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Bce xapakTepucTuKn aHaIUTUYIECKON CII0KHOCTH (DYHKIINUN WHBA-
PHAHTHBI OTHOCHTETBHO HEKOTOPOI'O €CTECTBEHHOTO geificTBust (kanub-
poBouHas ncepporpynna G). B pabore crposircs nuddepentinaapabie
naBapuanThl §. Perena npobsiema 9KBUBAEHTHOCTH. PaccMoTpens
Kak (YHKIIMU JIBYX, TaK U OOJIBINEro 4ucia rnepeMmeHHbix. CraBarcd
BOIIPOCHI JIjIsl JIAJIbHERIIEr0 u3ydYeHust.

1

DyHKOUN ABYX HMEPEMEHHBIX

MokHO Jin BEIpa3uTh (DYHKINIO HECKOJIBKUX, CKAYKeM JBYX, TIEPEMEHHBIX
qepe3 (PYHKIUH OJHOTO MEPEeMEeHHOrO € TOMOIIBI0 apuMeTHIecKux eii-
crBuii? T.e. MOXKHO JId ee HpPEJICTABUTH € IMOMOIIBI0 KOHEYHOI'O YHUCJIA OIle-
panunii, Kaxkjasg U3 KOTOPBIX ecTh Jubo apudmerndeckoe mgeiicTBue, JubO
GYHKITUS OTHOTO TIEPEMEHHOT0. DTOT BOIPOC MOT'PYZKAET HAC B KOHTEKCT MPO-
6nemaruku 13-it npobaemsr ['nnbepra [1]. Kax nssectno, B coorBeTcTBHE C
pesyabTaramMu Koamoroposa m ApHOJIbIA, €cau oA (DYHKIUAME TOHIMATD
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HempepbiBHbIE (DYHKIMU, TO OTBET MOJIOKUTENbHBINA. JI100as HempepbiBHAL
dbyHKIHS IBYX HEPEMEHHBIX €CTh CyMMa IATH c1araeMbix Buaa ¢(a(z)+b(y)).
Ecu ske MBI MepexouM K TJIQIKAM WM AaHAJATHYCCKAM (DYHKIEAM, 00MImii
OTBET MEHSETC Ha OTpuIaTe/bHblii. ITocje gero ocraercss Macca BOIPOCOB.

B [4] Gblia BBejeHAa B paccMOTpeHHE CTPOrO BO3PACTAIOINIAS HepPAPXHsI
KJIACCOB CJIOXKHOCTH AaHATUTHIeCKUX (DYHKIMI IBYX TepeMeHHbIX z(,Y),
onpesiesIsieMbIX HHIYKTHBHO Ha Gaze dyHknuu (z + y)

ClocClcClycCl,C...

Cly — 310 yHKIUH OJHOIO TEPEMEHHOrO (T WU Y), UM TPHIHCHIBACTCSI
cioxkuoctb N(z) = 0, Cly — sro dynknnu Buga c(a(z) + b(y)), orn umer0T
caoxuoctb N(z) < 1, manee Cl,+1 cocrout u3 dyukmuit Buna C(A,(x,y) +
B,(z,y)), tme C' — dbyuknus oxmnoro nepemennoro, a A, u B, — dyuknun u3
Cl,,. ®yukuun nonapirue B Cl, u ne nonapimue B C'l,_; UMEIOT CJIOKHOCTH
N(z) = n. Ecam ke Hekast GyHKIUS 2 He NONAJA HU B OJUH M3 KJIACCOB
Cl, ={z: N(z) <n}, to mbl monaraem N(z) = 0o. Yenobue N(z) < 1 pas-
HOCHJIBHO TOMY, 9TO POCTOK, JIOKAJILHO TPEJACTABIAIONINN 2, YIOBICTBOPAET
nudepeHnuaIbHOMY COOTHOIIEHUIO

d(Z) — Z/ Z, (Z/// Z” Z/// Z,) 4 Z// ((Z, )22// o (Z/)QZ// ) =0 (1)

9Ta oHOPOIHAs (popMa cTeleHu 4 sBjsgeTcs ducauTe/IeM TuddepeHInaIbHO
paiuonaibHOro Bhipazenus 6(z) = (In(z,/2;))y,-

B npocrpancrse byHKIME ABYX NEPEMEHHBIX JeHCTBYET CIeIyI0Nast HCeB-
norpynna G = {z(z,y) — ¢ Y(z(a(x),b(y)))}, tue (a, b, ¢) — pocrku meno-
CTOSHHBIX aHAJUTHYeCKHX (QyHKImit. $ICHO, 9TO 9TO JeficTBHE He MeHseT
CJIOKHOCTH W 9TO (DYHKIMHU CJOKHOCTH OJUH — 5TO, B TOYHOCTH, OopOUTA
byuknuu (z + y).

Ecym 3amernTh 6a30ByI0 (DYHKIUIO T + Y HA JAPYTYIO QHAJIATHIECKYIO
dbyukmmo ¢(z,y), N(p) > 0, To COBEPIEHHO TaK Ke, CTApTys ¢ DYHKIHHT
OJIHOTO MEPEMEHHOTO, WHIYKTHBHO, ONPEIEJIeM HePAPXHIO, MOPOXKJICHHYIO

byuxmueit ¢(z, y)

ClycCiccCly...cCic...

U COOTBeTCTBYIONY IO dhyHKIMIO ciaokuoctu N¥(z). fcno, aro ecan ¢ u
npuHaeKar ool opoure G, ro Cl¥ = Cl¥ nng Beex n u N¥(z) = NY(2).
DT0 o3HavYaeT, 9T0 § WrpaeT B 3aJadYaX AHAJIATHYECKOH CIOKHOCTH DPOJb



KaJIuOPOBOYHON MCEBIOTPYIIBl U € STUM CBA3aH HHTEPEC K €€ U3YUEHUIO.
G 910 geiicTBEE NPSMOrO MPOW3BEJIEHUS TPEX IK3EMILISIPOB IICEBIOTPYIIIThI
G ={u— f(u)}, a mmenno G, x Gy, X G, T71€e

Go = {2(z,y) = 2(a(z), y)}
Gy = {z(z,y) = 2(z,b(y))}
GC = {Z(Sl},y) - 071<Z($,y))}-
[Tycte Orb? — 310 opbuTa dyurnun p. Ecam ¢p € Orb?, To mbl tiutiem ¢ ~ @,
9TO OTHOINEHHe YKBUBaJeHTHOCTH. Herpyano Buaerh, uro (r +y) ~ (x —

y) ~ xy ~ x/y. ChopMyaupyeM OUeBUIHbIE CBOWCTBA BBEIEHHBIX KJIACCOB
CJIOXKHOCTH.

