IIPOCTPAHCTBO MOJVJIEN
MOJIEJIbHBIX BEIIIECTBEHHBIX ITOJIMHOT'OOBPA3UN

B.K. BEJIOIITAIIKA

AHHOTAIMS. BriosiHe HEBBIPOXKIEHHOMY POCTKY  BeIeCTBEHHOTO
noavuoroobpasma  pukcuposanaoro C'R-tuna (n, K) KOMIIEKCHOTO
IPOCTPAHCTBA B pabote [6] mocTaBieHa B COOTBETCTBUE €10 KACATEIbHAS
MTOJIMHOMUAILHAS MOJIeNIb. B mTaHHOI paboTe CTPOUTCS MPOCTPAHCTBO
mogyneii M (n, K) COBOKyNmHOCTH TOJIMHOMHUAJBHBIX MOJEJEH, T.e.
[IPOCTPAHCTBO, MApaMeTpu3ykomee roJoMOPGHO HEIKBUBAJIEHTHBIE
MTOJIMHOMHUAJILHBIE MOJIe/IA. 110CTPOEHHOE TTPOCTPAHCTBO TPUMEHSIETCS
nns moctpoernsi C' R-XapaKTepUCTUIECKUX KJIACCOB.

1.BBenenne Kax oMy poCTKY BIIOJIHE HEBBIPOXK IEHHOTO BEIIECTBEHHOIO
OAMHOT000pa3MsT KOMILJIEKCHOTO MTPOCTPAHCTBA CTABUTCA B COOTBETCTBUE
ero NoJMHOMMAIbHAsE MOJeb [6]. D10 coorBercrBre (POCTOK —> MOJEJIb)
romoMopdHO wWHBapmaHTHO. IIpm 3sTOoM TOIOMOPGHON SKBUBAIEHTHOCTH
POCTKOB ~ COOTBETCTBYET  JIMHEWHAs  SKBUBAJEHTHOCTH  MOJEIBHBIX
nosepxuocreit. MakTopwsalusg COBOKYIHOCTH MOJIEJIBHBIX [TOBEPXHOCTEIR
GUKCUPOBAHHOIO THIA 10 JAEHCTBUIO JIMHEHHOW TPYIIbI  II03BOJISET
[OJIyYUTh HPOCTPAHCTBO MOJyseil - 0ObeKT 3aMedare/ibHbIi BO MHOIHMX
orHomenusx. Ero reomerpus wnpejcrasisier co00fl TeoMeTpuio BCero
manHoro CR-tuna B mnesom. HeTpuBMaabHOCTH €ro  TOMOJOTHIECKOTO
CTPOEHWUSI TTO3BO/ISIET OMPEIETUTD HA TPOU3BO/TLHOM BITOJTHE HEBBIPOXK TEHHOM
moAMHOr000Opasnu psj HOBBIX xapakrepuctuk (CR-xapakrepuctunueckne
KJIaChl), MHBAPDHAHTHBIX OTHOCUTEIBLHO TVIAJIKUX W30TOTIHIA.

2.ITpumep. Camasi MajJOMepHasi CUTyalldsi, JJsi KOTOPOl IJaHHOE
IOCTPOEHUE COMEPIKATETHHO ITO 6-MepHOe BEIeCTBEHHOEe MOIMHOT000pasue
5-MEpHOr0 KOMILIEKCHOrO mpocrpancTBa. Ilyctes M kKak pa3 Takoe BIIOJIHE
HeBBIPOXK/IeHHOe [6] mMHOroobpasme, r.e. rnagkoe (C°) mogmuoroobpasue,
KOTOPO€ B OKPECTHOCTU KazKJI0# CBOEH TOYKM 33/J3a€TCd YPABHEHUAMU BUJIA

Imw; = |2|? + Fi(2, Z, Rewy, Rews, Rews, Rewy),

Imwy = |2|? + 2Re 22Z + Fy(z, Z, Rew;, Rews, Rews, Rewy),
Imws = |z|2 +2Im 2%z + F5(z,z, Rewi, Rewsy, Rews, Re wy)
Imw, = 2Re(az®2) + b|z|* + Fy(z, z, Rewr, Re wa, Re ws, Rewy)
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rjge @ KOMILUIEKCHOe uumcyio, b -pemecrBennoe, (a,b) # 0, npuuem
sesnuunna, Fj(tz,tz,t? Rews, t3 Rews, t3 Rews, t* Rewy) nna j = 1 ecrs
o(t?), nnia j = 2,3 ecrs o(t?), a mua j = 4 ects o(t?) (stm yciaosus
HUXKE MBI MPOMHTEPIPETHPYEM B TEPMHUHAX HEKOTOPOH I'DajlyMPOBKH).
MoxkHO OTMETUTH, 9TO TaKOe MHOTOOOpa3ue nmeer 1-MEePHYIO KOMILIEKCHYTO
KaCaTe/JbHYI0, KOpa3MepHOCTb 4 u sBjgercd mopoxkpamommum. 1o, 9To
MHOTr000Opa3ne MMeeT TAaKOe JIOKAJIbHOe MPeJICTaBJIeHNe, 9T0 JeHCTBUTETLHO
yYCJIOBUE THUIIA yCJIOBUS HEBBIPOKJAEHHOCTH. T.e. B MPOCTPAHCTBE 3HAYECHUI
4-crpyit B TOYKE POCTKH, VIAOBJIETBOPSIONIAE 3TOMY YCJIOBUIO, 3TO
OTKPBITOE TIJIOTHOE MHOXKECTBO, a €ero JOIOJHeHre - COOCTBEHHOE
aaredpamIecKoe MmoJAMHOXKECTBO. YCIOBHE TOTHON HEBBIPOXKJIEHHOCTH UMEET
CJIE/IYIONLYI0 WMHTEpIpeTanuio: rpajayupoBannas aJredpa Jlesu-Tanaxu
NMeeT MWHUMAJTHHO BO3MOXKHYIO, B JAHHONW CHTYallUW, JJIUHY PaBHYIO
YETHIPEM.
BemectBenno anmrebpandeckyio moBepxuocts Q(M)

