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HOLOMORPHIC INVARIANTS ON ENGEL CR
MANIFOLDS

VALERII BELOSHAPKA, VLADIMIR EzHOV & GERD SCHMALZ

Abstract

We describe a complete system of invariants for 4-dimensional
CR manifolds of CR dimension 1 and codimension 2 with En-
gel CR distribution by constructing an explicit canonical Cartan
connection. The 4 essential invariants arising from the Cartan
curvature are geometrically interpreted. We also investigate the
relation between the Cartan connection and the normal form of
the defining equation of an embedded Engel CR manifold.

0. Introduction

The equivalence problem for real hypersurfaces in 2-dimensional com-
plex space with respect to holomorphic mappings became one of the first
impressive applications of E. Cartan method of moving frames. Cartan
solved this problem in 1932 (see [6]). In modern terminology his ap-
proach can be described as follows: Let M be a manifold with some
additional geometric data (in our case the data come from the embed-
ding of a real manifold into a complex manifold). Construct a canonical
principal bundle G over M and a distinguished frame field on G which
depend only on the specified geometric data. This means that for two
isomorphic structures M; and Ms a mapping that establishes the iso-
morphy lifts to a unique mapping of the canonical bundles G; and Gs
that maps the distinguished frames at G; to the distinguished frames
at Gs. Hence, the initial equivalence problem reduces to an equiva-
lence problem for manifolds with distinguished frames. Such structure
is called absolute parallelism and its geometry is well-understood (see,
e.g., [16]). Cartan connections were constructed for nondegenerate CR-
manifolds of hypersurface type (see [23], [10]), for 2-codimensional CR-
manifolds of CR~-dimension 2 of hyperbolic and elliptic types ([14], [21],
[22] [5], [24]). For 5-dimensional uniformly degenerate CR-manifolds
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of hypersurface type a parallelism (with respect to a subgroup of the
structure group) was obtained in [11] (see also [12]).

A Cartan connection is a pair of a canonical bundle and a distin-
guished frame field that satisfies certain invariance conditions (see Sec-
tion 3 for the precise definitions). Those conditions are very useful in the
study of automorphisms of manifolds with given geometric structure.

In this paper we will describe a Cartan connection for some class of
CR manifolds that are related to third order ODE.

Definition 1. A CR manifold is a smooth manifold M equipped with
a distribution D C TM of even rank 2n and a smooth field J of endo-
morphisms J, : Dy — Dy with J? = —id. A CR manifold is supposed
to satisfy the following integrability condition: The complex distribution
spanned by X —i1JX for local sections X of D is involutive.

The number n is called CR dimension of M and k = dim M — 2n is
called the codimension of M.

CR manifolds appear naturally as embedded real submanifolds of
complex manifolds. The distribution D is then defined as D = TM N
iTM and J is the restriction of the complex structure in the ambient
complex manifold to D.

S.S. Chern and J. Moser [10] and N. Tanaka [23] constructed canon-
ical Cartan connections for Levi-nondegenerate real hypersurfaces (1-
codimensional CR manifolds) of arbitrary dimension. Similar results
for so-called hyperbolic and elliptic CR manifolds of codimension two
in C* were obtained by G. Schmalz and J. Slovdk [21, 22] (see also
[14, 5, 24]). These geometries fit into the general concept of parabolic
geometry introduced by Ch. Fefferman [15] (see also [25], [4]). This is
due to the following features they share:

(i) Nondegeneracy. The algebraic bracket (see Subsection 7.1)
Ly:Dg® Dy — T,/D,

that assigns to a pair of vectors in D, the projection to Tj,/D,
of the commutator of two local sections of D that extend the two
vectors is called Levi form. A CR manifold is Levi nondegenerate
if the image of the Levi form coincides with T,/D, and if the
null-space of the Levi form is trivial.

(ii) Uniformity. A CR manifold is called strongly uniform (cp. [18])
if the Levi forms at different base points are equivalent with respect
to linear mappings.

(iii) Semi-simplicity of the structure group. At any point a € M
the Levi form £, can be used as a product of a graded Lie algebra
g- =9-1® 92 = Dy ®T,/D,. The structure group G is the
group of automorphisms of g_ that preserve J, at D,. For strongly
uniform CR manifolds the structure groups at different points are
isomorphic.
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The above nondegeneracy condition turns out to be too strong and
it immediately excludes CR manifolds whose codimension k is bigger
than n?.

In this paper we will study CR manifolds of codimension £ = 2 and
CR dimension n = 1 which is the simplest case when k > n?. Instead of
the nondegeneracy condition we will assume a weaker condition intro-
duced by V. Beloshapka in [2] that is based on the following observation:
For given CR-dimension n the dimension of the subspace of T, M that
is generated by brackets of local sections of D of order < r have precise
upper bounds k. The generalized non-degeneracy requires that these
upper bounds are being attained until the complete tangent space is
generated.

