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Abstract. In [6], to a completely nondegenerate germ of a real submanifold of a chosen
CR-type (n,K) in a complex space, we assigned a tangent polynomial model of the sub-
manifold. In the present paper, we construct the moduli space M(n, K) of the family of
polynomial models, i.e., the space parametrizing the holomorphically nonequivalent polyno-
mial models. The space thus obtained is used to construct C' R-characteristic classes.

DOI: 10.1134/S1061920806030022

1. INTRODUCTION

To every germ of a completely nondegenerate real submanifold of a complex space, we can assign
a polynomial model of the submanifold [6]. This correspondence (germ — model) is holomorphi-
cally invariant. In this correspondence, the linear equivalence of model surfaces corresponds to the
holomorphic equivalence of germs. The factorization of the family of model surfaces of a chosen
type by the action of the linear group gives the moduli space, which is a remarkable object in
many aspects. [ts geometry represents the geometry of the entire given C R-type in the large. The
nontrivial properties of the topological structure of the moduli space enables one to introduce a
series of new characteristics (C' R-characteristic classes) invariant with respect to smooth isotopies
on an arbitrary completely nondegenerate submanifold.

2. EXAMPLE

The situation of the least dimension for which this construction is meaningful is the 6-dimensional
real submanifold of a 5-dimensional complex space. Let M be a completely nondegenerate mani-
fold [6], i.e., a smooth (C'*°) submanifold which is given by equations of the form

Swy, = |Z|2 -+ Fl(Z,E, §Rw1,§Rw2,§Rw3,§Rw4),
Swy = |2|* 4+ 2R2%Z + Fy(z, 2, Rw, Rws, Rws, Rw,),
Sws = |2|? 4 232%% + F3(z, 2, Rwy, Rws, Rws, Rwy),

Swy = 2%(0,2’35) + b|2”4 + F4(Z, Z, Rwy, Rws, Rws, §Rw4)

in a neighborhood of each point of the submanifold, where a is a complex number, b is a real
number, (a,b) # 0, and the quantity Fj(tz,tz, t*Rwi, t*Rws, t3Rws, t*Rw,) is o(t?) for j = 1, o(t?)
for j = 2,3, and o(t?) for j = 4 (we shall interpret these conditions below in terms of a certain
grading). Note that this manifold has a 1-dimensional complex tangent, has codimension 4, and
is generating. The condition that a manifold has a representation of this kind is a nondegeneracy
condition indeed. This means that, in the space of values of the 4-jets at a point, the germs satisfying
this condition form an open dense set and the complement of the set is a proper algebraic subset.
The condition of complete nondegeneracy has the following interpretation: the length of the graded
Levi-Tanaka algebra is the minimal possible in this situation, namely, it is equal to four.

The real algebraic surface Q(M) given by

Swy = |2)?, Swy = |2|* + 2R2?Z, Sws = |22 + 23272, Swy = 2R(az32) + b|2|*,
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is referred to as a tangent model surface of the manifold M at the point corresponding to the origin.
It is of importance for our purposes that the model surface is not unique and depends on three
real parameters. The action of the local holomorphic transformations on the surface M induces a
linear action in the three-dimensional space of real polynomials of the above form. An action of
GL(1,C) @ GL(1,R) on this space is induced and has the following form:

if (re',p) € GL(1,C) ® GL(1,R), then (re®, p)(a,b) =r*p~(ae??,b).
This action can be treated as the following action of U(1) on RP?:
(Ra : Sa : b) — (R(e2)a: F(e*Pa) : b).

One can readily see that the real rational function |a|? /b? separates the generic orbits of this action,
and therefore (see [1]), this function is the generator of the field of rational invariants of this action.

This function defines a regular mapping from RP? to RP' given by
(Ra : Sa : b) — (|a|* : b?).

The image of this mapping is the entire space RP'. For this reason, we refer to this space as the
moduli space of model surfaces for the manifolds of this type and denote it by M. The points of
this space, which is topologically a surface, are in a natural one-to-one correspondence with the
family of orbits of our action.

If the moduli space of the model surfaces is topologically nontrivial, then we can use it to define
the corresponding CR-characteristic classes on a manifold of type (1,4). If M is a completely
nondegenerate manifold of type (1,4), £ is a point of M, M is a germ of M at the point &, and
Q(Me) is a tangent model surface of Mg, then the composition of the mappings

&€ M— Mg — Q(M;¢) — a point of the manifold M
canonically defines a “Gaussian” mapping
r': M— M(n,K).