Imw; = |2, Imwsy = |2|? + 2Re2?2, Imws = |z|> + 2Tm 222
Imwy = 2Re(az®z) + blz|*

MBI Ha3bIBAEM KaCaATEIbHOW MOMEIbHON TOBEPXHOCTHIO MHOTO0OPA3MS
M B TOuYKe, COOTBETCTBYyIOINEHl Hadaay KoopawHat. Jljasg HAC BaKHO
TO, YTO MOJEJIbHAs IIOBEPXHOCTH HE €IWHCTBEHHA, OHA 3aBUCUT OT
Tpex BeIeCTBEHHBIX MapaMeTpoB. /JleficTBre JIOKAIBHBIX TOJOMOPMHBIX
npeoOpa3oBaHnWii Ha MOBEPXHOCTH M TOpOXKTaeT JIWHENHOe [AeficTBre B
TPEXMEPHOM IIPOCTPAHCTBE BEIECTBEHHBIX ITOJNHOMOB YKa3aHHOI'O BHJIA.
B srom npocrpancree sosuukaer apeiicreue GL(1,C) @& GL(1,R), koropoe
peimsmT Tak, ecim (re?, p) € GL(1,C) @ GL(1,R), To

(Tew, p)(a,b) = 7“4p_1(a62i€7 b).
Do JeficTBIe MOXKHO PaccMOTpeTs, Kak jaeiicrsue U(1) ma RP? Buja
(Rea :Ima : b) — (Re(e?®)a : Im(e*?a) : b)

Herpymuo y6equThes, UTO BEIECTBEHHO panuoHATbHAA byHKIma |al?/b?
paszesnsgeT OpouThI OBIIEro MOIOKEHNsT STOTO JIeHCTBHs, TT03TOMY (cM.[1]) aTa
dyHKIMA gBIgeTCs 00pa3yIomei Mo panuoHAJbHBIX WHBAPUAHTOB 9TOTO
neiicTBs. Dta DyHKIHS OmpeesseT perynspHoe oroopazkenne RP2 3 RP!
BHJIA
(Rea :Ima:b) — (Jaf? : b%).

O6paszom 91010 0TOGpaXKenus: siBistercs Bee npocrpancrso RPL. B cuiy gero
MBI HA3BIBAEM €TI0 NPOCTMPAHCEOM MOOYAET MOOEALHBLE NOGEPTHOCET 1T
MHOTr00Opasuii Takoro tumna u obozHadaeMm M. Touku 3TOro0 MpPOCTPAHCTBA,
KOTOPOE TOMOJIOTHIECKH TPEJCTABAsIeT COOO0i OKPY:KHOCTH, HAXOIAATCS B
€CTECTBEHHOM B3aMMHO OJHO3HAYHOM COOTBETCTBUU C COBOKYITHOCTHIO OPOUT
HAIIero JeiiCTBUd.

KoJib ¢KOpO MpOCTPaHCTBO MOJYJIEil MOJETBHBIX TOBEPXHOCTEH YCTPOEHO
TOIMOJIOTUYECKH HETPUBUAJILHO, MBI MOXKEM HCIOIB30BATH 3TO  JIJIst
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onpejenenus coorsercrByiomux  C R-zapaxmepucmuseckur Kkaaccoé Ha
mMHOro06pazun tuna (1,4). Ecin M - BuosiHe HEBbIPOXK I€HHOE MHOIrOOOpa3ue
tuna (1,4) £ - ero Touka, Mg - poctox M B Touke &, Q(Mp) - KacaresbHas
MOJIe/IbHAS TTOBEPXHOCTD K Mg, TO KOMIIOBUINA 0TOOpaZKEeHMi

£ €M — Mg — Q(M;g) — Touka MHOrooOpasusa M
KaHOHWYECKH onpesesisier "rayccoro orobparkenne

r:M— M(n,K).

['pymma  ofHOMEPHBIX KOrOMOJoTHil okpyxmoctm H'(M(1,4),Z) =
Z, u eciu w - ee obpasywomas, TO dopma (), UHIYIUPOBAHHAS
orobpaxkenuem [ wa M, mpeacraBisger coboit ¢opMy HHBAPUAHTHYIO
OTHOCHUTEHHO TOJJOMOP(HBIX OTOOPAYKEHUI, & COOTBETCTBYIOMINN KJIACC
OTHOMEPHBIX KOTOMOJIOTHI M WHBapWaHTeH B KJACCe TVIAJKAX U30TONUN B
00BEMITIONIEM TIATHMEPHOM KOMILIEKCHOM MpocTpancTBe. [eomeTpudeckuit
CMBICJT 3TOTO WHBAPUAHTA SICEH: 9TO CTEIEHb OMTPEIEIEHHOTO BBIIIIE ,rayCccoBa’
0TOOparKEeHNSI.

