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AnaHoTanus

B pabore jpokazano, 4To /g pazmepHocTH d cTabUIM3aTOpa aHa-
suTraeckoi dyuknuun z(x,y) B KamubpoOBOIHON MICEBIOIPYIIITe
G = {z(z,y) = c(z(a(x),b(y))} umeercst poBHO 4 BO3ZMOXKHOCTH:
(1) d = 00 1 CI0KHOCTD z PAaBHA HYJIIO,

(2) d =3 u CI0XKHOCTH z PaBHA eJANHMUILE,
(3) d = 1 u z skBuBasenTHa QyHKIUYM (T + y) — T, CTOKHOCTH JIBA,
(4) d = 0 BO BCeX OCTAJIBHBIX CJIYYasX.
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B [1] 6bl1a BBejieHa B paccMOTpeHHE CTPOrO BO3DACTAOIIAS HepapXHsI
KJIACCOB CJOXKHOCTH AHATUTHYICCKUX (DYHKIUH JABYX HepeMeHHbIX 2(x,y),
ompeJiesisieMbIX HHIYKTHBHO Ha 6aze dyukuun (r + )

ClycClhcClycCl,C...

Cly — 970 (DYHKIMH OHOTO TEPEMEHHOTO (X WU Y), UM TPHIUCHIBACTCSI
cioxkuoctb N(z) = 0, Cly — sro dynknuu Buga c(a(z) + b(y)), orn umeroT
cioxkuoctb N(z) < 1, manee Cl, 11 cocront n3 dbyukiuit suga C(A,(x,y) +
B(z,y)), tne C — dbyukuus onHoro mepemenuoro, a A, u B,, — GyHKnnu u3
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Cl,,. ®yukuun nonapirue B Cl, u #we monapirue B Cl, | UMEIOT CJI0KHOCTH
N(z) = n. Ecam ke Hekast GyHKIUS 2 He NONAJA HU B OJUH M3 KJIACCOB
Cl, ={z: N(z) <n}, vo msl nonaraem N(z) = co. Veaosue N(z) < 1 pas-
HOCHIJIBHO TOMY, YTO POCTOK, JIOKAJTBHO MPEICTABILIONUN 2, YIOBIETBODIET
nudepeHnuaIbHOMY COOTHOIIEHUIO
o "ot " N2 1 IN2 1N

d(z) - Z;L’Zy(zmxyzy - Z;ryyzx) + Zacy((zac) Ryy — (Z ) Z ) =0 (1)

DTa ogHOpOIHAS (OpMA cTeeHn 4 siBjigercs ancnTeneM quddepeHinaabHO-
_ !/ / I

panuoHabHOro Bhipaxenns 6(z) = (In(zy,/2,))y,-

Ha coBokymHOCTH POCTKOB aHAJUTUYECKUX (PYHKIIUI JIBYX TEPEeMEHHbBIX
neficTByer caenyomaa ncepporpynna G = {z(z,y) — ¢ (z(a(x),b(y)))},
rae (a, b, ¢) — pPOCTKH HEMOCTOSHHBIX AHATUTHICCKUX (DYHKIHi. DTa mces-
JOTPYIIIA, COXPAHAET AHAJMTUUECKYIO CJOKHOCTH Z, 109TOMY Mbl HA3bIBa-
eM ee Kaaubposounold. B coorBercTBum ¢ o0mmM ompenenenneM Stab(z) |
crabunmszarop dyHKIWMH z(T,y), COCTONT U3 HAbOpoB (a, b, ¢), TaKUX UYTO
c(z(a(x),b(y))) = z(z,y). B [2], nemma 2 6110 TOKA3aHO, YTO CTAOHIH3ATOD
dbyuxnuu (r + y) uMeer BUI

