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B pabore cTpouTcst mpuMep BCIOIY BBIPOXKICHHON TEBATUMEDPHOM BEIIECTBEHHOI TOBEPXHOCTH
B C” tuma (2,5) ¢ 16-MepHO#l rpymmoil TOJOMOP(MHBIX CUMMETPHl U MOKA3LIBAETCS, YTO
MAaKCHMYM Pa3MepHOCTeH IPyIi rosfoMOPMHBIX CHMMETPHU 10 BCEM BIIOJIHE HEBBIPOXKIEHHBIM
MOJIEJTBHBIM ITOBEPXHOCTSAM JaHHOro Tuma pasen 14. Takum ob6pazom MakcuMym pa3MepHOCTE
110 BCEM POCTKAM C KOHEUHOMEPHBIMHU IPYIIIAMU JOCTUTAETCA Ha BIPOXKIEHHON TOBEPXHOCTH
7 TTIOCTPOEHHAdA TTOBEPXHOCTD ABJIAETCH KOHTPIIPUMEPOM K TUTIOTE3€ O PA3MEPHOCTH, KOTOPasd

TTOIBEPTAETCS KOPPEKITUH.

B pa6ore [1] ¢ pocTKOM KazK 1010 BIOJIHE HEBBIPOXKIEHHOIO BEIeCTBEHHOTO
OMHOTO00PAa3HsI KOMILIEKCHOTO TPOCTPAHCTBA OBLIA CBA3aHA KacaTe/bHas
BeIeCTBEHHO ITOJIUHOMHUAJIbHAA MOJE/IbHAS IOBEPXHOCTh, HEKUI aHAJI0T CONMPUKACAIOIIETOCH
napabosionia. Hampumep, eciu CXOHBIN POCTOK - 3TO POCTOK BEIECTBEHHOM
runepnosepxnoctn B C?, 3a1annblit ypasaernem Im w = \z|2—|—M0H0Mb1 CTeIleHU TPU U BLIIIIE,
TO MOJIe/IbHA TOBEPXHOCTD - 9TO MapabOJIOn,I, 33 IaHHbIH ypaBHeHHeM Im w = |z|2,
IPOEKTUBHO 3KBUBAJEHTHBINA CTAHIAPTHON TpexMepHoil cdepe. MomenbHbie
IIOBEPXHOCTHU 3aMevdaTe/IbHbl BO MHOI'MX OTHOIIIEeHUHdA, B YaCTHOCTHU, TI'DYIIIA
roJ10MOP@HBIX ABTOMOPMU3MOB MOIETbHOM TOBEPXHOCTH 00J1a/1a€T €CTEeCTBeHHOI
CTPYKTYPOil rpynnsl JIu, caMa 3Ta MOBEPXHOCTD €CTECTBEHHO OTOXK IECTBIAETCS
¢ MOArPYIIO# 9TOU I'PYIIILI, a JIOKAJIbHAS IPYIIA FOJOMOP(PHBIX aBTOMOP(MU3IMOB

I Pabora BBINIONIHEHA TIpH (DUHAHCOBOI MoOIep:KKe rpanTos PO®U 05-01-0981 u HIII-
2040.2003.1

2119899 Mocksa, BopobneBbr Topbl, MOCKOBCKHH TIOCYJAPCTBEHHDLIH yHHBEPCUTET,
MexaHuko-Maremarudeckuit dpaxkynbrer, vkb@strogino.ru