The one-dimensional cohomology group of the circle H'(M(1,4),7Z) is isomorphic to Z and, if w
is the generator of the group, then the form 2 induced by the mapping I' on M is invariant with
respect to the holomorphic mappings, and the corresponding one-dimensional cohomology class
of M is invariant in the class of smooth isotopies in the enveloping five-dimensional complex space.
The geometric meaning of this invariant is clear, namely, this is the degree of the above “Gaussian”

mapping.

3. CORRESPONDENCE “GERM — MODEL”

Before treating the general case, let us briefly recall the construction of the correspondence
“germ — model” (for details, see [6]). Let M¢ be a germ of a smooth real generating submanifold
in a complex space, let n be the complex dimension of the complex tangent, let K be the real
codimension, and let £ be the length of the Levi-Tanaka graded algebra. In this case, n + K is the
dimension of the enveloping complex space. The pair (n, K) is referred to as the type. For completely
nondegenerate manifolds, the type determines the length uniquely. A model surface of an arbitrary
type (n, K) is constructed by using a recurrent process. At the first step, one assigns the weight 1
to the variable z € C™. This is continued by a process of evaluating of some sequence of data.
Here is the list of data with the index m: the direct decomposition of the space of polynomials of
weight m into the sum of spaces of harmonic forms H,,, and its complementary space of normalized
polynomials of weight m, CH,,, the dimension k,, of the space CH,,, and the space C*» with the
coordinates wy, = Uy, + v, of weight m. The process is terminated at the fth step, where ¢ is
the length of the Levi-Tanaka algebra. The condition for the termination of the process is that the
codimension K falls into the interval

ko4 -+ ki1 <K < kot -+ kp.
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 13 No. 3 2006
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Here the excessive codimension k = K — (ko + -+ 4 ky—1) can vary from 1 to ky. Finally, a model
surface of type (n, K) is a real algebraic surface Q = Q(M¢) in C" ® C* & --- @ CFe-1 @ C* given
by the relations

V2 = (1)2('27 Z)>
Vj = (I)j(Z,E,UQ, 7“3*1)7
......... (1)
Vp—1 = q)g_l(Z,Z,'LLQ, 7uf—2>
Ve = (I)Z(Zv 27“27 ce. ,Ug_]_),
or simply v = ®(z,Z,u). Here the coordinates of ®; for j = 2,...,¢ — 1 are an (arbitrary) real

basis of the space CH; and the coordinates of ®, are linearly independent elements of CH,. Any
completely nondegenerate germ can be reduced by an invertible polynomial change of variables to
the form

Vp_1 = <I>g_1(z, Z, U2, ... ,Ug_g) + O(f),
ve=DPy(z,Z,u9,...,up—1) + O(L+ 1),

where O(m) is the sum of monomials of weights not less than m. If two model surfaces, i.e., surfaces

of the form (1), with some families of right-hand sides ® = (®5,..., ®;) and & = (Dy,..., ;) are
holomorphically equivalent, then they are linearly equivalent, and this linear transformation is of
the form

Z'_)C'Zv Wz — P2wW2, ceey We 2 PeWy,
where C € GL(n,C), po € GL(k2,R), ..., pr € GL(k¢, R) and the relations

CIDj(Cz,@, pu2, . .. 7Pj—1uj—1) == ijI)j(z, 2, U, ... ,u]‘_l) (2)
hold for any j = 2,...74.

Notation. Let us use the notation of the form (A3 B2(C) by assuming that, in this case, this form
(whose dimension is clear from the context) homogeneous of degree three with respect to A, of degree
two with respect to B, and of first degree with respect to C with linearly independent coordinates.
If the coordinates of the form constitute a basis of the corresponding space, we write [A%B2C)].

Let us look at model surfaces for several lower values of /.
For ¢ = 2, these are well-known surfaces of the form

Swy = (22),

where wy € CK. These surfaces serve the codimensions in the interval 1 < K < n?. This case differs
from the others because the nondegeneracy condition here includes not only the linear independence
of the coordinate Hermitian forms but additionally assumes that the kernel is trivial (if e # 0, then
(z,€) is not identically zero).

For ¢ =3,

Swy = [27], Swy = 2R(222).