a(m):$1:a, b(y):w—)\ﬁ, c(z)=Xz—(a+p6), X#0,

B gactHocTH, dim Stab(z + y) = 3. O4eBuHO, 9TO 3-MEPHBIH CTAGHIN3ATOD
nMeroT U Bee YHKINE, SKBUBaTeHTHbIE (2 +7Y), T.e. byHKIUN Buja (T, y) =
c(a(x) 4+ b(y)). Takue GYyHKINT UMEIOT AHAJUTHYIECKYIO CJIOZKHOCTH PDABHYIO
enuaune. Ecan GpyHKIuUI uMeeT ¢I0:KHOCTD HOJb, TO 3TO 03HAYAET, YTO OHA,
3aBHCUT JIMIIb OT OJHOIO MePEeMEeHHOTO WM, BOOOIIe, MOCTOSHHA. SICHO, 9TO
B TAKOM CJIy4ae CTa0MIN3aToOp MMeeT Pa3MePHOCTh PABHYI0 GECKOHCTHOCTH.
Hapsany ¢ ncepmorpynmoit G mMbl OygeM paccMaTpUBaTh COOTBETCTBYIO-
myio eit anre6py JIu ¢, cOCTOANIYIO U3 POCTKOB BEKTOPHBIX IOJICH BAIA

0 0 0
V=alx) — +bly) — +c(z) — 2
(@) 5 +0) 5 +el2) 5 )
¢ aHajauTndeckuMu koddduimentamu. KazxmoMmy TakoMy moJjio COOTBETCTBY-
er JIoKaJibHas 1-mapamerpuydeckas noarpymnma u3 g. Crabuimsaropy Stab(z)
B G coorBercTBYeT mogaiarebpa stab(z) C g, coctosiias w3 Takux noseit V,
ITO

Vz=2z(z,y) ax)+2,(z,y) b(y) + c(z (z,y)) =0 (3)
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stab(z) gB/sIeTCS AMHEHHBIM TPOCTPAHCTBOM, MO3TOMY PAa3MEPHOCTH CTAbU-
qu3aropa GyHKnuE Mbl Oygem noHnMarh Kak dim stab(z).

[Hesb mannoit paboThl - U3YYUTH CTAOUIN3ATOPHI (DYHKIUIH, KOTOPbHIE He
MOTIAJN B JIBa KJIACCa, PACCMOTPEHHbBIE BhIIIe, T.e.(DYHKINH, Ybsd aHATUTHIE-
CKas CJIOKHOCTD GoJblie, uem eguauna. [ycts z(x, y) HekoTopas hbyHKIWs 1
V - mosie Buja (3) u3 ee crabuimsaropa.Besikoe mosie Ha IpsIMOii B OKPECTHO-
CTH TOYKH, IJie OHO He 0Opallaercsd B HOJIb, MOXKHO PACUPAMUTD JIOKAJIHHOM
3aMeHoi KoopuHaThl. [IpuMenss 310 coobpazkeHne MOKOOPAMHATHO MOJTY-
JaeM yTBepzKJIeHHe

JIemma 1: JlioGoe BekTopHoe Buia (3) 3aMeHo# KOOPIUHAT U3 § B TOUKE
0BIIIero moIoYKeHus (BHE W30JUPOBAHHBIX HYJIEHl KOODJAUHAT) MOXKHO MPUBE-
cru K By, vae (a(z), b(y), ¢(z)) - 310 noCTOSIHHBIE paBHbIE JUOO €AUHUIIE,
JIOO HYJIIO.

[Tocie 3TorO MBI TIOJIyd9aeM 8 BapUaHTOB, B KayKJIOM U3 KOTOPBIX COOT-
BETCTBYIOIAA 1-IapaMeTpudecKas MOJArpyIa u3 crabuim3aropa JaHa aBHO.
PaceMorpuM ux mocJie 1oBaTeIbHO.

