 11 a2r1r2

4r3 + 4 a2r2
6) = 0

Òåïåðü, èñêëþ÷àÿ a2 èç ýòîãî ñîîòíîøåíèÿ è (9), ïîëó÷èì

r1 (r1 − 1) a1
(
r3r1

2 − 2 r2
2r1 − r3r1 + r2

2
)5

= 0 (11)

Òàêèì îáðàçîì, ñîîòíîøåíèÿ (8) è (9) äëÿ ôóíêöèè, ÷üÿ ñëîæíîñòü âû-
øå åäèíèöû, ñîâìåñòíû ëèøü ïðè a1 = 0, ò.å. åñëè a(x) ïîñòîÿííàÿ,
îáîçíà÷èì åå m. Òîãäà èç (7) ñðàçó ñëåäóåò, ÷òî b(y) = −m, a èç (5),
÷òî c(z) = m. È ìû ïîëó÷àåì ïîëå, ïðîïîðöèîíàëüíîå èñõîäíîìó ïîëþ
(1, −1, 1). Â ðåçóëüòàòå íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà

Òåîðåìà: Ïóñòü stab(z) - ñòàáèëèçàòîð ôóíêöèè z(x, y) àëãåáðå Ëè,
ñîîòâåòñòâóþùåé êàëèáðîâî÷íîé ïñåâäîãðóïïå G, d - ðàçìåðíîñòü stab(z)
è N(z) - àíàëèòè÷åñêàÿ ñëîæíîñòü z. Èìååòñÿ ñëåäóþùèé ñïèñîê âîç-
ìîæíîñòåé.
(1) Åñëè N(z) = 0, ò.å. z çàâèñèò îò îäíîãî ïåðåìåííîãî èëè ïîñòîÿííà,
òî d =∞.
(2) Åñëè N(z) = 1, òî d = 3. Ëþáàÿ òàêàÿ ôóíêöèÿ ýêâèâàëåíòíà (x+ y),
ïðè÷åì Stab(x+ y) èìååò âèä

a(x) =
x+ α

λ
, b(y) =

y + β

λ
, c(z) = λ z − (α + β), λ 6= 0

(3) Åñëè N(z) = 2, òî d ≤ 1. Åñëè d = 1, òî z ýêâèâàëåíòíà ôóíêöèè
âèäà z(x, y) = r(x + y) − x, ïðè ýòîì ôóíêöèÿ r óäîâëåòâîðÿåò òðåì
äèôôåðåíöèàëüíûì íåðàâåíñòâàì

r′ 6= 0, r′ 6= 1, r′′′ (r′)2 − 2 (r′′)2 r′ − r′′′ r′ + (r′′)2 6= 0,

à ñòàáèëèçàòîð ïîðîæäåí ïîëåì

V =
∂

∂x
− ∂

∂y
+

∂

∂z
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(4) Âî âñåõ îñòàëüíûõ ñëó÷àÿõ d = 0.

Ýòîò ðåçóëüòàò îáúÿñíÿåò ïîâûøåííûé èíòåðåñ àëãåáðàèñòîâ ê ôóíê-
öèÿì äâóõ ïåðåìåííûõ òèïà x+ y è x · y â óùåðá ïðî÷èì ôóíêöèÿì.

Òàêæå ýòîò ðåçóëüòàò ìîæíî èíòåðïðåòèðîâàòü êàê ðåçóëüòàò î ñèì-
ìåòðèÿõ 3-òêàíè íà ïëîñêîñòè [3]. Ôóíêöèè äâóõ ïåðåìåííûõ z(x, y) ìîæ-
íî ñîïîñòàâèòü 3-òêàíü âèäà

x = const, y = const, z(x, y) = const

Òîãäà ñëó÷àé d = ∞ íå ñîîòâåòñòâóåò íèêàêîé 3-òêàíè (íàðóøåíî óñëî-
âèå òðàíñâåðñàëüíîñòè ñåìåéñòâ). Ñëó÷àé d = 3 ýòî òî, ÷òî íàçûâàåò-
ñÿ øåñòèóãîëüíîé òêàíüþ, åå ãðóïïà ñèììåòðèé ñîñòîèò èç âñåõ ïàðàë-
ëåëüíûõ ïåðåíîñîâ è ðàñòÿæåíèé ñ åäèíûì êîýôôèöèåíòîì (ãîìîòåòèé).
Ñëó÷àé d = 1 - ýòî òêàíü âèäà

x = const, y = const, r(x+ y)− x = const,

êîòîðàÿ âûäåðæèâàåò ïàðàëëåëüíûé ïåðåíîñ íà ëþáîé âåêòîð âèäà (t,−t).
Âñå îñòàëüíûå òêàíè èìåþò 0-ìåðíóþ ãðóïïó ñèììåòðèé.

Â çàêëþ÷åíèå íåêàÿ óäèâèòåëüíàÿ, íà ìîé âçãëÿä, àíàëîãèÿ. Ïóñòü
Mξ - ðîñòîê âåùåñòâåííî àíàëèòè÷åñêîãî ïîäìíîãîîáðàçèÿ êîìïëåêñíîãî
ïðîñòðàíñòâà â òî÷êå ξ, AutMξ - ïñåâäîãðóïïà åãî ãîëîìîðôíûõ àâòî-
ìîðôèçìîâ è d = d(Mξ) - åå ðàçìåðíîñòü. Â êàæäîì êëàññå òàêèõ ïîäìíî-
ãîîáðàçèé ñóùåñòâóþò ñàìûå ñìììåòðè÷íûå - ìîäåëüíûå ìíîãîîáðàçèÿ.
Ïðîñòåéøàÿ ñèòóàöèÿ, êîãäà Mξ - ýòî 3-ìåðíàÿ âåùåñòâåííàÿ ãèïåðïî-
âåðõíîñòü ïðîñòðàíñòâà C2 ýòî áûëî èçó÷åíî À.Ïóàíêàðå ([4]). Òîãäà
ìîäåëüíàÿ ãèïåðïîâåðõíîñòü - ýòî 3-ìåðíàÿ ñôåðà S3 = {|z|2+ |w|2 = 1}.
Ïðè ýòîì èìååò ìåñòî ñëåäóþùàÿ àëüòåðíàòèâà. Ëèáî d = ∞ è ðîñòîê
ãèïåðïîâåðõíîñòè ãîëîìîðôíî ýêâèâàëåíòåí ãèïåðïëîñêîñòè {Imw = 0},
ëèáî d = 8 è ðîñòîê ýêâèâàëåíòåí ñôåðå, ëèáî d =, 5, 4, 3, 2, 1, 0 (âñå âîç-
ìîæíîñòè ðåàëèçóþòñÿ). Ýòà àëüòåðíàòèâà óäèâèòåëüíûì îáðàçîì íàïî-
ìèíàåò ïîëó÷åííóþ çäåñü òåîðåìó. Ñ òî÷êè çðåíèÿ ýòîé àíàëîãèè, ñëî-
æåíèå (x+y) - ýòî ñàìàÿ ñèììåòðè÷íàÿ (ìîäåëüíàÿ) áèíàðíàÿ îïåðàöèÿ,
àíàëîã ìîäåëüíîé ñôåðû.
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