Here the dimension of ws is equal to n?, wy € CK=F2 kg = n? (n+1), and the interval of codimen-
sions is ko + 1 < K < ko + k3.
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For ¢ =4,
Swy = [22], Sws = 2R[2*2], Swy = 2R((2°z) + (2%2%)),
where w; € CF, j = 2,3, wy € C*, ky =n2(n+ 1)(Tn +11)/12, 1 < k < ky, and
ko + ks +1< K < ko + k3 + ky.

For ¢ =5,
Swy = [22], Sws = 2R[222], Sws = 2R[2%2] + [222%], Sws = 2R((2*2) + (232%) + (222 ua)),
where w; € CF | j =2,3,4, ws € C*, ks = n%(n + 1)(15n2 + 11n + 10)/12, and

ko + k3 + ks +1 < K < ko + ks + kg + ks.

4. CONSTRUCTION OF THE MODULI SPACE
Denote by CH = CH(n, K) the space
CHE* @ - & CHY @ CHE,

where the symbol V™ stands for the direct sum of m copies of the linear space V. In this case, the
right-hand side of the equations of all possible model surfaces of type (n, K) are elements of CH. To
be more precise, when taking the nondegeneracy condition into account, these are elements of an
open dense subset CH™ of CH. Two model surfaces are holomorphically equivalent if and only if the
right-hand sides (which are elements of the space CH") belong to the same orbit of the following
action of the group GL(n,C) @ GL(k2,R) @& - -- & GL(k¢—1,R) @ GL(k,R):

(I)Q(Z, 2) — p;lq)g(CZ,@),

(I)j (Z, Z, U, . .. ,uj_l) = pj_l@j (CZ,@, pu2, . .. 7/03‘—1Uj—1)7 (3)

Bz, 2, U, ... up_1) = p 1 ®(Cz,Cz, paua, ..., pe_1te—_1).

However, the action of GL(k;,R) for j = 2,...,£ — 1 on the bases of the space CH; is free.
Therefore, when distinguishing a basis in each of these spaces and assuming that the distinguished
basis remains fixed, we see that, for a chosen C, relations (2) are uniquely solvable with respect to
p2; - .., pe—1. Denoting by 7;(C) the unique solution of the relation

q)j(cz7@7 pau2, . .. apj—luj—l) = pj(I)j(Z> Z,ug, ... 7uj—1)

with respect to p;j, we see that the mapping C +— 7;(C) is a representation of GL(n,C) into
GL(k;,R). It becomes clear now that the orbits of the action (3) are in a natural correspondence
with the orbits of the action of GL(n,C) & GL(k,R) of the form

Dy(2,2,u2, ... ug—1) — p Pe(Cz,Cz,12(Cug, ..., 7e—1(C)ue—1) (4)

on the space (CH f )*, i.e., the space of families of k linearly independent elements CH .

To take one more step, note that, when considering k-dimensional subspaces of CH, spanned
by k linearly independent elements of CH, instead of the families of these elements by themselves,
our orbits can naturally be identified with the orbits of the GL(n, C)-action induced by (4) on the
real Grassmann manifold Gry(CHy). Finally, the real scalar extensions belong to the kernel of the
action (4), and therefore, one can pass from the group GL(n,C) to the subgroup G of the matrices
C such that |det C| = 1.

The action described above is a quite traditional object of investigation in classical invariant
theory [1]. Let F be the field of rational functions on Gr,(CH,) and let F¢ be the subfield of
functions invariant with respect to the above action of G. These fields are finitely generated over R.
Moreover, the field F contains a finite set of generators Ry, ..., R, separating the generic objects.
These real rational functions define a rational mapping of Gry(CH) into RP*®. We can consider the
image of this mapping [2]. This very manifold will be referred to as the moduli space and denoted
by M(n, K).
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As well as in the example treated at the beginning, we can define the canonical “Gaussian”
mapping. If M is a completely nondegenerate manifold, £ is a point of M, M¢ is a germ of M at the
point £, and Q (M) is a tangent model surface to Me, then the Gaussian mapping I' : M +— M(n, K)
is defined as the composition

&€ M w— Mg — Q(M¢) — a point of the manifold M.