1. (a(x) =0, b(y) = 0, ¢(z) = 0), 310 TpUBHAILLI cay4ail V = 0, upe-
obpa3oBaHNe TOXKIECTBEHHO.
2. (a(x) = 1, bly) = 0, ¢(z) = 0), mpeobpazoBanus umeoT BUIL (r —
r+t, y—y, z— 2z Brakom cayqae z = z(y).
3. (a(x) =0, b(y) =1, ¢(z) = 0), npeobpazoBanus uMeOT BUI (T — T, y —
y+t, z— z. B rakom ciayuae z = z(z).
4. (a(x) =0, b(y) =0, c(z) = 1), npeobpazoBanust umeT BUj (r — &, y —
Yy, 2 = 2z +t. Takux HYHKIUI He CyIIEeCTBYET.
5. (a(z) = 1, bly) = 1, ¢(z) = 0), npeobpazoBanus umeoT Bux (r —
x4+t y—>y+t, z— z Brakom crygae z = r(r — y).
6. (a(x) = 1, bly) = 0, ¢(z) = 1), upeobpazoBanust umeror Bujg (r —
r+t, y—y, z— z+t Brakom cayuae z = x + b(y).
7. (a(x) =0, b(y) =1, ¢(z) = 1), npeobpazopanusi MeOT BUI (r — &, y —
y+t, z— z+t. B rakom cayuae z = a(x) + .
8. (a(z) = 1, bly) = 1, ¢(z) = 1), npeobpazoBanus umeT BUI (T —
x+t, y—>y+t, z— 2+t Brakom cayuae z =r(x —y) — x.



He TpynHo 3aMeTnTh, 9TO BCE CAy9Iad €O 2-TO HO 7-il He BBIBOIST HAC 34
paMku YHKIWIT, CJIOKHOCTH HE BBIIIE €JMHUAIBI, KOTOPbIE YiKe ObLIN HaMU
paccmoTrpensl. [ToaToMy mHTEpeC IpeacTaBasier TOABKO 8-if caydail. 3ameHnM
B BBIDAYKEHWHU [JIsI Z TIEPEMEHHYI0 Yy Ha (—Yy), 9TO PABHOCHIBHO TOMY, UTO
IpU pacIpsaMIeHNH H0JIs MBI caenain b = —1, a He 1. Bymem B majbHeiem
canTtath, 40 OyHKINS 3anucaHa UMEHHO B TakoM Bujae. Oynkrus z = r(z+
Y) — T UMeeT CJOXKHOCTh HOJIb TOJBKO ecju 1’ jubo HOJib, JubO €JInHUIA.
[TycThb ca0:KHOCTD z BBINIE HyJIs1. [logctaBass z = r(x + y) — £ B ypaBHeHHe
nepBoro kJiaacca (1), noayvaem

d(T‘) — 7’/// (7’/)2 -9 (7‘//)2 ’f’/ . 7,/// 7,/ + (7’//)2 =0 (4)

[Tonygaem

Jlemma 2: (1) Oyuknus z(x,y), Ubs CIOKHOCTb BBIIIE €JIUHUIBI UMEET
cabUIM3aTOP TOMOKUTETBHON PA3MEPHOCTH TOTA M TOJIBKO TOTJIA, KOTJIa OHA
skBuBaseHTHa byHkmun Buga z(z,y) = r(z +y) — .

(2) Venoue, uro z(x,y) = r(x+y)—x ©MeET CJIOKHOCTH BBITIIE, YeM eMHHIA
SKBHBAJCHTHO HepaBeHcTBY d(r) # 0.

MBI 3HaeM, 9TO JJId BCAKOH Takoil (PyHKIHUM CTaOHIN3aTOP COJCPZKUT
nosie Buja (2), oae a = —b = ¢ = 1. Tlokaxkem, 910 Apyrux 1oJei B crabu-
mazarope Her. [lycth mose Buja (2) - mpon3BOIBHOE TOJIe U3 CTAaOUIN3aTOpa
z =r(z+y) — x. anuceiBas coornomuenne (3), moIydaeM

c(r(z+y) —z) =—r'(zr+y)(a(r) +by)) + a(x) (5)

B nmanbHeiinieM mopgaoK HPOH3BOAHON Oymem 0003HAYATH HUZKHUM HHICK-
coM. BanmchiBast, 9T0 TpaBas 4dacth (5) - aro dyHkuusa or r(r + y) — z,
HOJTy 9aeM

—ar P+ b’ —reag+riar —ra b — 11 by =0 (6)

Bripaxkas orcroa by U 3alHCBIBagd, 9TO 9TO BbIpayKeHUEe HE 3aBUCUT OT X,
ToJIydaeM