YTBepxkaeHue 1:
(a) Bee mynesbie knaccsl Clf coBnagawr, oHE cOCTOAT U3 QyHKIM 0JHOTO
IEPEMEHHOTO.
(b) Bee mepsble Kiacchl — 310 00beIMHEHNE HYJIEBOIO Kjiacca U opouTsl Ga-
3080l bynkmuu, T.e. ClY = Orb? U Cl,.
(¢) N¥¢(¢) = 1 Torja u TOJBKO TOTJA, KOLJA 1) ~ .

Bce kiacent siBiisitorest gudpdepeHnualibHo-aJredpaniecKuMu MHOXKECTBa-
mu. OyHKIMN SKBUBaIEHTHBIE (T + YY) 00IaA0T HEKOTOPOH 0COGEHHOCTHIO.
A umenno, 3tu pyHKIUE 007a7a10T B G CTAOMIN3ATOPOM TMOJIOKHUTETHHOMN
Pa3MEpHOCTH. DTO HpHJAeT cBoeoOpasue IuddepeHuaIbHbIM YCIOBULM,
ONPEJESIONIAM KJIACCHI, TIOCTPOCHHBIM Ha Oa3e (DYyHKIHM, SKBUBAJICHTHBIX
(x + y), MO CPaBHEHMIO C KJIACCAMH, MOCTPOEHHBIMU Ha Oa3e MpodInX (hyHK-
it 6e3 crabusmsaropa (T.e. co cTabHIN3aTOPOM HyJIeBOii pazmeprocT). [To-
CKOJIbKY BC€ KJIaCChl UHBAPpUAHTHBI OTHOCUTEJIbHO CABUIOB IO I, 11O Y U IO
Z, TO ypaBHEHHsS KJIACCOB He cojiepzKaT B SBHOM BHUJI€ HU T, HA Y, HU 2.
[TosToMy, pu nojcYeTe pasMepHoCcTedl, MOKHO PAcCMOTPEHHE TPOCTPAHCTBA
CTPY# CBeCTU K PACCMOTPEHUI0 YCEUYEHHOU CTPYH, T.€. CTPYH, COJepzKallei,
B Ka4eCTBE KOOPJAMHAT, TOJABKO IIPOMU3BOJHBIE W HE COJAepzKallue HA T, HA Y,
uu z. Torja Takoe mpocTpaHCcTBO 3-CTPyil PYHKIUN ABYX MepeMeHHbIX UMeeT
pasmeprocTh 2 + 3 + 4 = 9. Tlcergorpynmna G meiictByer B 370t 3-CTpye Kak
3 X 3 = 9-mepnas rpynna. O6pa3s opoutsl (x + y) B 3-CTpye UMeeT pasMep-
HOCTDL 8, sIBJIeTCsI ajiedOpanvecKoil THHEPIOBEPXHOCTBIO H 3aJaeTCs OTHUM
b depeHanbHO-NOIMHOMAAIBHBIM cooTHOMIEeHreM (1) TpeTbero mopsiji-

(Y} o x_i'_
ka. B 1o Bpemsi kak opbura j000# dyHKIMEM, HE HOMABIIEH B Cl§ y),STO



JOTIOJIHeHYe K 9Toil runeprnosepxuoctu (cM.[4]). TTostomy B ciyuae, ecin Ga-
30Bas (DYHKIUS HE SKBUBAJEHTHA (X + Y), TO MEPBHIH KIaCC He MOXKeT ObITh
3a/IaH YPABHEHUSIMU B 3-CTpye. Y UYUTBIBas, 4TO /g Takoil (pynkmuu cradbu-
JU3aTop fAeiicTBug G MMeeT pa3MepHOCTb HOJIh, BBIUUC/IsIEM KOPAa3MepHOCTh
obpaza Cl{ B 4-ctpye. Vmeem (243 +4+5) — 3 x 4 = 2, 1.e. 06pa3 nep-
BOTO KJacca B 4-CTpye 3T0 anebpamdeckoe MOJAMHOMKECTBO KOPAa3MEePHOCTH
JIBa. DTO BBIYUCJICHHE TIOKA3BIBALT, 9TO MJIAJIIAST CTPYs, B KOTOPOIl HMEIOT-
Csl MHBAPUAHTHI POJIOIKEHHOTO JeficTBust 310 4-cTpyd. [Ipuuem B 4-ctpye G
umMmeeT Ba nHBapuanTa. Hara GiinyKaifiast mejib BHIIACATH 3TH MHBAPUAHTHI.

Ecm Z = ¢ (z(a(z),b(y))), To

W= 2z _ 2% 0 .