The canonical mapping I' enables one to transfer any covariant constructions from M(n, K) to M
and, in particular, to transfer the integral cohomology of M. The cohomology of M, transferred
to M by using G, define “C'R-characteristic classes” on any smooth completely nondegenerate
manifold. These classes are obviously invariant with respect to the smooth isotopies that do not
violate the complete nondegeneracy.

5. PROPERTIES OF THE MODULI SPACE

The dimension of the moduli space is determined by the dimension of the generic orbit, which
in turn is the difference between the dimension of the group and the dimension of the stabilizer of
a generic point [1]. The dimension of the group GL(n, C) @ GL(k,R) is obviously equal to 2n? + k2.
This group acts on the space of dimension kgk. The dimension of the orbit of this action is equal
to the dimension of the group minus the dimension of the stabilizer of any point of the orbit.
The dimension of the stabilizer is equal to the dimension of the Lie algebra of the stabilizer. The
equations defining this Lie algebra are linear homogeneous equations whose coefficients linearly
depend on the coefficients of the leading form ®,. Thus, a system of embedded algebraic subsets
of the space CH, arises, and this system stratifies the space with respect to the dimension of the
stabilizer. The value of the stabilizer is minimal on an open dense subset of CH,. Denote this
quantity by DS and refer to it as the dimension of the stabilizer in general position. In this case,
one can claim that an open dense subset of CH is fibered into orbits of dimension 2n? + k% — DS.
This family of orbits obviously depends on k¢k — (2n? + k? — DS) parameters. One can readily
evaluate the quantity DS. If k = kg, then DS = 2n? for any ¢. If / = 2, then DS depends on
k=1,...,n% as follows. If k = 1,n%2 — 1, then DS = n? + 1; if k = 2,n% — 2, then the case n = 1
follows from excluding considerations due to the condition k < n?; if n = 2, then DS = 4 and, if
n >3 then DS=n+1.Ifk=3,...,n% =3, then DS =2. If now £ > 2 and k < kg, then DS = 1.
We finally obtain the following assertion.

Proposition 1. If £ =2 andn =1 or n =2, then M is a point and the dimension is zero.
If¢t =2,n>3, and k =1,n?> — 1,n?, then M is a point and the dimension is zero.

If ¢ =2,n>3, and k = 2,n? — 2, then dim M = n — 3.

Ift=2and k=3,...,n% — 3, then dim M = n?(k — 2) +2 — k2.

If ¢ >3 and k < kg, then dim M = kok + 1 — (2n? + k?).

If k = kg, then M is a point and the dimension is zero.

If one fixes the value of n and considers the value of K as increasing from 1 step by step, then
the types of manifolds can be grouped into some periods indexed by the values of £. Along with the
representation of a model surface as a point in the Grassmann manifold of k-dimensional subspaces
of the space of forms of the leading degree CH, one can consider the dual representation, namely,
the representation in the form of a point in the Grassmann manifold of (k, — k)-dimensional planes
in the space of linear functions on CHy, i.e., in the dual space. This representation is constructed on
the basis of the canonical correspondence (a k-dimensional subspace) — the (k¢ — k)-dimensional
subspace of linear functions annihilating the k-dimensional subspace.

As a result, every period is partitioned into “symmetric” pairs of types,
(ko 4+ ko1 + k)« (ko + -+ kg + (ke — k).

When identifying a space with its dual space, the moduli spaces of symmetric types are identified.
Thus, the following assertion holds.
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Proposition 2. M(n, ke + -+ -+ ko1 +k) ZM(n, ko + -+ ko1 + (ke — k)).

A period is terminated whenever the excessive codimension k attains the maximal value k = ky
in the framework of the current period and the value of K is at the same time equal to ko + - - - + ky.
It is natural to refer to this type as the last type of the period. The model surface for the last type
is unique, and M(n, ks + - -+ + k¢) is a point (see Proposition 1).

6. SOME OTHER EXAMPLES

Let us consider the value n = 1 and take several lower values of K. Our “periodic table” is
opened by the period with index ¢ = 2. This period consists of the unique type (1,1). For K =1,
the complete nondegeneracy of a manifold coincides with its Levi nondegeneracy, which means
that, in a neighborhood of any point £ of such a manifold, this manifold can be represented by local
equations of the form

Swsy = |22 + O(3)

(we assume that the weights of the monomials are [z] = 1 and [ws] = 2). This means that any surface
of this kind can locally be represented as a perturbation of a unique model surface Swy = |2|?,
and the moduli space is certainly a point. The next period with ¢ = 3 consists of two types, (1,2)
and (1,3). The model surfaces

Swy = |2, Sws = |2|*Rz

and
Swy = |2]%,  Sws = |2[*Rz,  Sw3 = [2]°Sz

are also unique. The period with ¢ = 4 consists of three types (1,4), (1,5), and (1,6). The first
of these types was already considered above, and, as we know, M(1,4) = S. The type (1,5) is
symmetric to the type (1,4) and, by Proposition 2, the space M(1,5) is also the circle S*. The
type (1,6) is the last type in the period, and M(1,6) is a point.

