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AnaHoTanus

Teopema Beiiepmrpacca o dpyukiusax, obmagaonmx aairedpande-
CKOIl TeOpeMoii CJIOZKEHUSI, TIO3BOJISIET JIATh sIBHOE OlncaHue ajarebpan-
gecKuX (DYHKIUH JBYX TEPEMEHHBIX AHATUTUIECKON CJI0KHOCTHU OJTUH.
Wx onucanve pacnajiaercd Ha TPU CJydast: 00NNl - SJIUITUIYECKUT 1
JBa 0COOBIX, MYJBTUILTUKATUBHBIN U A uTUBHBIN. Bee cayuan nme-
0T eINHO0Dpa3Hoe OTHMCAHNe, 3TO OPOUTHI AefiCTBUS KaInOpPOBOIHOMN
MCeBAOTPYIEl. 1lepBoiit - 3T0 1-mMapaMeTpuIecKoe CeMelcTBO opouT
7 IAUNTUIECKOTO CJIOKEHU , BTOPOii - OpOUTa YMHOXKEHUS W TPETHUi
- cinoxkenusi. [Ipu 9T7oM yMHOXKEHME U CTI0YKEHUE MOT'YT OBITH MOy 9eHbI
u3 7 RITUITHIECKOTO CIOXKEHUsT TpefenbHbIMu mepexogamu. C apy-
roif CTOPOHBI, SMIATITHIECKHE OPOUTHI COOTBETCTBYIOT KOMILIEKCHBIM
CTPYKTYpaM Ha TOPe, MYJbTHILINKATUBHAS - HA, IUJIJIHHJIDE, Al UTHB-
HasT - Ha KOMILIEKCHOH MLIOCKOCTH.
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B pa6ore [1] 6b11 npeiozxkeH crnocod u3MepeHus CIA0KHOCTH aHATHTAYe-
CKHX, BO3MOXKHO MHOTO3HAYHBIX, (DYHKIUI JIBYX mepeMeHHbIX. [y jo0oit
aHaMTHIeCcKON yHKINH 2(x,y) OnpeeseHa ee aHAINTHYECKAs CII0KHOCTh
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N(z). Dra Benuunua, Moxker TpuHEMaTh 3Hadenus 0, 1,2, ... oo, [Ipu stom
CJIOZKHOCTB HOJIb UMeIOT (PYyHKINH, 3aBUCSIIIIE JIUIIb OT OJHOIO IIePEMEHHOI'0
- a(z) win b(y). CroKHOCTH OZMH UMEOT (DYHKITHH , 3aBUCSIIIIE OT 00enX e~
DPEMEHHBIX, €CJIH IIPH 9TOM HMEeTCs JIOKAIBHOE IIPe/ICTaBIeHIe BUAA (T, Y) =
cla(z) +b(y)), rue (a,b, c) - anamurudeckue HYHKIUE OTHOTO TEPEMEHHOTO.
QyHKINN CI0KHOCTH JBa - 3TO (DYHKINHU, Ibs CIOKHOCTH He PaBHA HYIIO
Wi ejuuune u umernonue upeacrasienne z(x,y) = C(Ai(x,y) + Bi(z,y)),
rne A; u By UMeOT CJ0XKHOCTH He Bhile eauuunbl. VI tak gasee. Ecan xe
Hekast byHKIMsT 2 He nonaaa Hu B oand u3 kiaaccoB Cl, = {z: N(z) < n},
To MBI ostaraeM N (z) = co. Yeaosue N(z) < 1 paBHOCHIBHO TOMY, 9TO PO-
CTOK, JIOKAJTBHO IPeJICTAB/SIONINH 2, yI0BJIeTBOpdeT TuddepeHnuaIbHOMY
COOTHOLIEHUIO
81(2) = 42 7 = ) + (Ve = () =0 (1)

Huddbepennnaabuprit momuHoM §1(z) - 9TO IUCAUTEND PATHOHATBHO- UM dDE-
peHnuaibHoro Bhipazkenus (In(z,/z,))y,-

OyHKIUN aHAJIUTUYECKOH CJI0XKHOCTU OJUH IPEJCTABISIOT, C 3TOi TOU-
KH 3peHHsI, 0COOBII HHTepec. DTo npocTeiinmme GYyHKINHE ABYX IepeMeHHbIX.
B pa6ote [2| 6b11H IBHO OMUCAHBI TPOCTHIE, T.€. CJOKHOCTH OJMH, PEITeHHUs
HEKOTOPBIX ypaBHeHHil MaTeMaTndeckoit dusuku (Jlamraca, BOJTHOBOIO, Tem-
JIOIIPOBOJHOCTH,...). 3/1€Cb MbI JaJIUM OLHCaHUE ajreOpandeckux QyHKIuii
AHAJUTUYECKON CJIOYKHOCTHU OJIWH.