Zy  U(y)zy(a(z),b(y))
MBI BHIUM, 9TO W = Z19/2p1 ITO MPUMED BbIPAZKeHUsI, KOTOPOE OT JeHCTBHSI
komroHeHTH (G, He 3aBUCHT, a jaefictBue (G, X (3, BbIpaskaeTcs B MOSBICHUN
B MHOXHUTesel @' u b B HEKOTOPBIX CTEIEHSAX 1M U N COOTBETCTBEHHO. Ta-
KO€ BbIDayKeHHe MbI Oy/IeM HA3BIBATH NOAYUHEAPUAHMOM Oucmeneny (m,n).
MoOKHO KOHCTAQTHPOBATD, UTO W = Z2,/%, — 9TO MOJIYNHBAPHAHT OHCTENeHN
(1, —1). Bee nasbheiinme BbIpaKeHUs: Mbl CTPOUM Ha OCHOBe w. MoOKHO Ha-
mucath, 9To 0(z) sro 6(w). Hasee, mist TpOU3BOAHBIX OYyIE€M HCHOTH30BATH
uHJeKCHble 06o3Hauenust. A rak ke, ecau g = (a,b), 1o uepes g o f(x,y)
6ynem obosnauats f(a(z),b(y)) — pesyavrar meiicteus G, X Gy. Herpynno
nposepnth, o d(w) = (In(w))’, = d(z)/(z10 201)* — 910 MOTYHHBApHAHT
Gucrenenu (1,1), Te. §(go z) = ay by go (6(z)). llycrs, nasee,

6y (w) = d(w)w, I_(w) =6(w)w™*

HermocpeicrBeHHbIE BBIYUC/IEHUS OKA3BIBAIOT, 4TO 01 (W) - 9TO HOJLy UHBAPU-
ant Oucrenenu (2,0), a §_(w) - Gucrenenn (0, 2). [Tonoxkum, nanee, py (w) =

(n(04))z,  p—(w) = (In(6-)),, rorna

_ J+(®) _J-(3)
M+(w) - 210 201 d(Z)’ M_(Z) - 210 201 d(Z)

rie

. _ 3., 2 3 3 3 2
J+(Z) = 20,1°21,0" 23,1 — 20,1 21,021,173,0 — 3 20,1 21,022,0%2,1 + 3 20,1"21,172,0° —

2. 3 2. 2 2. 2 2 2
20,17 21,0 22,2 + 20,17 21,07 21,1%2,1 + 20,17 21,07 21,2%2,0 — 20,1 21,0%1,1" 22,0 T
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3 2 3 3., 2
20,120,221,0 22,1 — 20,1%0,221,0 #1,1%2,0 T 20,1%1,0" 21,1%1,2 — 20,2%1,0 21,1

. _ 3 2 3 3 3 2
]7(2) = 20,17%1,0 2,2 — 20,1 #1,0%1,1%2,1 — 20,1 %1,0%1,2%2,0 T 20,17 ?1,1" %2,0 —
2 2 2 2 3 2 2
20,1720,221,0" %2,1 T 20,17 20,221,0%1,1%2,0 — 20,1 #1,0 21,3 — 20,1 21,0 ?1,1%1,2 +
3 2 2 3 2 3
320,120,221,0 21,2 + 20,120,221,0 21,17 + 20,120,321,0 21,1 — 320,2 21,0 21,1 (2)
Jj+ W j— —3T0 nBe ogHOpOAHBIE GopMmbl cTeniern 6. Hemocpencrsennas mpo-

BEPKa [OKA3bIBACT, ITO (14 (2) — 9T0 moayunsapuant oucrenenn (1,0), a p—(z)
— 6ucrenenn (0,1). Temepb MbI MOXKeM 3aKJIIOUATH, ITO

Grsl)? _ Gel@)? ) ) w ()

M=) T w e ) ey

— 910 nonynuaBapuantol oucrenenu (0,0), T.e. MHBaApUAHTHI feficTBUsA G, TPO-

JIOJIZKEHHOTO B 4-cTpyl1o. Bor gBHbBIE BbipazkeHus B Buje guddepeHnuaaibHo-
paIuoHaJIbHbIX (DYHKIUI OT 2

_ 3 2 3 3 3 2
J+(Z) = 20,1(2’0,1 21,0 23,1 — 20,1 <1,0”1,173,0 — 320,1 21,0%2,0%2,1 T+ 32071 21,1%22,0 — (3)
2 3 2 2 2 2 2 2

20,1 21,0 22,2 + 20,1 21,0 ?1,1%2,1 + 20,1 %1,0 21,222,0 — 20,1 <1,021,1 22,0 +

3 2 3 3 22
20,120,221,0 %2,1 — 20,120,221,0" 21,1%2,0 T 20,121,0°%1,1%21,2 — 20,221,0 %1,1 ) /

3
2 2 2 2
21,0 (ZO,l 21,022,1 — 20,1 ?1,1%2,0 — 20,1%1,0 21,2 T 20,221,0 Zl,l)

3, 2 3 3 3., 2
J—(Z) = 21,0(2’0,1 210" %2,2 — 20,17 #1,071,1%2,1 — 20,1 ?1,021,2%2,0 + 20,17 ?1,1 22,0 —
2 2 2 2, 3 2 2
20,17 20,221,0" 22,1 + 20,17 20,221,0%1,1%2,0 — 20,1 21,0 41,3 — 20,1 21,0 #1,1%1,2 T

3 2 2 3 2. 3. N2
3 20,120221,0°21,2 + 201202210 211" + 20,1203%1,0°211 — 3 202 21,0°21,1)"/

3
2 2 2 2
20,1 (20,1 21,0%2,1 — 20,1 21,1%2,0 — 20,1%21,0 21,2 T 20,2210 2’1,1)
(4)

DTu uHBapuaHThl J, u J_ Ompejie/ieHbl B JOTMOJTHEHUHT K IIEPBOMY KJIACCy
1o caozennto - CIY).

Econu J unpapuant, to J; u J; — 910 nosynnpapuantsl 6ucreneneit (1,0)
u (0,1). D10 03HAUAET, YUTO, €C/IM 1IOJOKUTD

1 (9 . 210 <01 d(Z) 8 1 8 . 210 <01 d(Z) 8

Tpedx ji(z) 0’ Y pu_dy j(z) Oy



TO KaxKIBIH U3 3TuX auhhepeHnaIbHbIX OIepaTOPOB SIBIAETCA OIEePATOPOM
MHBApUAHTHOTO juddepeHnupoBanus, T.e. IEPEBOAUT UHBAPUAHT K-CTPYH B
uaBapuanT (k+ 1)-crpyn. Takum obpaszom u3 Jy u J_ ¢ TIOMOITIBIO 3THX OlTe-
paTopoB MBI HOJIydaeM OecKoHedHblli Habop muBapuantos J. PazmepnocTb
opbuThl (PYHKIIUK OOIIETo IMOJIOKeHHS B 4-cTpye paBHa aAByM. J; u Jo PyHK-
IIAOHAJIBHO HE3aBUCUMBI, TOITOMY — 9TO IOJHAs CHCTEMa WHBAPHAHTOB 4-
crpyu. [lpomosmkas Halr noACYeT HETPYIHO YOeAUTHCS, U9TO P I€PEX0JIe K
5-CTPye KOPa3MepHOCTb CTAHOBUTHLCS PABHON D-TH, T.€. JJId IMOJHOTHI TpeOy-
eTCsI eIlle TPU WHBAPUAHTA TIOPSIIKA .