CLQT14 + CLQT37’12 -2 CLQT17’22 + a17’12r2 — 2&27”13 + bo?”37"12 — 2b07’17”22 —

2 2 2
agrary + agry” — a1y + agry” — borzry + bory” =0 (7)



[Ipu 3TOM OTMeTaeM, ITO 3HAMEHATEND - 73 (1) — 1) He ecTh TOXKIeCTBeHHbIiT

HOJIb, T.K. CJIOXKHOCTH 2z = 7(x + y) — x Gosbie Hyns. Beipaxas uz (7)
byHKIHUIO by M 3anMUCHIBas, YTO OHA HE 3aBUCHT OT T, IMOJIydaeM

7“4@27“14 —6 a27“37“137“2 +6 a27"12r23 — a37"3?“14 + 2 a3r13r22 + 7“4a1r12r2 —
2 a17“327“12 + 2 a17“37“17“22 -2 a17"24 -2 7“4@27"13 + 8 a2r3r12r2 —4 a2r17“23 +
2 CL3T37’13 — 3 CL37“127”22 — Trq4a17T17T2 + 2 a1r327“1 —

2 2 3 2 2
airsry + rgaor” — 2 AoT3T1To + Ao79” — asrary + azriry” = 0 (8)

T[Ipu 3TOM MBI 0CBOGOAMIUCH OT 3HaMenare s d(r)%, KoTopbiil obpamaercs B
TOZKIECTBEHHBI HOJIb TOJIBKO TOTIA, KOTJA 2 = 1'(X+Y) — & HMeeT CJIO0KHOCTD
He BBIIIC eJIUHUIBL. Tenepb MBI MOXKEM 3aIUCATh CJAEAYIOIEe COOTHOIICHHE:
POU3BOIHAS IO Y BBIPAYKEHUsI JIJIsT by, MOJIydeHHOro u3 (7) cOBIAIAeT ¢ BbI-
pazkenueM Jyist by, nosydernoe u3 (6) 1 B KOTOPOE MOJICTABIEHO BbIPAZKEHUE
JIst by, moydaem

149118 — 6 aarsri®re + 6 asr iy 4+ raair iy — 2a1msrt + 2a1rsr 3ry? —

2 (117"127“24 — 3 T4(12T15 + 16 CLQT3T14T2 — 14 CLQT13T23 -2 7"4&17"137‘2 + 4 CL1T32T13 —
2.3

9 +

raa1r12re — 2a1m32r 2 4 agret — ryasr® + 4 agrsriiry — 3agriry® =0 9)

2 a1r3r12r22 + 3r4aort — 14 a2r3r13r2 + 11 asry

OrmernM, 9TO 3HAMEHATEN b, OT KOTOPOTO MBI OCBOOOIUJIUCH - 9TO TO Ke
camoe Boipakenne d(r)?. Boipaxenns (8) m (9) - 9T0 yci0Bus CymecTBOBa-
mus dyuxmuun b. onarasg B (8) u (9) y = t — x, MBI mOJTyYaeM, 9TO B ITHX
BBIDAZKEHUSX @ U T - 9TO (DYHKIMH PA3HBIX HE3aBUCHMBIX TepeMeHHbIX. IIpo-
muddepennupyem (9) mo x, MOJYIUM COOTHOIIEHHE, JHHEHHOE MO (a9, as).
NckiiounM ag u3 3TOr0 COOTHONICHHST M COOTHOIICHNS (8), MOy IuM

—ry(rp —1) (a27“187’42 — 12 a9m rorsrs + 12 asr Or93r, +

36 o7 9192132 — 72 asr P rotrs + 36 agry tre® + ayr Orary? —

2 a1r167’32r4 —4 a17’15r227’3r4 + 12 a17’15r27’33 + 4a1r147’24r4 —
24 a1 19332 4+ 24 a1 3100y — 12 ayr 2y’ — dagr T4’ +

67’33 — 38 (127”15

43 CL2T16T2T37’4 -2 a9 7‘237”4 — 102 CLQT’15T22T32 +
174 a27”147"247"3 — 68 a27“137"26 -3 CL1T157"2T42 + 6 a1r15r327”4 +
11 ayr*ro®rsry — 32 ayr*rars® — 10 ayr ®rotry + 54 ayrradrs? —