3. CoorBercrBue ,pocTtok —> mogesb" Ilpexje uem paccMoTpers
obmmumit  cyrydaif, HAMOMHWM, BKPATIE, CXEMY TOCTPOEHUS COOTBETCTBUSI
~pocrok —> wmogens"(getamm cm.[6]). IIycts Mg - 910 POCTOK TJIaKOTO

BETECTBEHHOTO TTOPOYK TAOTIIETO TTOMHOT00Dpa3ust KOMTIJIEKCHOTO
MIPOCTPAHCTBA, N - KOMIIJIEKCHAsI Pa3MePHOCTh KOMILIEKCHON KacaTeabHOH,
K - sBemecrBeHHasi KOpa3MEpHOCTH, £ - JJIMHA TPaydpPOBAHHOM

anareopnr Jlepu-Tamakm, Torma n + K - 3T0 pa3zMepHOCTH OO0HEMJIIOIIETO
KOMILIEKCHOrO npocrpancrsa. Ilapa (n, K) wuaseiBaercs tunom. Tu,
JUIsT  BIIOJTHE HEBBIPOXKJIEHHOTO MHOTO00pas3usi, OJHO3HAYHO OIPEIesIsier
auny. MogenbHast MOBEPXHOCTH NMPOM3BOILHOTO Tuna (n, K) crpourcs
B pesyJibTaTe PEKYPPEHTHOrO Imporecca. Ha mepBoM 1rare npeMeHHOit
z € C" upucsauBaerca Bec 1. [lajee wujer mnpouecc BblYKUC/IEHUS
HEKOTOPO# TOCIeI0BATEILHOCTA JAaHHBIX. BOT CIUCOK JTaHHBIX C HOMEPOM
m: UPSMOE Pa3JI0KEHWE MPOCTPAHCTBA, MHOTOYJEHOB BECa 1M B CyMMY
[POCTPAHCTBA TapMOHUYECKUX (GopM Hpy, u ero J0NOJHeHUs TPOCTPAHCTBA,
HOPMAJIM30BAHHBIX MHOrouwIenos Beca m - CH,,, kn pasMepHOCTD
npocrpanctsa CH,y,, mpoctpanctBo CFm™ ¢ koopauHaTaMI W = U, + U
Beca m. llpomecc 3akanumBaercs Ha f¢-M 1mare, rae { JjuHA aareOphI
Jleu-Tanaku. VYcaoBHEM OKOHUAHMS TIPOIECCA  SABJISETCS  IOMAJIaHIe
KopasMepHocTn K B jauama3oH

ko+ -4 ke1 <K <kg+-+ke

ITpu srom usbwmounas xopasmepnocmv k = K — (ko + -+ + kg—1) Moxer
U3MEHATHCH B npeaenrax or 1 mo ky. B pesyabrare mojesibHas MOBEPXHOCTH
tuma (n, K) 910 BemecrBenno anrebpandeckas moepxaocts Q = Q(M) B
CreCk@...@CkF-1 @ CF, 3amanmas cOOTHOMEHTIMA
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Vo = (I)Q(Z, 5)

v = (I)j(Z,E, UD,y v ,uj_l)
V-1 = q)Z—l(Zv Z, U2, ... ,Ug_g)
ve = ®y(z,Z,u2, ..., up_1)

wan ipocto v = P(z, Z,u). Buech koopamuarer ; mpu j = 2,...,¢ — 1 -310
BeIIeCTBeHHbIN Oasuc (mponsBosbHbIif) mpocrpancTta CH j, a KOOpIMHATHI
®y - uneitno nezasucumbie saeMenTbl CH p. JIt000# BIIOJIHE HEBBIPOK JIEHHBII
POCTOK 00PATUMOil TOJTMHOMUAIHLHON 3aMEHON MOXKET ObITh TPUBEIEH K BULY

Vo = <I>2(Z, 2) + 0(3)

Vo1 = Qp1(2, 2, un, - ue2) + O(F)
ve=Dy(z,Z,u9,...,up—1) + Ol + 1)

rge O(m) - 910 cymMMa MOHOMOB Beca m U Bblime. Eciu jiBe MojebHbIe
NOBEPXHOCTH, T.e. moBepxHOoCcTH BUjaa (1), ¢ mabopamu mnpaBbIX dacreii
b = (Pg,...,Py) u o = (tfg,...,i)g) roJIOMOP(HO SKBUBAJIEHTHBI, TO OHHU
SKBHUBAJICHTHLI JIMHEHO, IpHYeM TakKoe JIMHEHoe Ipeodpa3oBaHUe HMeEeT
BT

Z = CZ, wo = PW2, ..., Wy = PyWy,
rae C € GL(n,C), pa € GL(k2,R), ..., pr € GL(k¢,R) u nisa Beex j = 2,..0

BbIITOJIHEHBI COOTHOIIICHUA
(2) ®;(Cz,Cz, pauz, ..., pj—1uj—1) = pj®;(z, 2, uz, ..., u; 1)

Ob6osHaueHne: Bynem ucnonb3osars obosnadenus suga < A3B2C >
nojiarast, B JAHHOM CJIy4ae, u4TO 3TO BeKTOp3HauHas (dhopma (pazMepHOCTb
- M3 KOHTEKCTA) OJIHOPJIHAs TpeTheii crenenu no A, Bropoii no B u nepsoit
1o C ¢ jiMHeHO He3aBUCUMbIMKU KOOpAuHaraMu, Ecin koopauuars: (hopmbl
COCTaBASIOT 6A3MC COOTBETCTBYIONIETO TPOCTPAHCTBA, MBI OyaeM MHCATh
[A3B2(C).

ITokaxkeM Kak BBITJIAAAT MOJEJbHBIE IOBEPXHOCTH JIJIT HECKOJBbKUX
MJIAJIMNX 3HAYEHNHA £.