[lycts umeercs dbyuknus P(x,y) aHAIATHICCKON CIOKHOCTH OJUH. DTO
3HAUNT, YTO P nMeeT JOKaJIbHOE TTPEJCTAaBICHNE B BUJIE

P(x,y) = cla(x) +0(y)), (2)

rae (a,b, c) - HEMOCTOSTHHDBIC AHATUTHICCKHE (DYHKITUH OJHOTO TEPEMEHHOTO.
MpuI cTaBuM mepen coboii ciaenyoomuit Bompoc. Kakue HAOOPHI aHAIHTHUE-
ckux byskiuit (a,b,c) garor B orBere anrebpandeckyo GyHkunio? MoxKHO
cpasy NmpeJIoKUTh OYeBUIHBII BapuanT: (a, b, ¢) - anrebpanveckne HyHKIHNT
OJIHOTO TepeMeHHoro. Jlajiee, MOCKOJIBKY CJI0KEHUE ¢ HOMOIIBIO JIorapudma
7 IKCIOHEHTHI MepPeKadnBaeTCsd B YMHOKEHNE, a UMEHHO XY = @)+ g
mepBbiil (4INTUBHBIN) BADHAHT MOYKHO JIOMOJHHUTH BTOPBIM (MYJIbTHILIHKA-
TUBHBIM):

c(t) =7(e"), alz) =I(a(z)), by) =(By)), Pl,y)="r(a()B(y)),



rae (o, 8,7) - anrebpandeckue dbyuknun. Bo3moxken ju Tperuii Bapuant?
DTOT BOMPOC MOJyIAeT 0COOYIO OCTPOTY B CBSI3U C HEJABHUM PE3Y/IBTATOM
M.Crenanosoit [3]. Ona mokaszana, 9To €CJIH CTABUTH TOT YK€ BOMPOC MO OTHO-
IIEHNIO K PAIHOHAJIBHBIM (DYHKIHAM UJIA K€ MHOTOUIeHAM, TO a TN THBHBII
1 MYJBTHUILTUKATUBHBIA BAPUAHTHI TO IMOJHBIA CIIHCOK BO3MOXKHOCTEH. JIio-
00if MHOTOYJIEH aHAJIUTUICCKON CI0KHOCTH ONWH HMeeT JuOO aJIUTUBHOE,
JinbO MyJIbTUIINKATHBHOE IPEJCTABACHIE, COCTABJIEHHOE M3 MHOT'OUICHOB.
To ke camoe BepHO U Jijid pAlMOHAJIBHBIX (DYHKITHII.

Kouib ckopo ajsiredpandeckasi GyHKIUs HE TIOCTOSIHHA U 110 X U 110 Y, TO B
obsacTh, e oupenesien aeMent komnosunun ¢(a(zr) + b(y)) MoKHO HAHTH
TOUKY (%o, Yo), T.9. ¢(x) = P(x,yo) u ¥(y) = P(xp,y) - He KOHCTAHTHL.
[TepeneceM Ha9aI0 KOOPIUHAT HA IIIOCKOCTH B TOUKY (Z¢, Yo ), TOT/IA B HAIIEM
IPEICTABICHUH G U b HMEIOT SJIEMEHTHI, MPEJCTABJISIONIHE UX B OKPECTHOCTH
HyJIs1, TprdeM jiis 5tux sgeMmentos a(0) = b(0) = 0. Torga mogcrasss B (1)
HY/JIH BMECTO & H BMECTO ¥, YIUTBIBAS, YTO ¢ - HEIOCTOSHHA, [OJIydaeM

cla(z) = ¢(z), a(x)=c Y o(x)),
c(b(y)) = v(y), bly) =c (Y(y))