Definition 2. Let M be a CR-manifold of CR-dimension n and codi-

mension k > n?. By D((f) denote the subspace of T,M generated by
brackets of local sections of D of order < r. Then M is called non-

degenerate at a if there exists ro such that T, = DL(ITO) and dim D) =
kn .y forr <rg.

For a 4-dimensional manifold with a rank 2 distribution D this means
that T'M is spanned by D and commutators of first and second orders of
local sections of D. Such manifolds are called Engel manifolds (cp. [13]).
In Section 1 we show that Engel CR manifolds are strongly uniform in
an appropriate sense but their structure group is not semisimple. It
follows that the corresponding geometry is not parabolic.

Nevertheless, as the main result of this paper we obtain the following

Theorem 1. Engel CR manifolds admit a canonical Cartan connec-
tion. In particular, there are four (out of 30) components of the Cartan
curvature that constitute a complete system of CR-invariants.

We prove this theorem in Section 4 by an explicit and transparent
construction. We will derive a complete system of invariants that con-
sists of four 1-dimensional components. A geometric interpretation of
these invariants will be given in Section 5.

In Section 6 we investigate the relation between the invariants from
the Cartan connection and a normal form earlier constructed by the
authors [3].

1. Engel manifolds and their Levi-Tanaka algebras

Let M be an Engel manifold . Then we have a canonical flag of
distributions D ¢ D' ¢ D" =TM.

For two local sections X, Y of D defined in a neighbourhood of a € M
consider their bracket at a followed the natural projection

7w TeM — ToM/D,.
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The result takes values in D/,/D, and depends only on X (a) and Y (a)
(see Subsection 7.1). Thus, we obtain an algebraic bracket

Ll: D, x Dy — D',/ D,.

a

Analogously, we define a bilinear form
Ll: D,x D —T,M/D,

as the commutator of vector fields followed by the natural projection.
Since LL(D,, D,) = 0 this bracket lifts to a bracket

L£?: D,xD./D, — T,M/D..

For fixed a denote D, by g_1, D) /D, by g2, and T,M /D!, by g_s.

Then
g-=9-19g2Dg-3
forms a graded nilpotent Lie algebra whose product is defined by £}
and £2. This Lie algebra g_ is called the Levi-Tanaka algebra of M at
a.
It is clear that the Levi-Tanaka algebras at different points of M are

isomorphic. In this sense Engel manifolds are strongly uniform.

It is well-known [13] that Engel manifolds admit normal coordinates
x,1,p, q such that

D = Ann(dp — qdz, dy — pdzx).

Thus any two Engel manifolds are locally isomorphic.

Since g_o and g_3 are 1-dimensional, there is a unique direction Y,
in D, = g_1 at each point a such that Eg(Ya,g_g) = 0. Thus, there
is a canonical line bundle D? in D that consists of the vectors that
annihilate £2 (in the first argument).

In normal coordinates DV is spanned by Y = 8@ and D is spanned
by Y and an additional direction field of the form

0 0 0 0
X—%—i‘pafy‘i‘qafp—i‘Bafq,
where B is a function of x, ¥, p, q.

A choice of a particular direction field X (i.e., of B) is an additional
structure on M. An Engel manifold with direction field X can be in-
terpreted as a third order ODE. In fact, the flow of £ consists of curves
x(t),y(t),p(t),q(t) with p = %, qg= % and g—g = B(z,y,p,q). There-
fore, y"(z) = B(z,y,y',y").

The geometry of Engel manifolds with direction field is equivalent to
the geometry of third order ODE with respect to contact transforma-
tions and has been studied by E. Cartan [7], S.S. Chern [9], H. Sato and
A.Y. Yoshikawa [20] and by S. Neut [19]. H. Sato and A.Y. Yoshikawa
showed that this geometry fits into the scheme of parabolic geometry
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CARTAN CONNECTION ON ENGEL CR MANIFOLDS 5

with structure group Sp(4,R) (the group of contact automorphisms of
y" = 0).

Moreover, Engel manifolds with direction field are examples of multi-
contact sturctures as introduced by M. Cowling, F. de Mari, A. Koranyi
and H.R. Reimann in [8], see also [17].

Now let M be an Engel CR manifold, i.e. an Engel manifold with a
smooth endomorphism field J, : D, — D, such that Jg = —id. Note
that the so-defined CR structure is automatically integrable because
the CR dimension is 1. Now, let Y be a smooth local section of DP.
Then X = JY represents a complementary direction field to Y in D.
Thus, the CR structure encodes a third order ODE. Observe that the
CR structure cannot be completely recovered from the ODE since J
couples the scale of X with a choice of a scale of Y.