[Ipu ¢ = 2 370 XOpOIIIO N3BECTHLIE TOBEPXHOCTH B/,

Imwy =< 2z >,
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rie wy € CK. Oum 06CayKuBalor KOPasMEPHOCTH B JIHAIIA30HE
1 < K < n2. Dror caydail oramdaercd OT BCeX OCTaJIbHbBIX
TeM, UTO YCJIOBHWE HEBBIPOXKJIEHHOCTH, KpoMe JHUHEHHON He3aBUCHMOCTH
KOOPAMHATHBIX SPMHUTOBBIX (POPM, IOMOJHHUTEIHLHO BKJIOYAET YCIOBHE
TpuBHaIbHOCTH siipa (ecam e # 0, To < z,€ > He eCThb TOXK/IeCTBEHHBII
HYJIB).

Hng £ =3

Imwy = [2Z]
Imws = 2Re < 222 >

31ech, pasMepHOCTb wy pasua n?, ws € CK=F2 k3 = n2(n+1), quanazon
kopasmepuocreit ko + 1 < K < ko + k3.
Hna ¢ =4

Imwy = [2Z]
Imws = 2 Re[2%Z]
Imwy = 2Re(< 232 > + < 2222 >)

w; € CF, j=2,3, wy € CK, ky =n2(n+1)(Tn +11)/12, 1 < k < ky,
ko +k3+1< K < ko+ks+ kg
Hnsg =15

Imwy = [2Z]
Imws = 2 Re[227]
Imwy = 2Re[237] + [227?]
Imws = 2Re(< 242 > + < 2322 > + < 2%z uy >)

ij(ij, 7 =2,3,4, w5e(Ck,
ks = n%(n +1)(15n% + 11n + 10)/12,
ko 4+ ks +ks+1< K < ko+ks+ kg~ k5.

4. llocrpoenue mpocrpaHcTBa momyseit. Oboznauum depes CH =
CH(n, K) upocTpancrso Buia C'H’z€2 D ... D CH]ZT P C'Hf, rae mox V'™
[IOHMMAEM [IPAMYIO CYMMY M 3SK3EMILISPOB JIMHEHHOro npocrpancrsa V.
Torga mpasble YaCTH YPABHEHWH BCEBO3MOXKHBIX MOJETBHBIX MOBEPXHOCTE
tuna (n, K) - 510 snementer CH. Tounee, ecu NTPUHSTH BO BHUMAaHUE
yCIIOBHE HEBBIpOXKAeHHOoCTH, 5T0 CH* - OTKpbITasg mioTHas dacth CH.
MoiesbHbIE TIOBEPXHOCTH TOJIOMOPMHO 3KBUBAJIEHTHBI B TOM U TOJBLKO TOM
cilydae, eCIi paBble 9acTH, T.e. 3JIeMeHTH ipocTpancTea CH™* npuHaiiexar
oxuoit opbure ciexytomero feicrsus rpynmsl GL(n, C) @ GL(k2,R) @ ... @
GL(k¢—1,R) ® GL(k,R)
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(3) ‘132(2,2) sz_l(I)Q(CZ,@)

_ 1 -
Qi(z,Z,u2, ..., uj—1) — P; ®;(Cz,Cz, paus, ..., pj—1uj—1)

(I)K(Z’ Zy Uy eeey Ug — 1) = p*@g(C’Z,@, pP2U2, ..., Pé—lué—l)

Ho geiticreune GL(k;,R) npn j = 2,...,/ — 1 wa 6a3ncax mpocTpaHCTBA
CH; smnsercs csobomueiM. IlosToMy ecawm OTMETHTH B KaXKJIOM WX STHX
IPOCTPAHCTB HEKOTOPHIH 6A3UC U CINTATH, 9TO OTMEIEHHBIN 0Aa31MC 0CTAETC s
HEMOJBWKHBIM,TO 1ipu ukcupoBannom C' coorHOmenus: (2) 0JHO3HATHO
Pa3pEeIIiMbl  OTHOCUTENBHO p2,...0¢—1. Ecan obosuatsnts depes T7;(C)
€IUHCTBEHHOE PellleHne COOTHOIICHUS <I>j(Cz,@, PU, oy Pj—1Uj—1) =
pi®;(2,Z,ua,...,uj—1) oTHOCHTENBHO pj, TO MbI BuauM, uro C' — 7;(C)
sro Hekoropoe upencrasierne GL(n,C) B GL(k;,R). Teneps cranosurcs
SICHO, 9TO OOUTBI JIeHCTBUSA (3) HAXOAATCS B €CTECTBEHHOM COOTBETCTBUU C
opburamu neiicteus GL(n, C) ¢ GL(k,R) Buzna

(4)  ®y(z,Z,u, ..., ug_1) — p 1 ®p(Cz, Cz, mo(C)ug, ..., 7o—1(C)ug_1)

uHa mpocrpanctee (CH ]g)*, T.e. MpPOCTpaHCTBE HAOOPOB m3 Kk JIHHEHHO
He3aBuCUMbBIX deMenToB CHy,

Yrobbl cjieaTh erne OJWH IIar 3aMeTHM, 9TO eCJU Mbl BMeCTO Habopa
u3 k JmHERHO He3aBUCHUMbBIX 3jeMeHTOB CH, paccMOTPHM IOPOKIEHHOE
uMu k-mepuoe moxamnpoctpanctBo B CHy, To Hamm opOuThl eCTECTBEHHO
otoxjecrisiercs ¢ opburtammu, neiicteug GL(n,C) ma BemecrBeHHOM
rpaccmanoBoM MHoroobpasuu Gry(CHy), uaaynuposanuoro jeiicrsuem (4).
1 nocienmee. BemecTBeHHBIE CKAJISIPHBIE PACTSIKEHWSI, COAEPIKATCS B siIPe
neiicreust (4), nosromy moxkuo ot rpynnsl GL(n, C) nepeiitn k mogrpyrimne
G marpur C, r.a.|det C| = 1.