[Mogcrasum 310 B (1) n cremaem 3ameny u = ¢(z), v = ¥ (y). Homy4aem

c(c™H(u) + ¢ (v)) = P(¢7 (u), ¥~ (v)) (3)

Bripazkenue, KoTopoe CTOUT CIipaBa - 3TO ajredpandeckas pyHKIMs, 0003Ha~
quM ee depe3 Q(u,v). Crenaem B (3) 3ameny u = c(U), v = ¢(V'), momxyunm

c(U+V)=Q(c(U),c(V)) (4)

CoorHoternne (4) B TOYHOCTH O3HAYAET, YTO aHAIUTHIECKas (hyHKus c(t)
yAo6.AeMBOPAEM. aA2e0pauUMEckol] meopeme Ccaodcenus. JIpyruMu CJIoBaMH,
510 3Ha4uT 4T0 Mexay c¢(U), ¢(V) n ¢(U + V) nmeercst anrebpandeckoe co-
orromenne suga F(c(U),c(V),c(U+V)), nne F' - HOTUHOM OT TPeX mepeMeH-
HBIX C KOMILIEKCHBIME Ko dunmentamu. B kauecTBe npumepa Takoit pyHK-
A MOYKHO TIPEJJIOXKUTH JI00YIo ajireOpandeckyio dyuknuo. OaHaKo He
TPYJHO HaiiTh u HeanreGpanveckue npumepbl. Hanpumep e!, sin(t), cos(t).
Teopema Beiiepuirpacca [4], [5] naer nosnnpiit cimcok rakux GyHKIuii.
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Teopema BeiiepimTpacca: Eciu ronomMopdHBIil 371eMeHT aHAJIATHATE-
ckoit byukimn ¢(t) yaoBreTBopsieT B HeKOTopoii obsractu pocrpancrsa (U, V)
cooTHOMEHNIO (4), T.e. anreGpanvIecKkoii TeopeMe CJIOKEHUA, TO STO BO3ZMOK-
HO B OJIHOM U TOJIBKO OJIHOM U3 TPeX CJIyJaes:

(1) anrebpauueckuii - ¢(t) = n(t),

(2) mepuommaeckuii - c(t) = n(e),

(3) mBosikonepuoamyeckuii - ¢(t) = n(p(t)), rue n(s) - npousBoIbHAS ATTe0-
pandeckasi GyHKnus, a (t) - ne-pynxius Beffepruirpacca, mocTpoeHHAsT 110
pererke L(wy,ws), Tae (wy,ws) ee obpasyiomiye.

s camoit dbyukuun Beitepiirpacca w = (U + V') Bbipazkaercs depe3
u=pU)unv=pV)cnomonmpo dyuxun |4

w=uov=p(p (u)+p ) =—(utv)+ \/H<U) — \/H(U> 2

o(p o 2 (0 0)
rie H(t) = 4t3 — got — g3 - KyOudeckunii MHOrOUIeH Ge3 KPaTHLIX KOPHEH B
dbopme Beitepmrrpacca (u o v - "smmnrudeckoe cioxkenne'). Hemocrosinuas
anrebpamyeckas pyHKIWA, KaK HE TPYIHO BHIETb, MOXKET IONACTH JIUIIb B
OJIUH U3 TPeX KJIACCOB.

Teopema 1: Eciu P(z,y) - anrebpandeckast (pyHKIHUS IBYX [MepeMeH-
HBIX AHAJATHICCKON CJI0KHOCTH €IUHUIIA, TO OHA HMEET OJHO U TOJBKO OIHO
IPEJICTABICHUE BUJA
(1)P(z,y) = v(a(z) + 5(y)) (amguTuBHOE HpECTABICHHE).

(2) P(x,y) = v(a(z) - 5(y)) (My IbTUIIHKATHBHOE HPEICTABICHHUE).

(3) P(x,y) = v(a(x) o B(y)) (3mmunTudeckoe npejcTaBieHue),

rae (a, B,7y) - aqrebpanvHbL.