POCTKA UCXOTHON BIIOJIHE HEBBIPOXK AEHHOM TOBEPXHOCTH, JTOKAILHO BK/IaIbIBAETCS
B IpyIIly aBTOMOPMU3MOB MojieibHOM. [Ipu 3TOM ec/in oBepXHOCTH HE COBIAIAET
€O CBOell KacaTe/IbHON MOICJIbHON HOBEPXHOCTBIO, TO 3TO BJIOXKEHUE B KQUeCTBE
cobcTBeHHOIO 1oMHOrooOpasus. Takum obpaszom, MOAeIbHAS IIOBEPXHOCTD
CUMMETPHYHEE HCXOAHOTO BIOJIHE HEBBIPOXKIEHHOI'0 POCTKA. DTO YTBEPIK/ICHHE
MOYTH ABTOMATHYECKH PACIPOCTPAHSIETCS Ha POCTKH, BIIOJTHE HEBBIPOK IeHHBIE
B TOYKE OOIIEro MO/I0KEHNUsT, HO He PACIIPOCTPAHSIETCS Ha, POCTKU, HE SBJISIIOIIUECS
BIIOJTHE HEBBIPOKAEHHBIME BCIOAY. OHAKO [1/1 MPOU3BOIBHOIO POCTKA BEIECTBEHHO
AHAJIUTHIECKOI TTOBEPXHOCTH PA3MEPHOCTH d 1 Kopa3MepHocTn K 6e3 KaKux-
JIE0OO MIPEIITOTOXKEHHH O HEBBIPOXKICHHOCTH TPEICTABIISIACH HPABIOIOI00HON
CJIeIYIONAs aJIbTepHATHBA: KOO Pa3MePHOCTD JIOKAJIBHOM IPyHIIbl OeCKOHEYHA,
JinbO OHA He MPEBOCXOUT MAKCUMYMa PA3MEPHOCTEH MOJIe/IbHBIX TTOBEPXHOCTEIH
TeX yKe Pa3sMEepHOCTH U KOPa3MePHOCTH (OH BCerja KOHedeH). DTa MHmoTesa,
KaK HETPYAHO BUJIETH, CIIPABEJINBA JJIS TPEXMEPHBIX THIEPIOBEPXHOCTEN
B C2 B [2], [3] ona Gbuia gokasaHa JJis 9eTBIPEXMEPHBIX M MATHMEPHBIX
nosepxnocteii B C3. Llesb 1aHHO# pabOTH - HOKA3aTh, 4TO B JaHHOH (DOPMYINPOBKE
IUIIOTe3a HAPYyIIaeTcs s JIeBATUMepHbIX nosepxHocreit B C7.

[IpuMepoM Taxoil TOBEPXHOCTH ABJIAETCH HOBEPXHOCTD, 3ajannag B C7
YPaBHEHUAMHA

Imw, = |z)%, Imw; = |2, Imws=|z[*2Re 2z,
(1)

Imwy = |2|°2Im 25, Imws = |z*

DTa MOBEPXHOCTH MPeICTABIAET COOOM TPAMOe MPOU3BEICHIE JIBYX MOJIEIbHBIX
nosepxHocreii: TpexMepnoit cepbt Imw; = |21|* B C? u mecrumepHoit MojiebHOI
nosepxnoctu B C° Buga

Imwy = |2[%, Imws=|z[*2Rez, Imw, = |2[*2Imz, Imws = |2|* (2)

PasMepHOCTD rpyIbl IepBOii MOBEPXHOCTH, KAK XOPOIIO M3BECTHO, - BOCEMb
u BTOpoii ([4]) - Toxke Bocemb. MOKHO TTOKA3aTh, 4TO IPYTIIA 3TOTO MTPOU3BEIEHNS
eCTb IIPAMOE POM3BEICHHE IPYIIIL, HO, Jlazke HE AleJIUPYd K TOMY, MOXKHO
YTBEPKIAThH, YTO €€ Pa3MePHOCTh He MEHBIIe MIeCTHAIIATH.

Ob6a COMHOXKUTE/I UMEIOT OJJHOMEPHYIO KOMILJIEKCHYIO KaCATeIbHY IO, T.€.
nepBas - 970 noepxHocTh THiA (1,1), a Bropas tuna (1,4), Takum 06pa3om ux
npousBesierne nveer tun (2,5). [Iponsseenne ABYX MOJIEIHHBIX TOBEPXHOCTEI