OmucanHoe meficTBHE - 5TO BIIOJHE TPATUMUOHHBIN O0BHEKT WU3YIEHUS
Kyiaccuaeckoii reopun muaBapuanTos [1]. Ilycrs F - nosie panmoHagbHBIX
bysknmit ma Gri(CHy), a FY - nogmone GbyHKuumil, HHBAPHAHTHBIX
OTHOCUTEJIbHO OIINCAaHHOI'O ﬂeﬁCTBHH G 9TH IIOJIA KOHEYHO IIOPOXKICHBI
nay R. Bosiee Toro, nose FC coaepKur KOHEYHOE MHOKECTBO 00pa3yIONIX
Rq,...,Rs, KOTOpbIE PpPa3jeisdior opOuThbl OOLIEro I0JIOXKEHUS. DT
BEIIECTBEHHO  PallMOHA/IbHbIE  (DYHKIUUA  OUPEJEJA0T  PAlUOHAIBHOE
orobpakenne Grip(CHy) B RP®. Mbl MoXeM paccMOTpeTh 00pa3 3Toro
9TOT0 OTOOpaKeHust [2|. D10 U ecTb TO MHOTOOOpa3me, KOTOPOe MbI OyIeM
HA3BIBATDH MPOCTPAHCTBOM MOJyJeil u o603uauars M(n, K).

Kak m B pazobpaHHOM B Hauaje MpHUMepe, MBI MOXKEM OINpEeIeUTh
KaHoHuYeckoe "rayccoBo"orobpakenue. Eciau M - BIoHE HEBBIPOXK IEHHOE
MHOToobpasue £ - ero Touka, M - poctox M B Touke &, Q(M¢) - KacaresbHas
MO/IesIbHAS TTIOBEPXHOCTH K Me, To rayccoBo orobpaskenne I' : M — M(n, K)
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OLIPE/IE/IIeTCH KAK KOMIIOBHUIINSE
£ €M — Mg — Q(M;¢) — Touka MHOroobpasusa M

Hasnune kanonuueckoro orobpazkenus I' noszsosisier nepenocurs ¢ M(n, K)
na M siobble KOBapuaHTHBIE KOHCTPYKIuu. B 9acrHOCTH, 11€/I09UC/IEHHbIE
koromosiorun M. Koromosorun M uepenecennble Ha M ¢ nomoupio G
OTIPEJIeSIIIOT Ha JIOO0M TJIAJKOM BITOJTHE HEBBIPOXKJIEHHOM MHOT00Opa3uu
"CR-zapaxmepucmuyeckue xaacco,”. DT KJIACCHI, OUEBUIHO, NHBAPUAHTHBI
M0 OTHONIEHWIO K TJIAJKUM HU30TOMUSIM, HE HAPYIIAKIUM TOJJHOMI
HEBBIPOXK IEHHOCTH.

5. CaoiicTBa mpocTpaHcTBa momayJeii. Pa3MepHOCTH MpOCTpaHCTBA
MOJIyJIell  OmpeJesiseTcss pa3MEepPHOCTHI0 OpOUTHI  OOINEro  TOJIOXKEHU I,
KOTOpas, B CBOIO OYepeib, €CTb PA3HOCTb PA3MEPHOCTH TPYIIbl U
pa3MepHOCTH cTabuim3aTopa TOUYKH obmero mosoxkenus |1|. PazmeprocTsb
rpymmsr GL(n,C) @ GL(k,R) pasma, owesmamo, 2n? + k2. Dra Tpymma
JIefiCTByeT Ha MPOCTPAHCTBE pa3MepHocTH kyk. PazmepHOCTH OpOUTHI 9TOTO
JIeficTBUS paBHA pa3MEPHOCTH TPYIIBI MUHYC PA3MEpPHOCTh CTabuin3aTopa
TOYKU 3TON opbuThl. Pa3zmepHocTs crabuim3aropa paBHA pPa3MEpPHOCTH
aysrebpbl Jlu crabuamzaropa. YpaBHeHUd, 3aJaroliue 3Ty ajarebpy - 3T
JINHEWHbIe OJHOPOJIHbIE YpaBHEHUs, YbU KOI(PDUITUEHTH] JTUHEIHO 3aBUCIT
ot ko3 dummenTos craprreit dopmbr Dy, Takum ob6paszom BO3HWKAET
CUCTEMa, BJIOYKEHHBIX ajredpanmveckux MOAMHOXKecTB mpocrpancTtea CHy,
cTpaTuduIUpPyOINX ero mo pasmepHoctu crabuamsaropa. Ha oTkpwrTom
mioTHoM moaMHOKecTBe CHy 3HaveHwe crabuimsaropa TPUHUMAET
MuHUMaIbHOe 3HadeHue. ObOo3HaumM 31y BeauumHy depes DS u Oymewm
Ha3bIBATH PA3MEPHOCTHIO CTAOMIN3ATOPA 0DIIEro moIoKeHust. 1Torma MOKHO
yTBep»KIaTh, 9TO OTKPBITOE ILIOTHOEe mnoaMmHoxkecrBo CHy cioutcs Ha
opbutsl pasmepuoctun 2n? + k> — DS. D10 ceMeiicTBO OPOMT 3aBHCHT,
ouesmiHO, OT kok — (2n? + k% — DS) napamerpos. Bemuunny DS BeraucnTs
necsioxkuo. Ecim k = kg, to DS = 2n? npu scex £. Ecom ¢ = 2, to DS
sagucur or k = 1,...,n? caegyiomum obpasom. Ecm k = 1,n%2 — 1, 1o
DS =n?+1;ecmu k =2,n%2—2, 10 ciydait n = 1 ciejyer u3 paccMOTpeHU
MCKJIIOUnTh B cuay yeaoust k < n?, ecom n = 2, to DS = 4, a ecim n > 3,
10 DS =n+1, eciin e k= 3,...,n2 — 3, ro DS = 2. Ecoin reneps £ > 2 u
k < kg, 7o DS = 1. B urore mosyuaem
V1eepxaeHune 1:

Ecmm £ =2un=1wum 2, To M - TOUKa U pa3MepHOCTh HYJIb.