The next period (¢ = 5) contains six types, from (1,7) to (1,12). Locally, the equation of a
completely nondegenerate manifold of type (1,7) can be represented in the form

Swy = |22 + O(3),
Sws = |2]*Rz + 0(4), Sw? = [2°Sz + 0(4),
Swy = 2R(2%2) + O(5), Swi =23(2%2) + 0(5), Swi = |2|* + O(5),
Swy = 2R(az'z 4+ b322 + cupz?z) 4+ O(6),
where the lower index of a coordinate is equal to its weight, a, b, ¢ are complex numbers, and

(a,b,c) # 0. The group GL(1,C) & GL(1,R) acts on a real six-dimensional space of parameters as
follows:

. 5 . . .
(Tewa p)(a‘a b7 C) = L (631961, eleb, 6290).

If we pass to RP® with the coordinates (Ra : Sa : Rb : Sb : Re : I¢), then the above action is
reduced to the action of U(1) of the form

(e (a,b,c) = (e*a, b, ec).

The generic orbits are separated by the pair of complex rational functions a/b% and ¢3/b3. These
functions define a mapping of RP® into CP? of the form

(a,b,c) = (a:b%:c?).

For the moduli space M(1,7), we can take the image of this mapping, i.e., CP?. Proposition 2
enables one to write M(1,11) = M(1,7) = CP.
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In what follows, we restrict ourselves to the evaluation of the dimensions up to the periods with
{=2,3,4,5,6,7. The rows of the table are ordered by the parameter K, which ranges from 1 to 35,
and the periods are separated by double vertical lines.

n=1.

K ”1 ’2 3 ”4 (5 ’6 ‘ 7 ( 8 ‘ 9 )10 ‘11 ‘12 “13 ’14 ’15 (16 ‘17 )18
dim M “3 ‘4 5 “6 (7 ‘8 ‘ 9 (10 ‘11 )12 ‘13 ‘14 “15 ‘16 ‘17 ‘18 ‘19 )20
dim M ”0 ’0 0 ”1 (1 ’0 ‘ 4 ( 7 ’ 8 ) 7 ‘ 4 ‘ 0 “ 6 ’11 ’14 (15 ’14 )11

19 |20 ’21 ‘22 ‘23 24 ‘25 ‘26 ’27 (28 ‘29 )30 ‘31 ‘32 ‘33 ‘34 ‘35 H
21 |22 ’23 ‘24 ‘25 2% ‘27 ’28 ’29 (30 ‘31 )32 ‘33 ‘34 ‘35 ‘36 ‘37 H

6| o ‘13 ‘25 ‘35 43 ‘49 ‘53 ‘55 (55 ‘53 )49 ‘43 ‘35 ‘25 ‘13 ‘ 0 H

It is clear from the table that the value of dim M = 25 exceeds the value of dim M = 24
for the first time at K = 22, i.e., for the submanifold C?* of type (1,22), and this relation is
preserved during almost all of the seventh period. For the subsequent periods, only the last types
form exclusions.

Here are two periods £ = 2 and ¢ = 3 for n = 2.

K ”1 (2 3 ‘4 “5 ‘ 6 ‘ 7 ’ 8 ’ 9 ’10 (11 ‘12 )13 ‘14 ‘15 ‘ 16 H

dim M “5 ‘6 ‘7 ‘8 “9 ‘10 ‘11 ‘12 ‘13 ‘14 (15 ‘16 )17 ‘18 ‘19 ‘ 20 H
0]

dim M "0 (0 ’0 ‘0 “4 ‘13 ‘20 ‘25 ’28 ’29 (28 ‘25 )20 ‘13 ‘ 4 ‘

The value dim M = 13 exceeds the value dim M = 10 for the first time at K = 6, i.e., for the
submanifold C® of type (2,6).