st Toro, 9T0OB! YO IUTHC B TOM, UTO IIOCTPOEHHAs cucTeMa Iuddepen-
IHAAJbHBIX HHBAPUAHTOB IIOJIHA JOCTATOYHO YOEIUTHCA B UX (DYHKIHOHAIb-
HOiT He3aBucumoctu. Beruncanm Jy u J_ st z = a(z) + xb(y). Hoayuaem

(agxal — CLQZI + Clgxbo — Q271 — agbo)Q
xa23 (CL1 + bo)
2\ 2
(—2 bQCLl —2 bgbo + 3b1 ) (a1 + bo)

bl4a2$

Ji(2) = —

J_(2) =— ;
Tenepb, Beiaucss sxobuan (Ji, J_) o (ag,by), BUANM, 9TO OH OTJIMYEH OT
ToXkJaecTBeHHoro Hyad. T.e. J, m J_ dpyHKIuoHaaIbHO He3aBucuMbl. Jlasee,
BBIUUCIAA AKoOnan orobpaxenns (Jy, JJ_, D,(J.), Dy (Jy), Dy(J-)) no nepe-
MEHHBIM (ag, ag, ay, be, b3), yOe:KTaeMCsI, ITO OH OTJIMYEH OT TOXKJECTBEHHOTO
HYJIS M, TeM CaMBIM, STOT HAOOP TakK zKe (DYHKITMOHATHLHO HE3aBUCHUM U, CJIe-
JIOBATEJILHO OJIOH.

[Tpu nepexoze ot (k-1)-crpyn x crpye nopsaka k tpebyerca (k—2) HOBBIX
GYHKITMOHAIHHO HE3aBUCUMbIX HHBapuaHnToB. [lo-Bupumomy, J — 310 nosnas
CHCTEMa HHBAPHAHTOB MPOJIOJIZKEHHOTO JieficTBUs § B CTPYU BCEX MOPSIKOB.
Ux kommdecTBO MPEBOCXOIUT HEOOXOMAMMOE YHCJIO HEe3aBUCHUMBIX WHBAPUAH-
ToB. Ho my1s1 jiokazare/ibCcTBa MOJTHOTHL HY2KHO ITPOBEPUTH (DYHKITMOHAIBHY IO
HE3aBUCUMOCTH WHBAPUAHTOB.

Nrak, namun mojrydena cjaeyionas TeopeMa.

Teopema 2:
G w)? 2 Gs G () o ()2
04 (w) 20 (d(2))? 7 - (w) zo1 (d(2))?

— 3T0 nojHasg cucreMa AuddepeHnnaJIbHBIX HHBAPUAHTOB JIeiicTBusg G B 4-
crpye. Kak panuonajbubie pynknuu J, 1 J_ — 310 OTHOLIEHUS OJIHOPOIHBIX

(a) Ji(z) =



dopwm crenenn 13.

() D:E:iE:ZlOfZOld(Z) 2’ Dy:iﬁzzmj’«’md(z) 9
fry Ox j+(2) Oz - Oy j-(2) Oy

— 3TO OIEePATOPhl UHBAPUAHTHOTO JudHepeHnpoBaHus.

(c) Habop maru masapuantos (Jy,J_, D,y(J}), D,(Jy), Dy(J-)) - 10 1OI-

HBIiT HADOP MHBAPUAHTOB H-CTPYH.

[Iycts 0 = (x — y, y — =) — IepecTaHOBKA KOOPJAMHAT U 0 o z(z,y) =
z(y, ). BoT cBolicTBa OCTPOEHHOI CHCTEMBI TIOJYHHBAPHAHTOB, 110 OTHOIIE-
HUIO K CUMMETPUH 0.

cow(z) =wooz), cod(w)= —5(aow), ogod(z) =—d(ooz),
508, (w) = —8_(7072), Tops(z) = —p(002),
05 =3 (03], 7o Ui(: )= —J(s0-)

©(Da(2)) = =Dy(o 0 2))

Croxkenne KOMMYTATHBHO, 0 © (x 4+ y) = (x + y), modTOMYy BCe KJac-

cer Ol mocTpoennbie Ha Gase CAOKEHHS WHBAPHAHTHBI OTHOCHTEIHHO
neitcteus o uw N (z(z,y)) = N@)(2(y, 1)) . D10 yTBepKaenne Jerko
0000IIHATD.

YrBepxkaenue 3: Kiaccol, moctpoenmbie Ha 6a3e ¢ WHBAPUAHTHBI OT-
HOCHTEIBHO CUMMETPUU O TOT/Ia U TOJBKO Toraa, Koraa ¢(y,x) ~ ¢(x,y)
(HOApa3yMeBaeTCst, 9TO POCTOK ONPEAEICH B OKPECTHOCTH TOYKH JHATOHAJIH
x =y). lpu srom N¥(z(y,x)) = N¥(z(z,y)) ans Beex z.