Ecmml=2, n>3, k=1n?>-1,n% 10 M -T0uKa I pa3MEpPHOCTD HYJIb.
Ecmfl=2, n>3 k=2n%-210dimM=n—3.

Ecm f=2uk=3,..,n?> -3, 70 dim M = n?(k — 2) +2 — k?;

Ecm £ > 3 u k < ky, o dim M = kek + 1 — (2n% + k?).

Ecnu k = k¢, To M - TOouka u pa3zMepHOCTH HYJIb.

Ecan 3adurcupoBarh 3HaUEHHE 7 U PACCMATPUBATH BO3PACTAIONINE OT
eIMHUILI U JaJjee 3HadeHnd K, TO THUOBI MHOTO0oOpasmil 00beInHSIIOTCS
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B HEKHe nepuodvl, KOTOpble HyMepylorcs 3HadeHusimu £. Hapsay c¢
npeacTraB/JIeHUuEM MO,D;e.HbHOfI IMOBEPXHOCTU KaK TOYKH B TI'DaCCMaHOBOM
MHOT000pazuu k-MepHBIX TOIMPOCTPAHCTE MPOCTPAaHCTBA (DOpM CTapiieit
crenenn C Hy MOYXKHO PACCMOTPETH TBOMCTBEHHOE MTPEACTABIEHIE. A MMEHHO,
IpPEeJICTAB/IEHNEe B BHUJE TOYKH B TPACCMAaHOBOM MHOTOOOpasmu (ky — k)-
MEpHBIX TLJIOCKOCTEl B TpOCTpaHCTBe JjuHelHbx dyukiuit #a CHy, T.e.
B JIBOHCTBEHHOM IPOCTPAHCTBE. DTO TMPEICTABJIEHUE CTPOUTCS HA OCHOBE
KAHOHUYIECKOTO COOTBETCTBUS:

(k-MepHOE MOAMPOCTPAHCTBO)

(k¢ — k)-MepHOE TIOAIPOCTPAHCTBO JIMHEHHBIX (DYHKITHIA, OMIPEIEIISIIONIIX ITY
ILJIOCKOCTb.

B pesynbrare KaxKjplil Mepuoj AEJUTCA HA ,,CUMMETPUYIHBbIE TTapbl TUIIOB:
(nyko+ ...+ k1 +k) & (n,ka+ ... + kp—1 + (k¢ — k). Ilpu oroxmecrBienun
[IPOCTPAHCTBA C €r0 JIBONCTBEHHBIM IMPOCTPAHCTBOM MIPOCTPAHCTBA MOJYJieit
CUMMETPUYHBIX THUIIOB OTOXK/ECTBJIAIOTCA. T.0.ClIpaBe/I/IuBO CJie/IyIoIee

Vreepxaenne 2: M(n,ko+...+ ki1 +k) = M(n, ka+ ...+ k1 + (ke — k)).

[Tepmos 3akamumBaeTcsa, Korga n30BLITOUHAS KOPA3MEPHOCTL Kk TOCTUTAET
MaKCUMAaJIbHOI'O, B paMKaxX JAaHHOIO Iepuojia, 3uadenud k = ky u K upu
3ToM ecThb kg + ... + ky. DTOT THUII €CTECTBEHHO HA3BATh NOCACOHUM TUIIOM
nepuoma. MogenbHast TTOBEPXHOCTE JJISI TOCJIEIHEr0 THTIA - €QUHCTBEHHA, 1
M(n, ko + ... + k¢) - Touka (yrBepxaerue 1).

6. Eure HeckoibKO mpuMepoB. 3adurcupyem 3Haderwe n = 1 u
paccMOTpUM HECKOJIbKO Myamux 3uadenuit K. Hamry | nepuogmyaeckyio
TabJinily “ OTKpBIBAET Mepuoj ¢ HOMepoMm £ = 2. DTOT HEPUOJ COCTOUT
u3 exuncreenroro tuma (1,1). Tlpy K = 1 mojHas HEBBIPOKIEHHOCTD
MHOT000pa3usi COBIAIAET C JIeBU-HEBBIPOKIEHHOCTHIO U 3TO O3HAYAET, UTO
B OKPECTHOCTU KaXKJIOH CBOeil TOYKU & OHO MOXKET OBITH IPEJICTABJIEHO
JIOKAJIbHBIMY YPABHEHUSIMU BUIA:

Imwy = |2> + O(3)

(Beca MonOMOB cumtaeMm Tak: [z] = 1, [we] = 2). T.e. Takag MOBEPXHOCTDH
JIOKAJIbHO MOXKEeT OBITh IIpeJICTaBjieHa KaK BO3MYIIEHHE eJIUHCTBEHHON
MoJleTbHOM moBepxHOCTH Imws = |z|2 m mpocrpamcTBO MOmymeit - 3TO,
KoHeuHO, Touka. Ciemyromuii mepuox ¢ £ = 3 COCTOUT W3 OBYX THUIIOB -
(1,2) u (1,3). MozaesbHBIE TOBEPXHOCTH

Imwy = |22, Tmws = |z|°Rez
u
Imwy = |2, Imwi =|z/°Rez, Imw?=|z|?Tmz

takxke enuHcTBeHHbI. [lepnon ¢ ¢ = 4 cocrout u3 Tpex tunos (1,4), (1,5) u
(1,6). IlepBuIit 13 HUX HAMH y7Ke PACCMOTPeH I MBI 3HaeM, uro M(1,4) = St
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Tun (1,5) cummerpuven tumy (1,4) u, B cuty yrBepz/ienus 2 1pOCTPAHCTBO
M(1,5) aro roxe S'. Tun (1,6) - nocienunit B nepuoge u M(1,6) - Touka.