42 CL1T12T257’3 —+ 16 CL1T17’27 + 6 CLQT167”42 — b7 (IQT’157’2T3T4 +



6 CL2T15T33 + 45 a27‘14r237“4 + 102 a2r14r22r32 — 156 a2r137“24r3 +
54 (127”127’26 + 3 CL1T147’27”42 -6 CL17’14T327”4 — 10 CL17’13T22T3T4 +
28 a17"137“27‘33 + 9 &17”127"247"4 — 40 CZ1T12T23T32 -+ 22 Cl17'17"25T3 —

2 4 4
57‘4 + 33 QA9oT1 T9T3T4y — 6 a7 T33 — 24 CL27"13T23T‘4 —

6 a1r27 — 40,27"1
42 asr131r9% 13?2 + 65 agri 2ratry — 22 asryre® — agrdrers? + (10)
2a171°133 s + 3 a2 re®rary — 8 air 2rars® — 3ayriratry +
10 CL17"17’237“32 -3 CL1T25T’3 + CL2T14T42 -7 a2r137“27’37"4 +

3

2(127’1 7’33 + 5@27”127’237"4 + 6@2T12T227’32 —11 (127’17"247’3 + 4@27”26) =0

Tenepsb, UCKIIOYAs (g U3 ITOIO COOTHOIICHUS U (9), MOJIydnM
2 2 2\°
7’1(7”1—1)&1<7“37’1 —27‘2 T1—7’37’1+T2) :0 (11)

Takum o6pazom, coorrorrerns (8) u (9) nast GYyHKIMHU, Ubsi CJTOKHOCTH BbI-
e eMHUIbI, COBMECTHbI Juilb npu a; = 0, T.e. eciau a(r) HOCTOSHHAL,
oboznaanm ee m. Torma u3 (7) cpazy caemyer, uro b(y) = —m, a u3 (5),
410 ¢(2) = m. VI MBI OJIly9aeMm MoJje, TPOMOPIUOHATHEHOE HCXOTHOMY MO0
(1, =1, 1). B pesynbrare HaMu JoKa3aHa CaeIyolas TeopeMa

Teopema: ITycrs stab(z) - crabunmzarop dyukmun z(x,y) aarebpe Jlu,
COOTBETCTBYIOMIEl KaanbpoBouHOil cesgorpynme G, d - pasmepHocThb stab(z)
u N(z) - aHaauTHIeCKas CJIOKHOCTD 2. VIMeeTcs CJIeAyIONuii CIUCOK BO3-
MO>KHOCTEH.

(1) Ecim N(z) = 0, T.e. 2z 3aBHCUT OT OJHOTO TEPEMEHHOTO M/IH TTOCTOSTHHA,
TO d = 00.
(2) Ecaim N(z) = 1, To d = 3. JIwobas Takas GbyHKIMS SKBUBaIeHTHA (T +Y),
npudeM Stab(z + y) umeer Buj

a(r) = xj\—a’ b(y) = 3/—!—/\57 c(z)=Az—(a+p8), A#0
(3) Ecim N(z) = 2, to d < 1. Ecoiu d = 1, To z sKkBuBaseHTHA (DYHKIIUIH
Buna z(x,y) = r(x + y) — x, upu 3ToM DYHKIWS T YIOBIETBOPSIET TPeM
nuddepeHaIbHBIM HEPABEHCTBAM

r 7£ 0, r # 1, " (7“/)2 —9 (7”//)2 R (T‘H)z 7& 0,

a cTabMIM3aTOP HOPOKIEH TOJIeM

0 0 0

ox 8y+@



(4) Bo Bcex ocranbubix caydasx d = 0.

DTOT pe3yabTaT O0'bsICHSIET MOBBIMEHHBIH HHTEPEC AJIre0PancToB K (PyHK-
IUSAM JIBYX MEPeMEHHBIX TUIA T + Yy U L - Y B YIIepOd TpoInM (PYyHKITHIM.