He SIBJISIETCSl MOJIEIbHOI MOBEPXHOCTHIO TUTA (2,5), HATPAMEDP MOTOMY, UTO
OHO HE {BJIIETCS BIOJHE HEBBIPOZKIeHHBIM. [lo/THAS HEBBIPOXKIEHHOCTD O3HAYAET,
4TO pacCIpeeIeHie KacaTe/IbHbIX IPOCTPAHCTB MOy YaeTCsd U3 pacipeleIeHud
KOMILITEKCHBIX KaCaTeJbHBIX C TOMOIIBIO OllePAIIHii B3ITHA CKOOOK BEKTOPHBIX
oJieii cIroco60M, ONTUMAJIBHBIM B CJIEIYIONEM CMbICIe: KaXK0e IPUCOeTHHEeHHe
HOBBIX KOMMYTaTOPOB JIaeT MaKCUMaJIbHO BO3MOXKHOE yBeJINYeHHe Pa3sMepHOCTH
pacupejesennst (10 BbIX0/[a Ha HOJHYIO Da3MePHOCTb).

B coorBercTBUM € 3TUM, 9TOOBI MOJYYUTh U3 KOMILIEKCHO JIByMEPHOit
KOMIIJIEKCHOW KacaTeJIbHON JJOMOJHUTEbHBIC TATH PA3MEPHOCTER HAN0 B34ThH
YeThIpe OTHOKPATHBIE CKOOKH M OJIHY IBYKpaTHYO. [ [prueM BIOTHE HEBBIDOXK TeHHA
MOJIeJIbHAST TIOBEPXHOCTH TUTIA (2,5) MMeeT CJIeyIonuil B/

Imw, = |z/?, Imw; = |2, Imws=2Rez%, Imws=2Imz 2%, (3)
Imws =2Re P(z, 2, 2),

rae (z, z, Z) MPOM3BONLHBIN He PABHBIN TOKIECTBEHHOMY HYJIIO BEIIIECTBEHHBIH
MHOTOWIEH OT (21, 22, 21, Z2) Oucrenenu (2,1), 1.e. crenenu 2 1o rosoMophHbIM
HepEeMEHHBIM U CTeHeHH 1 0 aHTHIOJI0MOPQHBIM.

Bce MozesibHBIE TTOBEPXHOCTH TOJOMOP(MHO OJHOPOIHBI, TIO9TOMY BOIPOC
0 pa3MepPHOCTH IPYIIIBI ABTOMOPMU3MOB CBOIUTCA K BOIIPOCY O PA3MEPHOCTH
cTabUIN3aTOPa TOUYKH. B 9acTHOCTH, YTBEPXKIACHUS O PA3MEPHOCTAX IPYIII
HAIIUX COMHOXKUTEJIeH 9KBUBAJICHTHBI TOMY, YTO CTAOUIU3ATOP HEPBON uMeeT
pPa3MepHOCTb MsIThb, a BTOPOi jABa. BbLio Obl He TPYJHO MOKAa3aTh, UCXOJA
HEIOCPeICTBEHHO W3 omnucanust anredpwr Jlu [5], coorBercrBytoreii rpyre
IMOBEPXHOCTU 3, 9TO ajrebpa CTabHUIX3aTOpa COCTOUT TOJBKO U3 HYJIEBOM
IpayIPOBAHHON KOMIIOHEHTHI, COOTBETCTBYIOIIEH JIMHEHHOM TOArPYIIITe CTAOUIN3aTOPA.
Ho, K cuacThio, COOTBETCTBYIOIIEE YTBEpKIeHHe B 00IIeM Buje (I BCex
KyOMYeCcKIX MOJIEJIbHBIX TIOBEPXHOCTE ) HeJaBHO ObL10 gokazano V. Koccoseknm
|6] m MBI MOKeM Ha Hero cociaThes. Takum 00pa30M HHTEPeCYOInii Hac
crabunmszarop uzomopden mogrpynme L rpymnsl GL(2,C), cocrosieir u3
npeobpazosanuii {z — Cz}, coxparsiionux Maorowiet ®(z, z, Z) ¢ TOYHOCTHIO
70 HemyaeBoro MuoxkuTend, T.e. ®(Cz, Cz, Cz) = p®(z, z, 2). Ecin B KadecTse
A B3aTh A = p'/3 1 mosokure C = AA, T ycioBue Ha moarpymiy L mpaver
sun ®(Az, Az, AZ) = ®(z, 2, Z), T.e. Hallla PPy - 3TO MPAMOE TPOU3BE/ICHIE
R* na moarpymnmy Ly, COCTOSILYIO N3 INHEHHBIX Tpeobpazosanmii C?, coxpaHsIommx
®(z, z, ). Anrebpa JIu, coorBerBeTByOMIast Lo, OMpeIeaseTcst COOTHOIEHHEM
BHIA,