Crexyrommit (¢ = 5) mepuon comepkut mects Tumos ot (1,7) mo (1,12).
JIOKaIbHO ypaBHEHHE BIIOJHE HEBBIPOKJIEHHOTO MHOrooOpasus tuma (1,7)
MOYKHO 3aIlCATh B BU/JIE

s = |22 + 0(3),

Imwgl, = |z]2Rez+O(4), Imw% — |z]21mz—|—0( )

Imw} = 2Re(232) + O(5), Imw? =2Im(z*2) + O(5), Imw) = \z|4 +0(5),
Imws = 2Re(az?z 4+ 037 + cupz?z) + O(6),

e HUKHUI MHIEKC KOOPAMHAThl paBeH ee Becy; @, b, ¢ - 3T0 KOMILICKCHbIE
gncia un (a,b,c) # 0. Ha BemecTBeHHO IIECTHMEPHOM POCTPAHCTBE
napamerpos rpymna GL(1,C) @ GL(1,R) zeiictByer cieyiommm o6pasom:

5
. r . . .
(re®, p)(a,b,c) = —(e*?a, b, e¥c)
p
win, ecau nepeiitu Kk RPY ¢ xoopumaramu (Rea : Ima : Reb: Imb : Rec:
Imc), o peiicrue ceoaurcs k gehcrsuio U(1) Buja

(€Y (a,b,c) = (e*?a,e?b, ec)
Opb6uTbl 00IEr0 TOJIOKEHUS PaA3JIe/sieT Mapa KOMILIEKCHO PallMOHAJIBHBIX
dbynxmmit a/b® n /b3 Dru bywkupm onpenensor orobpakenne RP® B
CP? Buja
(a,b,¢) — (a:b%:c3)

U MBI MOZXKEM B KadecTBe MpoCTpaHcTBa Moayseit M(1,7) Mbl MOXKeM B3ATb
06paz sToro orobpazkenus, T.e. CP2. YrBep:xienne 2 Mo3BOISIeT HANNCATE,
aro M(1,11) = M(1,7) = CP2.

OrHOCUTE/IBHO JATBHERIITEr0 Mbl OTPAHUYIUMCS [IOJICIETOM Pa3MEpPHOCTell
g0 mepuogoB ¢ £ = 2,3,4,5,6,7. Crpoknm Tabanmbl yIOPATOIEHBI
napamerpom K, KoTopblii mpoberaer 3HadeHuss or 1 ;10 35, HEPHUOBI
OTMEYEHBI JIBOUHBIM PA3/Ie/IUTEIEM.

n=1
K 1023456789 1011|1213 |14 |15|16 |17 |18
dimM |3]4(5(6(7[89]1011|12 |13 |14 |15]16|17| 18|19 |20
dimM |00 |Of1|1(0||4| 7|87 |40 6 |11 1415|114 |11

1912012112223 (242526272829 |30|31|32|33|34]35
21 1222324 |25(26|27(28]29|30|31|32|33|34|35]|36 |37
6 | 0]1325]35]43[49|53|55|55(53|49(43|35[25|13|0

W3 Tabaunbl BUIHO, 9TO MEePBLBIN pa3 3Hadenne dim M = 25 mpeBbiimaer
spavenme dimM = 24 npu K = 22, Te. maa mommmoroobpasus C23
tuna (1,22) u 370 COOTHOIIEHNEe COXPAHAETCSI MOYTH BeCh 7-it mepuos. s
CJIeJIYIOIINX TIEPUO/I0B UCKJIIOUEHNE COCTABJISIOT JIUITh TTOCIEHUE THUIIBI.

Bot nBa mepuona £ =2 u f =3 giga n = 2.
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K |1]2(3(4|5]6 |7 |89 (101112 |13|14|15]16

dimM (|56 |7[8(9]10|11 (12|13 |14 |15|16 |17 |18 1920

dimM 0|00 |0|4[13]20|25]28|29|28|25|20(13| 4 |0

[Tepewiit pas 3uavenue dim M = 13 npessimaer 3uaderune dim M = 10
npu K = 6, r.e. paa noxvuoroobpazus C® muna (2, 6).

A BoT Te ke aBa nmepuona £ =2 u £ =3 mign = 3.

K 112|345 |6 |7 |89 |10(11|12] 13 | 14 | 15 | 16 | 17
dimM (| 7891011121314 |15 16|17 18| 19 | 20 | 21 | 22 | 23
dimM (0|02 4|4 20|00 18]51|82|111|138|163|186 |207
18 119 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30 | 31
24 125 | 26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35 | 36 | 37

226 | 243 | 258 | 271 | 282 | 291 | 298 | 303 | 306 | 307 | 306 | 303 | 298 | 291

32 | 33 | 34 | 35 | 36 | 37 | 38 | 39 | 40 | 41 |42 |43 |44 |45
38 | 39 | 40 | 41 | 42 | 43 | 44 | 45 | 46 | 47 |48 49|50 | 51
282 | 271 | 238 | 243 | 226 | 207 | 186 | 163 | 138 | 111 |82 |51 |18 | 0

[Tepewiit pas 3uadenune dim M = 18 npessiaer 3uaderune dim M = 16
npu K = 10, T.e. ana nogmuoroobpasus C13 ruma (3, 10).