Jlokasameavemeso: B cuy (4) k ¢(t) npumennma reopema Beitepuirpacca.
J/I1g mepBOTO caydas ¢ - ajredpanvHa, u, TeM caMbiM, a 1 b - Toxke. [Tosty-
qaem P(z,y) = vy(a(z) + 5(y)), rae («, 5,7) - anrebpanvnb.

g BToporo:

T=c(t) =), t=c(1)=1/AIn(y7 (7)),
a(z) =1/AIn(y"(6(2))),  bly) =1/AIn(y " (&())),



MTO3TOMY

c(a(z) )
Y(exp A1/ AIn(y " (¢(x))) + 1/AIn(y " (¥ () = v(a(x)B(y)),
rae oz) =y (),  Bly) =" (W(y)).

ln1g TpeTrbero:

=c(t) =v(p(t)), 1 (
o (v o), bly) =9 (v Wy
nosromy P(z,y) = ¢
Yplp™ (Y (o(2) + 97"
Y(plp™ (a(2) + o (By)) = v(plp~ (a(x) o o~ (Bly
vie a(z) =71 (o(x), Bly) =" (¥()).

( )

J11st 3aBepIIeHNs JTOKA3aTeIbCTBA TEOPEMBI OCTAIOCH ITOKA3aTh, ITO (u-
TYPHPYIOIIHE B TeOpeMe KJIACCH aarebpandecknX (pyHKIHUi CI0KHOCTH OJIUH,
HE IIEPECEKAIOTCH. DTO CJIeAYeT U3 €AMHCTBCHHOCTH HPEICTABICHUS AHAIIN-
trdeckoit gyukiun B Buge (1) ¢ menocrosuusivu (a, b, ¢) (cM. HEKe JeMMa
2 u yrBep:KaeHue 3).

JIemma 2: [Tycrs Tpu Henmocrosiaabie TostoMmopdubie dyukmum (a(t), b(t),
IpUYeM Ha OTKPBITOM MHOXKECTBE IJIOCKOCTH (I, %) UMeeT MECTO COOTHOIIe-
aue c(a(z) +0(y)) = x4y, Torma a(z) = (x +p)/k, bly) = (y+q)/k, c(t) =
kt — (p+4q)), tae k # 0.
oxazamenvcmeo: TlpomuddepennupyeM TOXKIESCTBO 1O = U 1O y. B cumy
HENOCTOSTHCTBA ¢ U b nosydaem, aro ¢’ = 0 u ¢(t) = kt + [, oTKy1a, B CBOIO
oYepe/ib, CJIeJyeT, 9YTO ¢ U b TakKe JUHEHHB U 9TO (a, b, c) HMEIT yKa3aH-
HBI BU.

N3 nokazaHHOI JIeMMBI TOJydaeM YTBEPKIeHNe O e TMHCTBEHHOCTH TIpeI-
craBjeHus st PYHKIMA 11epBOro KJacca.

Yreepxkaenune 3: Ecaun c(a(z) + b(y)) = C(A(x) + B(y)), 1o A(z) =
(a(z) +p)/k, Bly) = (b(y) +@)/k, C(t) = c(kt = (p+q))-

Aoxasamenvcmeo: B obsracTu onpeneneHus roaoMopdHOTO 3JIeMeHTa 3TON
dyukiun BoibepeM 3HAUYEHUS T = To U Y = Yo TaK, 4TO a - oOparumMa B
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OKPECTHOCTHU Xy, b - 0OpaTHMa B OKPECTHOCTH Yo U ¢ - 00OpAaTUMa B OKPECTHO-
cru tg = a(xg)+b(yo). B xkauecTBe ob1acTn u3 seMMbl 2 BO3bMEM OKPECTHOCTh
(x0,Y0), B KauecTBe (DYHKIMI 3JeMeHTHI, mpejcTaBisione (a,b,c)). 3ame-
Had r Ha a ' (7) u y ma b~'(y), noayuaem

ctoC(Aoa () +Bo b_l(y)) =x+y

U3 jemmbl 2 mosydaem, uto Aoa'(x) = (z +p)/k, Bobl(y) = (y +
qQ)/k, c1oC(t)=kt— (p+ q). oTKya cleyeT Halle YTBEPKICHHE.