[Tokarkem, aTO 03 3TOTO YCJOBUS YTBEP:KJEHHE TepecTtaer ObITh Bep-
upiM. [lonoxum ¢ = 2?2 + xy. Dr1a DyHKIHA, KaKk He TPYIHO ybOeIuThed,
MMeeT CJIOKHOCTD 2 1o OTHOIeHHIo K (z + y). Ecin C1"+ ) cmvverprven,

o (y* + xy) sxsuBanentna (z2 + xy), T.e. mainerca (a,b,c) € G, T.e. Tpu
HEMOCTOsIHHBIE (DYHKIUU OJHOIO MEPEMEHHOTO T.4. HA HEKOTOPOM OTKPBITOM

MHOZKECTBE UMeeT MECTO TOXKIAEeCTBO

(a(x))* + a(z) b(y) = c(y® + zy)

JIoKabHOE YCIOBHE CYNIECTBOBAHUS ¢ (IOCTOAHCTBO HA JTUHUAX YPOBHS (Y2 +
xy)) 31O
a'(z) (2a(z) +b(y)) (x +2y) = a(z) V'(y) y (5)
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[Tpoaorapudmupyem 06e 4acTu (5) U BO3bMEM CMEIIAHHYO TIPOU3BOIHYIO TIO

Y, TOJIYIUM @) ¥y '
a'(z) b (y B
@al@) 1 b)) w2 "

Badurcupyem y = yo, 1.9. b'(yo) # 0. [oayuum obsikaOBeHHOE MU bEPEH-
[UAIbHOE ypaBHEHHE IePBOTO TMOpAIKa Ha a(x) ¢ pas/IesiolnMuCs epe-
MEHHBIMH, pelliasi KoTopoe yOexaaeMcsi, 910 a(z) — 9T0 JApOGHO-THHERHOe
BhIpazkenue, anagorndno ¢ b(y). Uraxk,

a(x):w b( ):M
re+ s’ Ry + S’

npudeMm ps —rq u PS — RQ) — oryimannt ot wyss. [logcraBum 3mu Boipazkenust
B (5) W mpHpaABHSEM YHCJUTENh K HYJ. DTO MHOIOYIEH OT T H Y. Jallu-
ChIBaeM YCI0BHS paBeHcTBa Hyao Koadgdunmentos. Koaddumment mpn 23y
— 310 —(PS — QR)pr?. Ilepsuiit ciywait — (r = 0, p # 0, s # 0). Torna
kospbunment npu x2y? pasen 2R*p?, T.e. R = 0, Ho KoadpPpunuent npu x>
370 4Sp?, a 3T0 o3HavaeT, uTo b mocTosnHa. IIpoTuBopedne. Bropoit ciyyait
(p =0, r#0, q#0). Koadpbumuent npu y sro 4S%qr, orkyga ciepyer

= 0. CpoGoxuwiii wien — Qs?, T.e. Q = 0, oTKyna cieayer, 9To b mocTo-
auna. [IporuBopeune. Urak, takux (a,b,c) He cymecrByer u C’lgﬁﬂy) HE
MHBapUAHTEH OTHOCUTEIHHO CAMMETPHH O.

DukcupyeM GYHKIHIO IBYX EpEeMeHHBIX ¢. Tereps 11 HeKOTOpoil hyHK-
n z(x, y) 33JaeM BONPOC, TPUHAJJIEXKHUT JIH OHA TEPBOMY KJIACCY B Hepap-
xuu, mOCTpoeHHoN Ha 6aze ¢? [To0KUTEIBHBIH OTBET, B COOTBETCTBUU C
ompejesieHueM, 03HAYAET, YTO HAM/yTCd TPpH aHAJIUTUYECKUX (PYHKIUH Of1-
HOTO TIepeMeHHOr0 (a, b, ¢), TaKue 94To HMeeTCst pejicTaBIenne Buaa z(r, y) =
c(p(a(z),b(y))). Ecau caurarh, 910 DYHKIUI ¢ U b H3BECTHBI, TO TIPOBEPUTH,
CYIIECTBYET JIM I JaHHOU (DYHKIMH z MOAXOAAIad (hYHKIMS ¢ PABHOCH-
JIEH TOMY, 9TO 2z IIOCTOsIHHA Ha JiuausX yposHst ¢(a(z),b(y)), a 910, B ¢BOIO
0Yepe/ib, MOXKHO 3amucath B Bujae quddepeniuagibHoro COOTHOMEHNST

210 201
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Bripazkas u3 Hero by m 3anucbiBas yC/JI0BHE HE3aBUCUMOCTH by OT x, TOJIyYa-
€M YCJIOBHE KOTOpPOe He COJEPXKUT b U MMeeT BUJ JUHEHHOTO COOTHOIICHHS
MEKILY Gg, @1, a7, KO3(DPHUIEEHTH KOTOPOTO 3aBUCAT OT 2 M OT (. BhIpazkas



U3 9TOTO COOTHOIIEHUS do/a; U auddepeHnupyss noaydeHHoe COOTHOIIECHIe
IO Yy, IOACTaBJIAA B OTBET UMEIOIIeeCA BbIpazKeHue IJId bl epes ap, Mbl I10-
JlydaeMm BbIpazKeHue i as vepes z u . JludpdepeHnupys 310 COOTHOIIIe-
HHUE II0 Y MOJIyYaeM COOTHOIIEeHHe 4-TO MOpdA/Ka, He cojaeprkariee (hyHKITi
(a, b, c). TTocKOJIBKY BBIpaXKEHUs JJIs1 a1 U Ay JIOJZKHBI OBITH COIJIACOBAHBI,
TO HEOOXOIUMOE W JIOCTATOTHOE YCIOBHE CYIIecTBOBaHus (a,b,c) — 310 1Ba
COOTHOIIIEHU A TOPAJIKa YeThIpeE. HO 3J€Cb Mbl MOXKEM HC BbIIIHCbBIBATL I9TH
COOTHOIIEHUS, & COCJAThCA Ha TO, UTO JBa COOTHOIIEHNS, CBA3BIBAIOIINE 2 W
© ¥ HAC yKe ecTh. [103TOMY mMeeT MecTo CJeayolas Teopema.

Teopema 4 (06uiue ypaBHeHusi 1-ro kiaacca): Ilycrb ¢ He mpuHa-
nexur CL™) (e, o — dynkuug obiero nonozxkenns), Toria z(z,y) € CIf

TOTJa U TOJBKO TOIIA, KOTJAa

Ji(2) = Jilp) m J_(2) =J-(p)

DTO YTBepzKJeHUE JJisd JIOTHYECKOH 3aBEPIICHHOCTH MOYKHO JTOIOJHHTD
JTABHO M3BECTHBIM PE3YIBTATOM: z(T, ) IPUHAIICIKAT C’l%ﬂy), TOTJIa ¥ TOJIb-

Ko Torga, korja d(z) =0 (cm.]4]).