Benwuwna ky 3T0 mOSMHOM OT 7, KOTODBINi MMeeT CTereHb He Huxke L.
Takum 06pa3zoM CTAHOBUTCH $ICHO, UTO JIJIsi TIOJABJ/IAIONIET0 OOJIBITHHCTBA
TUIIOB Pa3MepHOCTb M 3HAYUTENHHO BBHIIE, YEM PA3MEPHOCTH CaMOTO
MHOroobpazusi M, koropas paBHa 2n + K. D70, Mo-BUIUMOMY, O3HAYAET,
YTO B 3TOM Cjydae MHOroobpasue M 0OIIero MMoJoKeHus OJHO3ZHAYHO
(¢ TOYHOCTBIO 110 TOJOMOPGHOIl SKBUBAJIEHTHOCTH) BOCCTAHABIUBAETCS
mo cBoeMmy rayccoBy obpa3dy. T.e. coBmajenme rayccoBa obpasza s
TaKMX MHOroobpa3uii 3T0 KpuUTepuil rojJoMOpMHOl SKBUBAJEHTHOCTH
(meobxogumocTh - oueniana). OOIee MoJOXKeHWe HAJJI0 MOHUMATH Kak
MaKCUMaJIbHOCTh PaHTa rayccoBa orTobOpaKenws. s Bcex romomopdHO
OTHOPOJHBIX MHOT000pa3uit, T.e. MHOr00Opa3uii C TPAH3UTUBHBIM JIEICTBHEM
TPyInbl TOJIOMOPAHBIX CUMMMETPHIi, TayCCOB 00pa3 - TOYKA, T.e. TayCCOBO
oTobparkeHne mMeeT HyAeBOU panr. TakoBbI, B YACTHOCTU, CAMU MOJIE/IHHbBIE
MMOBEPXHOCTH.

IIpocrpancTBo MoOmy/eli MOXKHO CHAOAUTH KAKOW-1nO0 METPUKOIL, MOCse
9ero Ha BCEX MHOroo0Opasmsax OOIIero IMOJIOXKEHWS JAHHOrO Tuma, Oymer
VHAYIUPOBaHA MHBAPUAHTHAA METPUKA.

Muoroobpasusi KOpasMepHOCTH 2, T.e. TOAMHOrooOpasms tuma (n,2)
npocrpancrsa C"2 maumnas ¢ n = 2 nomaaoT B Myammii mepuos ¢ £ = 2.
[Monras kmaccuduKaImsa TaKuX MOJIEIBHBIX TIOBEPXHOCTE mpoBeieHa B |5).
MojiesibHas MOBEPXHOCTH ITOTO TUIA UMEET BUJ

Imw; =< 2,2>1, Imws =<2,Z >9
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rpe < 2,z >3 unu < 2,z >9 - /JB€ JIMHEHHO HEe3aBUCUMbIE 3PMUTOBbI
dopmbr B C™ 6e3 06mero sapa u (Hy, Hy) - nux marpunpst. IIpocrpancrso
mopyeir M(n,2) B 9TOM ciiydae HAXOJUTCS B €CTECTBEHHOM COOTBETCTBUH
C TPOEKTUBHBIMU KJIACCAMU BEIECTBEHHBIX TUMEPIIUNTUIECKUX KPUBBIX.
IIpOEKTHBHO HEIKBHBAJEHTHBIE HAOOPH M3 7 pasamaabix Touek CPL -
XapaKTePHCTUUeCKUX 3Hadenmit (1 : to) € CP!, me. kopmeii ypasmenus
det(t1Hy + toHy) = 0 mapamerpusyor M(n,2). M(2,2) u M(3,2)
- 910 Toukum. B curyarmm (4,2) Mbl moaydaeM Ha0Op W3 UETBIPEX
XapaKTepUCTHIeCKNX 3Haudennii. I ecam v - 910 nBoiiHOE OTHOIIEHUE (15T
KaKON-T1b0 HyMeparum), a
o (WP —v+1)?
)= v2(v—1)2

- j-WHBApWaHT, TO BHIPA3WB j dYepe3 3jemenTsl Hy u Hy MBI moaydum
eJIMHCTBEHHYIO0 06pa3yoILyio 110Jis PAlMOHAIbHBIX NHBapruanTos u M (4,2)
s10 RP!, 1.e. oxpyxHOCTS.

st mponsBosibHBIX THIOB (n, K) HadaabHOro nepuoga { = 2, T.e. jis
K < n?, Moje/ibHas TIOBEPXHOCTH OIIPE/Ie/IsieTcst HabopoM u3 K 3pPMUTOBEIX
marpun, mopsaaka n - (Hy,...,Hg). I Torga npocrpancTBo Mmoyseit
OKa3bIBAETCS COOTBETCTBYIOIIMM MPOEKTHUBHBIM KJACCAM BEIIECTBEHHO
anreGpanueckux runeprosepxuocreii crenenn n 8 RPE ™1 - det(t1Hy+-- -+
txkHg) = 0. Hanpumep, eciu n = K = 3, TO 9T0 NPOEKTUBHBIE KJIACCHI
BerecTBeHHbIX Kybnuecknx kpusbix B CP?. Kak ussecrso [3], rakasi kpuBasi
00111ero 1MoJI02KeHus IPUBOAUTCH K HOpMaJibHOM hopme Beitepmrrpacca

tats =t} + ptits + qt}

. Takum o6pasom, Beipazkas p u q depe3 saementsl (Hy, Hy, H3) MBI mostyanm
JiBe 00pa3yrolue 1moJjisi NHBAPUAHTOB.

Asrtop btarogapen 9.B.Bunbepry, H.I' Kpyxunanmny u
C.}O.HemupoBckoMy, ¢ KOTOPBIME OH UME/T P/ ILJI0IOTBOPHBIX 00CY XK IeHMIA.
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