20(az,z,2) + P(z,z,az) =0 (4)
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g Toro 4To6bl aHATH3UPOBATL TO COOTHOIMIEHHE MoaoKuM P(z,2,Z) =
01(2,2)21 + ¢a(z,2)22, THE O W ¢o ABe KBampaTHdHbe (DOPMBI OT JBYX
epEMEHHBIX. YCJI0BHE HEBBIPOKIECHHOCTH O3HAYAET, YTO XOTdA ObI OJHA W3
THX POPM He paBHA HYJIIO0 TOXKIeCTBEHHO. COOTBETCTBYIONIHE UM OUTHHEHHbIE
bopMBI 3amuIIeM KaK ¢j(27 ()= PjZICI+Qj(21C2+ZQCI)+RJ'22<27 rae ) = 1,2,
Ty T2

a 3JieMeHThl MaTpunbl A 0003HAYNM vy g | TOIJa IOJICTaBJISAS BCE
510 B ycsobue (4) u oraensist KoadHUIueHTs Tpy MIEeCTH MOHOMAX HAalei
Kyounueckoit (popMbl, 10J1ydaeM

2P 1 + 2Qx3 + Pixy + Pars =0

Q171 + Rizz + Q1vg + Pizg + Q171 + Qo3 =0
20122 + 2R1x4 + RiZ1 + Ros =0

2P + 2Q2x3 + P17y + Poiy =0

Pyxy + Qa1 + Qary + Roxz + Q172 + QoTy = 0
2Q219 + 2Roxy + R1To + Roxy = 0.

[Tokarkem, 9TO BeMIECTBEHHAS PA3MEPHOCTH ITPOCTPAHCTBA PeIIeHuit ITOM
BEIECTBEHHO JIMHEHHO CUCTEMBI Yy PABHEHHIT OTHOCHTETHHO BOCHMU TIEPEMEHHBIX
(BeIecTBEHHBIX U MHUMBIX YacTeill Xy, T, T3, T4) HE MPEBOCXOINT YETHIPEX,
IPU YCJIOBUH, UTO XOTS OBl OJUH M3 IIECTH KOMILTEKCHBIX KOI(PMUIHEHTOB
(P1,Q1, Ry, Py, 2, Ry) oTsinden or HyJsl.

Eciu Py # 0, 10 13 n1epBoro u Broporo ypaBHEHUsI T1 U To BbIPAKAIOTCSH
qepes X3 U Ty U PA3MEPHOCTH, TEM CAMBIM, He BbITIe YeThipex. CHMMeTPUIHBIM
obpazom eciu Ry # 0, TO M3 TECTOTO U MSITOTO YPABHEHUH T4 U '3 BEIPAYKAIOTCS
Yepe3 1 U To W PA3MEPHOCTh, TaK:Ke, He Bblle 4deThipeX. llycTs Temepsn
P, = Ry = 0 u cucreMa IpuHHMAaET B

20113+ Pz =0

Q171 + Rixg + Qg + Q171 + Q273 =0
2Q1x9 + 2R1x4 + R1T1 =0

2Py + 2Q2x3 + Poiy =0

Poxy + Qoxy + Qoxy + Q172 + QoTy = 0
2Q219 + R1To =0

Torma, ectn Q1 # 0, TO U3 BTOPOTO ypaBHEHUs BbIPaykKaeM T4 depe3 Ty U
X3, & U3 TPETHEro - Ty, T.€. PA3MEPHOCTDb HE Bbille YeThipex. CuMMeTpUIHO
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ecmn Q3 # 0, TO U3 MATOrO YpABHEHUsI BBIPAYKAEM Ty Y€DE3 To U Ty, & U3
YETBEPTOTO - X3, U Pa3MEPHOCTh TOXKE He Bbille derhipex. [lycrh remephb
@1 = Q2 = 0, Tora cucrema MPUHIMAET BH]