B npocrpancrBe (byHKIH JIBYX ePEMEHHbIX JIEHCTBYET ciejytomas (Ka-
JUOPOBOYHAS) TICEBIOTPYIINA

G ={z(z,y) = x "(z(e(x), ¥(¥)))},

rae (¢, ¥, X) - POCTKH HEMOCTOSHHBIX aHAINTHIeCKuX dyHKuit. fcmo, aTo
9TO JIeCTBUE He MEHSEeT CJA0KHOCTH U UTO (DYHKITUHU CJIOXKHOCTH OJIUH - 9TO, B
rogrocTH, opouTa dyuKun (r 4 y). T.e. Mo OTHOMEHUIO K 9TOMY IeHCTBHIO
Bce (DYHKIUW CJIOYKHOCTH OJIMH dKBUBAJEHTHBI. KC/Iu 2Ke [jIsT MOCTPOeHMUsI
JeACTBHSI UCIOJIb30BATh TOJBKO ajrebpamdeckue GyHkuuu (¢, 1, X), TO 1m0
OTHOIIEHHUIO K 9TO# MeHbInei ncesaorpymnne GA KIaccoB 9KBHBAJICHTHOCTH
cramoButes Gombire. O6osmaunm depes CL8 nepecedenne Cly ¢ COBOKYIIHO-
cThIO ajrebpanyeckux (PYHKIUH IBYX nepemMennbix. fcHo, aro GA neiicrayer
na C19%. Teneps Teopemy 1 MOKHO mepebOpPMYIHPOBATD TAK.

Teopema 4: Ilo orHOmenno K meidcTeuio GA COBOKYIHOCTD aJredpan-
. !
geckux GyHKmii nepsoro kiaacca - Cl7"Y 5170 cOBOKYNHOCTH 0pOUT

r+y, Y, TOY

OyHKINA T+Y U TY - 3TO KOHKPETHbIE (DYHKIMK ABYX MePEMEHHBIX, TOTIA
Kak pyHKIUA 1oy, CBA3anHad ¢ ne-gpyuknueii Beiflepimrpacca 3apucut BMecTe
¢ Hell 0T ABYX CBOGOIHBIX TAPAMETPOB, HAIPAUMED, Haphl nepuoos. [Tosromy
yMecreH cjieiayonuii soupoc. Ilycrs x ¢ y coorBercrByer p(t, wy,ws), a oy
coorBercTBYeT O(t,W1,ws). [Ipu KAKOM COOTHOIIEHUH HA TH Haphl ApaMeT-
poB PYHKINU T ¢ Y U Y SKBABAJIEHTHBI ¢ TOYHOCTBIO 10 IPeoOpa30oBaHud
u3s GA? Bor orser.



YrBepkaeHne 5: OyHKnum roéy U T © Y SKBUBAJICHTHBI, T.€. TPUHA/ITE-
Kat otHO# opouTe G.A B TOM U TOJIBKO TOM CJIydae, KOTa PEIeTKr IePUOI0B
COBNAJAIOT C TOYHOCTHIO /IO YMHOXKEHHS Ha HEHYJIEBYIO KOMILIEKCHYIO KOH-
CTaHTY, T.e. W = kwy, We = kws. Ilpu sTom po(t) = o1 (t/k).
Jlokasamenvemso: Tlyetb xdy u o © y IKBUBAJEHTHBI, T.e. 2oy = c(a(z) ©
b(y)), tme (a, b, c) - Henmocrostaubie anredbpandeckue dbyumuu. [Iycts ©;(t) =

o(t,wi,ws), p2(t) = p(t, w1, ws). Umeem

c(pr(pr (a(@)) + o1 (b)) = pa(p2 (2) + 927 (1)

Torna yrBepxKaeHre 3 MO3BOJAIET 3aKIIOUYHTH, IYTO

71((1(%) — p2_1<l’> +p 71(1)(2/) — 92_1<y) + q

01 L o P c(p1(t)) = po(kt—(p+q)),

—1 —1
oTKyHa, panee, a(r) = QI(W), b(y) = gol(W). DuunuaecKuit

unrerpan ; (t) - 910 GeckoHeuHO3HAYHAH AHAJIMTHYECKAs (DYHKIMS, YbU
POCTKH B (DUKCHPOBAHHOI TOYKE OTIMYAIOTCSA Ha KOHCTAHTHI BHIA

ma (IJ1 +m2 (1)2

]{: )
09TOMY (QYHKIUH ¢ ¥ b MOTYT ObITh KOHEUHO3HAYHBIMHE JIHIIb B C/Iydae, KO-
. L __ w1 Wa o _
ra o6pas BTopoii pemreTkn ;¢ = L(%%, “?) comep:Kures B mepBoit L = ((ﬁjl’ wo).