Ha npusenennoe nocTpoenne MOxKHO MOCMOTPETD € eIle OHO TOYKH 3pe-
Hus. A MMeHHo, cyniecTBoBanue 3TuX Tpex dbynknuit g = (a, b, c~') oznauaer,
4TO 2 W ¢ IKBUBAJICHTHBI TI0 MOAYII0 G, T.e. cymecTByer g € G, Takasg 9TO
2 = g o ¢. tak, moJydeHHBI pe3y/IbTaT JaeT MOJHOe pelleHre MpobIeMbl
SKBHUBAJCHTHOCTH.

Teopema 5:
(a) Ecin f = const,to g ~ f Torma u ToJbKO TOTAA, KOrja g = const. KaHo-
HUYeCKUil mpeacTaBuTe b 31oro Kiacca f = 0, muddepennnaabuoe ycaoBme
-{fa=/f,=0}
(b) Eciu f — nenocrosinuas byHKIHsT OJHOTO IIEPEMEHHOT0, TO g ~ f Torjaa
1 TOJBKO TOINA, KOIJa § — HEIOCTOsSTHHAsT (DYHKIHS TOTO Ke IePEeMEHHOTO.
Kanonundeckue npejcrapuresin — x u y, indpdeperinuajibibie YCJIOBUs — OJ[HA
13 TMEePBBIX NPOW3BOIHBIX PABHA HY/IIO, APyTas — HE PaBHA.
(¢) Ecin g — we sxkBupastenrHa 0, x wiam y, 10 g ~ (x + y) TOrga u TOJLKO
torja, korjga d(g) = 0. 910 DYHKIMA CIOKHOCTH OJUH B HePAPXUH, TTOCTPO-
ennoii na 6aze (r + vy).
(d) Ecim f m g nonasm nu B opus u3 upeapiynmmx nyHKToB (byukimun o6-



IEro MOJIOXKeHusl ), TO f ~ g TOrIa U TONbKO Toraa, kKoraa Jo(f) = Ji(g) u

J-(f) = J-(9).

C kaoit pynknueit z(z, y) MOKHO CBA3aTh 3-TKaHb Ha II0cKocTH (CM.[2]),
a umenHo (x = const, y = const, z(x,y) = const). Tkaun NpUHATO U3y~
9aTh ¢ TOYHOCTBIO JI0 JIOKAJBHO OOPATHMBIX MpPeobpa30BaHWil IMLIOCKOCTH,
TOT/IA TUIOCKAs 3-TKAHb — 9TO TPH TPAHCBEPCATHHBIX cemeiictBa (x(u,v) =
const, y(u,v) = const, z(u,v)= const) Ilpeobpazosauus G, B TaKOii WH-
TEPUPETAINT, 3TO MPOCTTO N30MOPMU3M TKAHH.

Torga Teopema 5, Tounee ee myHkTsl (¢) u (d) garor perrenne mpobeMbl
SKBUBAJIEHTHOCTH 3-TKaHel. [IyHKT (¢) — 910 KpuTepuii TOro, 9T0 TKaHb K-
BUBAJIEHTHA IIECTUYTONbHOI, a (d) — 970 KpuTepuii IKBUBAJIEHTHOCTH JBYX
He MIeCTUYTOTbHBIX TKAHEil.

(I)YHKI_[I/II/I MHOTIuUX II€épeMeHHBbIX

[TocTpoeHust TPEIbLIAYIEro MyHKTa (MepapXus, CJI0KHOCTD, KAJIuOpOBOU-
HAs MCEBJOIPYINA) MOKHO PACIPOCTPAHUTH HA (DYHKIMH HECKOJbKHX, T.€.
m > 2, Kak 370 ObLI0 ¢1e1aH0 B [5]. DTOT MOAX0M MMeeT KaproHHOe HA3BAHHe
"cyneprnosunuu Tuna (m — 1)".

BadukcupyeM, B KadecTBe 0a30BO#l (DYHKINHM, HEKOTOPYIO aHAJIUTHYE-
CKY10 QYHKIHIO O(T1, . . ., Ty ), KOTOPAS 3aBHCUT OT BCEX CBOMX MEPEMEHHBIX,
T.€c. HU OJlHa U3 YaCTHBIX IIPOU3BOJHBIX ()02% HE €CTh TO}K,ZLGCTBGHHBHU/I HOJIb.
Nepapxus kaaccos C1¥ onpegenserca snosne agansorndno: Cly — 310 QyHK-
mun ofxHoro mepemensoro, Cl, 1 cocrouT u3 MYHKIMA BUIA

(AL (2, )y AT, ),

rae A; € Cl,. Ananornano onpegesseM QyHKIHIO CIokHOCTH, uieM N¥(z) =
necau z € Cl?\ Cl7_,. Takum 06pa3oM ONpPEIeJTeHHAs HePAPX U IIPEICTAB-
JigeT cobOil CTPOro BO3PACTAIONLYIO OC/IeI0BATEIbHOCTD Tud DepeHIuaabHo-
anreOpamdecKuX MHOXKECTB, T.e. KayKJbli KJACC eCTh COBOKYIHOCTH aHAJIH-
THYECKUX PEIIeHuH 1o z cucTeMbl JTuddepeHIUATbHBIX MTOJHHOMOB OT 2z U
@ ¢ nejsbiMu Koddduimentamu. Jlajiee TakxKe Kak U paHbIIe OIpeesisieM
neiicrBre kaaubpoBouHoil neeaorpynmnbl G = G X ... X G ((n + 1) comHO-
xurens), rae G = {t — f(t)}, a f — ananuTnveckas pyHKIMSA OAHOTO Tre-
pementoro t. A mmenno, eciu g = (ag,...,an,C), TO g © Z(T1,...,T,) =
c(z(ar (1), ..., an(x,)).DT0 meiicTBHE, OUEBHIHO, COXPAHAECT U KJACCHI, W
CJIOKHOCTD.
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VTBepxkaenue 1 mpeHocuTes Ha MHOTOMEPHBIH cayvail JOCTOBHO.