And here are the same two periods £ = 2 and ¢ = 3 for n = 3.

K ”1 (2 ’3 4 ’ 5 ’ 6 ’ 7 ( 8|9 )‘10 ‘11 ‘12 ’ 13’ 14 15‘ 16‘ 17
dim M ”7 (8 ’9 10 ’11 ’12 ’13 (14 15 )(16 ‘17 ‘18 ’ 19’ 20 21( 22‘ 23)
dim M H 0 (o ‘2 4 ‘ 4 ‘ 2 ‘ 0 ( 0ol o )‘18 ‘51 ‘82 ‘111‘138 163‘186‘207)

18] 19 20 21 22| 23| 24| 25| 26| 27| 28| 20 30 31
24| 25| 26| 27| 28| 29| 30| 31| 32| 33| 34| 35| 36 | 37
226 | 243 258 [271 282 291 [298 [303 [306 |307 |306 |303 |208 |201

32 1 33| 34| 35| 36 | 37| 38| 39| 40 | 41 | 42 | 43 | 44 | 45 ‘
38 1 39| 40 | 41 | 42 | 43 | 44 | 45 | 46 | 47 | 48 | 49 | 50 | 51 ’
282 | 271 258 |243 |226 |207 [186 (163 |138 |111 | 82 | 51 | 18 | O ’

The value dim M = 18 exceeds the value dim M = 16 for the first time at K = 10, i.e., for the
submanifold C*? of type (3, 10).

The quantity &y is a polynomial in n of degree not less than £. Thus, it becomes clear that, for the
overwhelming majority of types, the dimension of M is significantly larger than the dimension of
the manifold M itself, which is equal to 2n+ k. This seemingly means that, in this case, the generic
manifold M can be uniquely recovered (up to holomorphic equivalence) from its Gaussian image,
i.e., the coincidence of these manifolds is a criterion for the holomorphic equivalence (the necessity is
obvious). General position must be understood as the condition that the rank of the Gaussian map-
ping is maximal. For all holomorphically homogeneous manifolds, i.e., for manifolds with transitive
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action of the group of holomorphic symmetries, the Gaussian image is the point, i.e., the Gaussian
mapping has zero rank. In particular, the model surfaces by themselves have this property.

The moduli space can be equipped with some metric, after which an invariant metric is induced
on any generic manifold of the given type.

The manifolds of codimension two, i.e., submanifolds of type (n,2) in the space C"*2, fall within
the lowest period ¢ = 2, beginning with n = 2. A complete classification of model surfaces of this
kind was carried out in [5]. A model surface of this type is of the form

Sw; = <Z,2>1, Swq = <Z,§>2,

where (z,z); and (z,Z)2 are two linearly independent Hermitian forms in C" having a trivial
common kernel and (H;, Hz) are the matrices of these forms. In this case, the moduli space M(n, 2)
is in a natural correspondence with the projective classes of the real hyperelliptic curves. The
projectively nonequivalent families of n distinct points of CP'-characteristic values (¢, : ta) € CP?,
i.e., roots of the equation det(t; Hy + toH2) = 0, parametrize the space M(n,2). In particular,
M(2,2) and M(3,2) are points. In the case of (4,2), we obtain a family of four characteristic
values. If v is this double ratio (for some indexing) and if

(P —v+1)?
I = v2(v—1)2

is the j-invariant, then, expressing j in terms of the elements H; and Hs, we obtain a unique
generator of the field of rational invariants and M (4, 2) is RP!, i.e., the circle.

For arbitrary types (n, K) of the initial period ¢ = 2, i.e., for K < n?, a model surface is
determined by a family of K Hermitian matrices of order n, (Hi,..., Hx). In this case, the moduli
space turns out to correspond to projective classes of real-algebraic hypersurfaces of degree n
in RPE-L namely,

det(t1H1 —+ -+ tKHK) =0.

For instance, if n = K = 3, then these are projective classes of real cubic curves in CP?. As is
known [3], a generic curve of this kind can be reduced to the Weierstrass normal form

t2ty = t3 + ptit2 + qt3.

Thus, expressing p and ¢ in terms of the elements (H;, Ha, H3), we obtain two generators of the
field of invariants.

The author is indebted to E. B. Vinberg, N. G. Kruzhilin, and S. Yu. Nemirovskii for several
fruitful discussions.
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