B cuny obparumoctu geitcTBus moaydaeMm oOpaTHoe BKIodenue, T.e. L = kL
U, TeM caMbiM, (o(t) = ©1(t/k). YTBepKaeHue JOKa3aHO.

Urak, Bce anarebpamveckue (PYHKINA AHATATHICCKON CJIOKHOCTH OITUH
- 9TO COBOKYITHOCTH OPOUT TPeX OMHAPHBIX OMEPAIHil LTUITUIECKOTO CJI0-
JKEHWST, YMHOZKEHHUSI 1 OOBITHOTO CJIOYKEHUS O/ AeficTBreM ajredpantieckoit
KaanopoBouHOi rpynnbl GA. [Ipu 9TOM /IHITHYECKOE CIOKEHHE SIBJISIeT-
cg 0a30Boil oneparueil, yMHOKEHHE BO3HHKAET, KaK IPEICJbHBINA Iepexos
Wy — 00, a CJIOXKEHHe, B CBOIO O4Yepelb, KaK IpedebHbIH Iepexon wi —
00, Wy — OQ.

Bo3moxuoCcTh hakTOpU3aInm Mo KOMILIEKCHOMY YMHOZKEHUIO, TO3BO,ISIET
3a/aBaTh amnrrdeckne” opouThl ogHuM mapamerpom. [omaras k = 1/w;
MBI mpeBpaiiaeM pemerky L(wi,ws) B pemerky L(1,7). 3amena 7 — —7 He
MEeHSIeT PENIeTKH, II09TOMY MOXKeM IoJjiarathb, 4to Im 7 > 0. OcraBimuecs guc-
KDPETHBIE CTENEHU CBOOOJbI ONMMCHIBAIOTCS JefiCTBUEM MOJYJISIPHOW TDYHIIbI
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[6]. TTocne dbaxkTopuzanuu BepxHEil MOMYIIOCKOCTH MO JEHCTBUIO MOIYJISIp-
HOIl TPYNIBI MBI HOJIYYa€M OJHOMEPHOE KOMILIEKCHOe MHOroobpasme ¢ 0co-
GernnocTsivu (opbudona), romeoMopdHOe JIBYMEPHOH BerecTBeHHON TJI0C-
koctr. Toukn roro opbudo/1a HaXOAITCA, ¢ OTHOR CTOPOHBI, BO B3aUMHO
OJTHO3HAYHOM COOTBETCTBHUH C dJLIMOTHYeCKHM opbutamu GA, a ¢ apyroi c
KaaccaMu ahGUHHO IKBUBAJTEHTHBIX PEIIeTOK, T.e. ¢ KOMILIEKCHBIMEI CTPYK-
TypaMu Ha 2-MepHOM TOpe. PaKTOPbI 110 BBIPOXK/IEHHBIM PEIIETKAM, -
JWHAP W IJIOCKOCTh, TaKKe, ¢ OJTHOI CTOPOHBI, COOTBETCTBYIOT YHUKAJIBHBIM
orepanusaM, YMHOXKEHHWIO W CJOKEHWIO, a C JAPYTOH, MONMYCKAIOT €JIWHCTBEH-
HbIe KOMILIEKCHBIE CTPYKTYPHI.

B nportecce paboTsl HaI cTaThEH aBTOP UMEJ MJIOJOTBOPHBIE 0OCY K ACHUS
¢ A.B.lompuasim 1 1.B.ApTaMKIHBIM 3a 9TO OH BM OJ1arojape.

ABTOp paccMaTpuBaeT JAHHYIO MyOJHKAINIO KaK CBOl CKPOMHBIH BKJIAI
B Tipojiojikatonieecs mpazaaoBanne 200-geTud co JiHS POXKIAEHUS BEJIUKOTO
Hemerkoro maremaruka Kapsa Teomopa Buirbresnma Beiieprirpacca.
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