YTBepxkaeHue 1°:
(a) Bee mynesbie knaccsr Clf coBnagaor, oA cocToaT u3 (GyHKIME 04HOTO
IEPEMEHHOTO.
(b) Bee mepsble Kiacchl — 310 00beIMHEHIE HYJIEBOIO Kjacca U opouTsl Ga-
soBoit bynkmuu, T.e. ClY = Orb? U Cl,.
(c) N¥(1)) = 1 Torma u TOJBKO TOT/Ia, KOTIA ¥ ~ .

[Tocunraem paszmeprocTu. PazmepHOCTh ycedeHHol 1-cTpyu paBHA M, 9TO
YHCJIO MEPBHIX MPOU3BOIHBIX. UHCIO0 BTOPHIX MPOU3BOAHBIX — m(m + 1)/2.
Nroro paszmeproctsh 2-ctpyn paHa m(m + 3)/2. C apyroii cTopoHbI pas-
MepHOCTD NPOJIoJzKeHust G B 2-cTpyio paBHa 2(m + 1). Herpyauao ybeaurbes,
410 ecan, m > 2 1o m(m+1)/2 > 2(m + 1). Opburta byHKIIK 00IIETO 10-
JIOZKeHHs! (T.€. € HyJIb-MEPHBIM CTabHJIM3aTOPOM) UMEET Ty K€ PasMepHOCTD
2(m + 1) u xopasmeprHocTb Mm? — m — 4. DT0 O3HAYAET, YTO HAYUHAS C 3
-cTpyu npopokerne G nmeer audpepeHnuaTbHble HHBAPUAHTHI.

B wgactnocTu, ecsim m = 3, TO 2-cTpyd HMeeT pa3MepHOcTh 9, opbura
GyHKIME OOIIEro MOI0KEHUs UMEeT PasMEPHOCTD 8 B Kopa3MepHocTh 1. Ta-
KM obpazom, G ipu m = 3 uMeeT oauH HHBapuaHT. [Ipu 3TOM 0pOUTA CyMMBI
(x1 4+ x2 + x3) — 970 0cobas opbuTa, OHA UMeeT Pa3MEPHOCTh 7 W KOpa3Mep-
HOCTH 2.

Haiiiem 3TOT € IMHCTBEHHBIM HHBAPUAHT B 2-cTpye DYHKIUH OT TpeX Iie-
pemennpix. Ilycrs w(z,y,z) — dyukmusg Tpex mepemenusx, g = (a,b,c,d)
SJEeMEeHT KanmuOposounoit rpynmer. Torna W = gow = d~H(w(a(x), b(y), c(z)))
- aeiicreue g Ha w. Vmeem

! ;o / Y
W, w,a w, _w, b
AV 1 )
W!  wl e wW! wlc
naJsee
%74 / '\ Iy W’ / w' ! 1y
M) _ (W) @ Py) _ () @
Wi/, w,), ¢’ wr). w,)
HOSTOMy Bpra)KeHI/Ie
w’ w!
I= () |/ () (6)
1y ) /T
wz wZ

ABJIsieTcsl HHBapuaHToOM JeiicrBust G. Jlag dyHknuii u3 opbuts (x + y + 2)
9TOT MHBAPHAHT HE OINPeJIe/IeH. Y pPaBHEHUs, ONPE/Ie/IAIONIHe OPOUTY CyMMBI,
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HETPYAHO YKa3aTh. DTO PABEHCTBO HYJIO THCIUTENS U 3HAMEHATENS JpoOu
(6). Urak,

Teopema 6: (a) [Tycrs p(z,y, z) dynknus, sddexkTuHO 3aBUCATIAA OT
BCEX TPEX MepeMeHHBIX U He SKBUBaJeHTHas (r + y + z). Torga ee opbura B
2-ctpye 3ajmaercs ypasuenuem [(w(x,y,z)) = I(p(z,y,2)).

(b) Opbura (x + y + z) B 2-cTpye 3a1aeTCst ABYMsl YPABHEHUSIMA
!/ / /
w
—0 (=) —o

/
Y W2/

g ‘&S\

N~

OrmeTuM, 9TO ypaBHeHUsl U3 MyHKTA (b) ABISIOTCS JTUITb HEOOGXOAUMBIME
YCJIOBUSIMU TPUHAJICIKHOCTH (DYHKIUN C’lg”y”). JocTaTo4uHble yCJIOBUS,

Kak OBLIO TIOKA3aHO B [5], COMEpKAT TaK¥Ke COOTHOIICHUS TPETHEro MOPSIIKA.
OTKpBITHIE BOIIPOCHI

Kak 0b1710 orMedeHo Bblle, CJI0KHOCTD (DYHKIUU  OTHOCHUTEIHHO (DYHK-
nuu b - N¥(p) ne mensiercs noj jeficreueM G. A UMeHHO, ecid g; U gy —
97eMeHThl G, TO

N¥(g10p) = N%2(p) = N%°(g; 0 p) = N(p)

Takum 06pa3oM, OTHOCHTEIbHAA CJI0KHOCTD — 9TO (DYHKIIHA, KOPPEKTHO OIIpe-
JleJIeHHas Ha opOuTax jefictBusg §. Eciim paccMarpuBarh OTHOIIEHUE SKBU-
BAJIEHTHOCTH, NMOPOXKIeHHOE JleiicTBHEeM G, KaK aHAJIOr PaBEHCTBA, TO MOYKHO
IpeJiOZKUTh OTHOIIeHUue, KOTOpoe 6yﬂ€T ABJIATBCA aHaJIOI'OM HEpaBCHCTBA.
PaCCMOTpI/IM HA aHAJIUTUYIECKUX beHK]_[I/IHX HECKOJIBKHX IMePpeMEHHbIX CJIedy-
I01Iee OTHOIIEHUE 1 = ¢

Oupenenenne: [lumem 1) < ¢ B cayuae, ecin ¢ € C1¥, Te. ecian Gynk-
LA (© COAEPXKUTCA B HePpAPXUH, IOCTPOCHHOM Ha 0a3e ¢pyHKIuu . [1pn srom
TOBODUM, YTO ) He CJOXKHee (.