Pr3 =0
Rix3 =0
2R1x4 + R1Z1 =0
2Px1 + Py =0
Pyxo =0
Rz =0

U3 KOTOPOTO Cpa3dy BUIHO, UTO €CJIU XOTSI OBbI OJIMH U3 OCTABIINXCA apaMeTPOB
P, unin Ry oTimdeH OT HYJsI, TO pa3MepPHOCTH He BBIIIE UeThIPeX.

PasmepHocTh yeThipe peannsyercs, HalpuMep, B ciaydae, ecian P = 1, a
BCe OCTaJIbHBIE TTAPAMETPhI PABHBI HYJIIO, T. €. Jist opmbl Buga P(z, z, 2) =
2271, Taxum 06pazoM, pa3zMepHOCTDb CTabHIN3aTOPa TOYKH Y 3TOM IIOBEPXHOCTH
paBHa 1+4=5, a pa3mMepHOCTb MOJHOH rpymnnbl 3ro 9-+1+4 = 14. Uraxk,
Pe3IOMHUPYS Oy IaeM

Teopema: PazmeprnocTs crabuinzaropa TOYKHU B IPYIIe aBTOMOP(MU3MOB
BIIOJTHE HEBBIPOXKJIEHHOTO POCTKA THIIA (2, 5) He MPEBOCXOUT MSITH, & PA3MEPHOCTH
MOJTHOM T'PYIIIBI - YeTBIPHAIIATH. DTA ONEHKA TOYHA, OHA peau3yeTcd JIjisd
MOJEIBLHON noBepxHocTH ¢ ®(z, 2, 2) = 217.

CrangapTHBIM PACCY KIEHNEM MOYKHO ITOKa3aTh, YTO OmeHKa 14 ocraercs
CHpaBe,ZLﬂI/IBOfI " aJid pOCTKOB BIIOJIHE HEBBIDOKACHHBIX JIUIIL B TOYKE 06mer0
moJIoKeHus. JIpyruM cTaHIapTHBIM PACCy K AeHHeM, alleJUTHPYIONIM K (hOpMaTbHOM
HOPMAaJIbHON (hbOpMe, MOYKHO MOKA3aTh, UTO €CJU Y BIOJHE HEBBIPOXKIEHHOTO
AHATUTUYECKOTO POCTKA PA3MEPHOCTh CTAaDWIM3aTOPa HAa MAaKCUMyMe, T.e.
paBHa 5, TO POCTOK SKBUBAJIECHTEH MOICIbHON IIOBEPXHOCTH YKA3AHHOTO BU/IA.

Nrak, runoresa, B npexkueit (GoOpMyTHPOBKE, OKa3aach HEBEPHOI. A BOTIPOC
ocrancd. Kakoit kiace moBepxHocTeil purcupoBanaoro CR-tuna nperenyer
Ha POJIb CAMBIX CHMMETPUYHBIX? BOT HOBas peakiius, KOTOpast MpecTaBIsgeTcs
€CTeCTBEHHOIl, B CBeTe MMOCTPOCHHOTO MTPUMEPA.

Maxcumym pasmeprocmeti AOKANOHUET ABMOMOPHUIMOE N0 BCEM POCTKAM
Purcuposartozo C R-muna ¢ KOHEYHOMEPHBIMU AETOMOPHUIMAMU JOCTUZAETNCA
HA NOGEPTHOCTIU, KOMOPAA NUOO ACAAECMCA MOJEALHOT NOBEPTHOCTBIO, AUOO
pacnadaemes 8 NPAMoe NPou3sedeHue ModeNbHbLL.
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