Takzke 9TOT PE3y/IbTaT MOKHO HHTEDIIPETUPOBATH KAK PE3Y/IBTAT O CHM-
MeTpudAX 3-TKaH# Ha I0cKocTH [3]. DyHKIHT ABYX MepeMeHHbIX 2 (T, Y) MOXK-
HO COIOCTABUTH 3-TKAHD BUJIA

x = const, y=const, z(x,y)= const

Toryma caydait d = 0o HE COOTBETCTBYET HUKAKON 3-TKaHU (HADYIIEHO YCJIO-
BHe TpaHcBepcaibHOCTH cemeiicTB). Ciyuail d = 3 9T0 TO, YTO HA3BIBAET-
Cd LIeCTUYIOJBbHOI TKaHbIO, €e I'PylIla CUMMETPUNA COCTOUT U3 BCEX LapaJl-
JIEJIbHBIX TIEPEHOCOB M PACTSZKEeHUH ¢ e JMHBIM KoadbdumenTom (romorernii).
Cayuait d = 1 - 370 TKaHb BHIA

xr = const, y=const, r(x+y)—x=-const,

KOTODAs BBIJIePKIBAeT MapasLiebHBI TepeHoc Ha JII000# BeKToOp Bua (t, —t).
Bce ocrajbHble TKaHE UMEIOT 0-MEPHYIO I'PYIIY CUMMETPHI.

B 3ak/oueHne Hekas yIWBHTEIbHAs, HA MOW B3IUIs, aHajgorud. Ilycrhb
M - POCTOK BEIECTBEHHO AHATUTHICCKOTO TOAMHOr000pa3Hst KOMILTEKCHOTO
npocrpaHcTBa B Touke &, Aut M, - nceBnorpymma ero roaoMopdhHBIX aBTO-
mMopbusmos u d = d(M¢) - ee pasmepHOCTDb. B Kazk10M K1acce TAKHX HOIMHO-
roo6pasuii CyImecTByOT caMble CMMMETPUIHbIE - MOJIEIbHBIE MHOTOOODA3KS.
IIpocreitmas curyamnus, korna Mg - 9T0 3-MepHasl BeNIeCTBEHHAS [HIIEPIIO-
BepxHOCTh mpocTpancTBa C? 9710 G0 M3yueno A.llyamkape ([4]). Torma
MOJIe/IbHAS TUIEPHOBEPXHOCTL - 310 3-MepHas cdepa S = {|z]2 +|w|? = 1}.
[Ipu 3TOM MMeeT MecTO CJeayionas ajibrepHaruBa. JIubo d = 0o u pocTox
TUIIEPIIOBEPXHOCTH T0JI0MOPGhHO SKBUBaIeHTeH runepriockoctn {Imw = 0},
b0 d = 8 u pocToK sKkBUBaNeHTeH cepe, b0 d =,5,4,3,2,1,0 (Bce BO3-
MOXKHOCTH PEAJU3YI0TCs ). DTa aJlbTepHATHBA YAUBATEILHBIM 00PA30M HATIO-
MUHAET IIOJIYy4YeHHYT0 3/1ech Teopemy. C TOUKHM 3peHust ITOH aHAJIOrUU, CJIO-
Kenne (x+y) - 970 caMas cuMMeTpHYHas (MO/eJIbHAs) OUHADHAS OlepaIs,
aHAJIOT MOJIEJILHON cdephl.



Crmcok aurepaTyphl

[1] V. K. Beloshapka, Analytic Complexity of Functions of Two Variables,
Russian Journal of Mathematical Physics, Vol. 14, No. 3, 2007, pp. 243
— 249.

[2] V. K. Beloshapka, Algebraic functions of complexity one, a Weierstrass
theorem, and three arithmetic operations, Russian Journal of
Mathematical Physics July 2016, Volume 23, Issue 3, pp 343-347.

[3] W. Blashke, Einfuhrung in die Geometrie der Waben, Birkhauser, Basel
und Stuttgart, 1955.

[4] Poincare H. Les fonctions analytiques de deux variables et la
representation conforme. Rend. Circ. Mat. Palermo (1907), 185-220.