J11st TOTO, 9TOOBI YOETUTHCA B TOM, U4TO BBEJIEHHOE TAKUM 0OPA30M OTHO-
nmrenue dBJjdeTCd OTHOIICHHEeM YaCTUYIHOI'O IMOpAaKa, HeO6XO,ZLI/IMO IIpoBEepUTH
BBITIOJTHEHNE TpeX YCJIOBHii.
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Pedbaekcusnocts: Vo ¢ = .
Antucummerpuanoctsb: V 1) ecan p XY Y X @, 10 @ ~ .
TpanzutuBnocTb: V 0, X,% ecaum X xuy 21, @ < 1.

C pedIeKCHBHOCTBIO U TPAH3UTUBHOCTHIO, OUEBUIHO, BCE B MOPSIIKE.

Bonpoc 1: Yjaosaeropsier jim oTHOIIEHUE 1) =< ¢ BTOPOMY YCJIOBHIO,
YCJIOBHIO aHTUCUMMETPUIHOCTH !

Ecyiu 661 9T0 yTBep2KIeHIEe UMEJIO MECTO, TO OHO OBLIO OBl BIIOJIHE aHAJIO-
rudHo TeopeMe KaHTopa-bBepHInTeliHa B TeOPUH MHOYKECTB.

Herpyano sugeTs, uro ecin N9(1)) = 1, To N¥(p) = 1, T.e. B 3T0M cIyuae
N?(p) = N¥(p). Iycrs Teneps ¢ = (z +y), a 1 = 2 + zy. Mbl 3aeM, 4TO
NE) (22 4 zy) = 2.

Bomnpoc 2: Bepuo i, uro N ) (1 + ) < 00?

EcJin orBeT Ha 1EPBBIl BOIPOC TI0JI0KUTE/IEH, TO Ha BTOPOl — OTpHIlATe-
gen. Jlefictsurensho, (x4 y) < (22 + xy). Bem NEH) (2 4 y) < oo, 10
(22 + zy) = (z + y), u MBI OB MOTYumIH, 9r0 (T + ) ~ (2% + 2Y), a 310
He BepHO. M02KHO 1IPeJIJI0KTH IKCTpeMa/ibHY10 Mo iudukaiuio Boupoca N 2.
Kaxk mokazan A.Ocrposckuii [3], 0606mennast (-byuxust Puvana

OOI,TL

<(33,y) = Ty

Y
n=1 n

He sBjsgercsd auddepennaabHo-aaredpandeckoit pyHKIneil u, COOTBETCTBEH-
no, N (((z,y)) = oc.

Bomnpoc: Bepno m, aro N¢@Y) (2 4 y) = 00?

K cuacTtbio, Ha 9TOT BOIPOC MOXKHO OTBETHUTH cpasdy. DTo Bepno. T.e.
OeckoHevdHast CJA0KHOCTh, B TOW CUTyAIUU, SBJISIETCS B3aUMHOI.
Joxazamenavcmeo: Tlycts (x+1y) € Cl¢ u N¢(z+y) = n. [lockonbKy ycaosue
z(x,y) € OIS mmeer Bu cuctembl muddepernuaibHBX TOTHHOMOB 0T 2 1 (,
TO MOJCTBAJISAA 2 = & + Yy noJydaeM juddepeHnuaabHyo aaredpandnocThb
((x,y). [IporuBopeune.

Jns byHKIuEi AByX IepeMeHHBIX BBIIIE Mbl BBIIUCAIH J1Ba jIHbdepen-
ua/bHbiX uHBapuanra 4-crpyu (Jo,J_) u jBa oneparopa MWHBAPHUAHTHOIO
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muddepennuposanus (D,, D), KOTOpbIe IOPOKIAIOT HAOOP UHBAPHAHTOB B
cTpysax 0oJiee BbICOKHUX MOPSIIKOB.

Bompoc 3: Bepno Jin, 9T0 cucrema mHBapHUAHTOB
JH(2) ={DEDIJ(2), p+q<k—4, D (2), p<k—4}
siBIsteTCst (PYHKIIMOHAJIBLHO TOJTHOM cHCTeMOit nHBapuanToB k-ctpyn?

Jist k < 5 5710 OBLIO TTOKAa3aHO BHIIIIE.

Bce K/1acChl CJI0KHOCTH WHBAPUAHTHBI OTHOCUTEIBHO JeiicTBus G. [ToaTo-
My, IIPH MOJIOKUTETBHOM OTBeTe Ha Bompoc 3, muddepeHnuaIbHbie COOTHO-
MIEHN, OIPEIESIONNe KIACCH CJI0KHOCTH — 5TO HOJTMHOMHUAJIBHBIE COOTHO-
menust or nepemenusix J(z) u J(¢) (¢ — 6azoBas dynknus). A ecoan 6azoBast
dbyukmus sto (z +y), o Tonbko ot J(z). U3Becrro, uro B 11-cTpye mveercs

Cl(ﬂfﬂl)
TPHU COOTHOIIEHUS, KOTOPLIM y10BjieTBOpsioT pyukiuu u3 Clsy .

3amaua 4: Haiitu 3tu Tpu nojmaoMa ot 44 nepeMeHHbIX
JW(z) ={DD%J,(2), tmep+q<T7 wm DEJ_, raep<T}
onpeiesionue Bropoii kiaace Cly Y.

OTMeTuM, B CBSI3H € 9THM BOIPOCOM, 4TO B [6] GbLI omucan aaropurm
nocTpoeHus auddepeHnuaIbHOr0 TOANHOMA, OOPAIIalonerocs B HOJb Ha
GYHKIUAX BTOPOTO KJIACCA.
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