2. Prolongation of the Levi-Tanaka algebra and the
homogeneous model

It is convenient to fix a basis V., V,,, V2, V3 of the Levi-Tanaka algebra
g— such that V, € g_1 and

(1) Ve =JV, €91 Vo =V, V] €92
Vs =[Vy, Vo] € g3 [Vy, Vo] = 0.

Vy, and hence V,, Vo, V3 are determined up to scale by the above condi-
tions.

Let Go be the group of automorphisms of the graded Lie algebra
g— and let go be the Lie algebra of Go. Then the first step of the
prolongation procedure is a choice of a subalgebra gg C go.

The algebra gy can be identified with the Lie algebgra of all endo-
morphisms C of g_; that preserve the distinguished direction V,,. Such
an endomorphism C' acts on g_o by multiplication with tr C' and on g_3
by multiplication with 2tr C' — Ay where Ay is the eigenvalue of C' to
the eigenvector V.

For Engel CR geometry C' € gg has to preserve the direction JV, =V,
with the same eigenvalue as V;, hence gg = R consists of endomorphisms
Aid.

The components g, with £ > 0 are recursively determined as linear
mappings from g_; — gy—1 that extend to derivations on g_. A simple
computation shows that g; and consequently g, with £ > 1 are trivial.

We remark that a different choice of gy leads to different geometries:
for go = @o the prolongation will be infinite and it corresponds to infini-
tesimal automorphisms of Engel manifolds without additional structure.
If we choose gg as the Lie algebra of endomorphisms of g_; that preserve
V, and an additional vector V, (but with possibly different eigenvalues)
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the resulting prolongation is sp(4,R) which corresponds to contact ge-
ometry of 3rd order ODE. Pointwise geometry of 3rd order ODE results
from a non-maximal prolongation with the same choice of gg.

The homogeneous model for the construction of the Cartan connec-
tion can be obtained by exponentiating the Levi-Tanaka algebra g_.
The (simply connected) Lie group G_ of g_ has the structure of an
Engel CR manifold. Let (z,y, us, us) be coordinates with respect to the
basis V;,Vy, V2, V3 in g_ and in G_ = expg_. Then the Lie algebra
product, defined by the Baker-Campbell-Hausdorff formula is

(.%', Y, u2, U3) © (aaﬁa N27M3) =

1 1 1
(z+ay, y+0, uatpats (z6—ya), U3+M3+2(1‘N2—u204)+12($ a)(zf-ya)).

The left-invariant vector fields are

g y 0 us  xy\ O

—deL V. = £ _ (%2 TYN 9
Ve = doLgVs oxr 2 0us (2 + 12> Ous
~ 0 x 0 z2 0
Vy—doLgVy—@+ 5 9y +7287U,3
. 0 x 0
Vo =doLyVo = 8 +§87u‘5
- 0
VQ—dOLgvg—%.

The distribution D at g € G_ is spanned by Vs, V and the complex
structure on D is defined by J Vy =V, and (consequently) JV, = —Vy.

The homogeneous CR manifold G_ can be embedded into C? with
coordinate functions (z,ws,ws) which satisfy the equation

(Vy+iVa)f =
0 0 xz—iy 0 iug  z(z —1iy)
(agﬁ Yor T azu*( 2 T 1 au?, f=0
An obvious solution is z = "”_—213” After introducing z as a complex

coordinate the equation takes the form

9 0 up iz(z+2)\ 0 B

We find the solutions wy = us —i|z|? and w3 = uz — M - %’5
The equation of the resulting embedding is
I I R 2
Tmws = — |22, Tmws — uglmz m(wyz) n e(z|z| )

2 2 2
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This is clearly equivalent to the standard cubic that was introduced by
Beloshapka in [1]:

Q: TImwsy=|z% Imws = Re z|z|2.

The Tanaka prolongation g of g_ can be interpreted as the Lie algebra
of the group G of all CR automorphisms of ). In fact, G = G_ x R*
where G'_ acts transitively on () = G_ by right multiplication and R*
acts by

z— 1z, wg — t2w2, w3 = 3w,
Notice that these CR automorphisms extend holomorphically to C3.
The same is true for the CR automorphisms that correspond to G_:

The CR automorphism that corresponds to the right multiplication by
(P, q2,q3) € @ = G_ extends to

z Z+Dp
wy | — wo + q2 + 2izp
ws ws + g3 +i2[p|* +p%)z +ip2® + (p + P)we

The structure group G has a matrix representation by 5 x 5 matrices
of the form

3 2z +2) it?z it(22]2+2%) ws
2

0 t 0 2itz wo
g=10 0 t? 2tz 22
0 0 0 t 2
0 0 0 0 1

The Maurer-Cartan form w = g~ 'dg of the Lie group G in matrix
notation is

3dt dz4+dz idz 0 dugfzduzf,%dUQf%z2d2+%22dz
t t Tt Al N
0 2dt 0 2idz dus+izdz—izdz
t t2
w=1lo0 o0 2 % 0 )
t d
0 0 0 & &
0 0 0 0
where us = Rewy and uz = Rews. The forms
dt 2dx 2dy
07 % T y t
duy +izdz—izZdz du; —2ydx + 2z dy
@2 = =
12 t2
B — dus — zdu; — Zduy — %Z2d,§ + %Z2dz
_dup — 2z duy + 2xy dr — (22 — y?)dy
= 3
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constitute a basis of left invariant 1-forms on G. The structure equa-
tion dw+ % [w,w] = 0, or direct verification, yields the structure formulae

APy =0,  db, =B, ADy,  db, =D, A Dy,
dq>2:2(1)2/\(1)0—q)x/\‘1>y, dP3 =3P3 A Dy — P, A Do,

3. Preliminaries on Cartan connections

Our aim is to construct a canonical Cartan connection for Engel CR
manifolds based on the cubic model. This means that for a general Engel
CR manifold M we have to find “curved” analogues of the principal R*-
bundle G — G/H = C and the g-valued Maurer-Cartan form. More
precisely, we will construct a principal R*-bundle G — M and a g-valued
1-form w : TG — g that satisfy the properties

(i) for any p € G the mapping w, : T,G — g is isomorphic

(ii) the fundamental vector field of the principal action is mapped to
Vo
(iii) Rfw = Ad(h™")w for any h € H

The curvature tensor of the Cartan connection is defined as
1
K =dw+ §[w,w].

Differentiation of (iii) implies
w([X,Y]) = [w(X), w(Y)]

when X is the fundamental vector field of the principal action. This
means that K is a horizontal form, i.e. it vanishes if one of the arguments
is vertical.

The curvature function on G is defined by

K(p)(X,Y) = K(w], ' X, w|,'Y).

It that takes values in the 2-cochains C2(g_, g). The g-module C?(g_, g)
splits into the subspaces of homogeneity ¢ = —1,...,5. Let 0 be the
cochain operator. Then the dx can be expressed by the so-called Bianchi
identity (see [4])

0k(X,Y,Z) == k(5 (X,Y),Z) +w " (X)K(Y, 2),
cycl

where XY, Z € g_, k_ is the g_-part of x and the sum runs over all
cyclic permutations of (X,Y, Z). It follows that the component Jx()
of homogeneity ¢ can be expressed by lower components and therefore
the components of degree i are determined by the lower components up
to ker 0 = Z2(g_,g). Thus, the “essential” part of the curvature takes
values in Z%(g_, g).
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CARTAN CONNECTION ON ENGEL CR MANIFOLDS 9

We will see below that there is a unique Cartan connection whose
0-exact part (with respect to some complementary subspace) of the cur-
vature function vanishes. Our choice of this complementary subspace
is based on the fact that the Lie algebra g splits into 1-dimensional
subspaces. This induces a splitting of C?(g_, g) into 1-dimensional com-
ponents. We choose a basis for the complement that involves a minimal
number of those 1-dimensional components. This leads to the simplest
expressions for the curvatures (see Subsection 7.2 for the choice adopted
in our construction).

Since we have fixed a basis (Vo, V3, V,, Vg,Vg) of 9 the connection

form ® amounts to a dlstlngulshed coframe <I>0 <I>°”3 q)y (I>2 3 on g or

to its dual frame %,Vx,%,VQ,Y/g Notice that VO = o 1(1p), V, =
V), Vy = 871 (V,), Vo = 71(Va), Vs = &7 (V3).
The curvature components
ng = K*(Vs,V5)

equal —2I<:g‘7, with
kG, = O%([V, V5)) — %[V, V]

where ®*[V3, V] are the structure constants of g. This shows that
the curvature can be interpreted as the aberration of the commutator
relations between the frame vector fields from the commutator relations
between their images under @ in g.

4. Cartan Connection of Engel CR manifolds (Proof of
Theorem 1)

First, we define the Cartan bundle G := DO, i.e. G 1is the line bundle of
all distinguished vectors tY. It is clearly a R*-principal bundle. Notice
that

GpJG=DcCD cTM.

Now we construct a canomcal frame field on T'G. First of all we have
the fundamental vector field V; that is induced from the principal action
of R*. Consider the two mappings Va, V G — TM, defined by

Ve(Y)=JY, V,(Y)=Y

If a connection form ®° at G with @O(VO) = 1 is given, these mappings
lift to vector fields on G
Vm = Vm + axOVO

U = 7, + ayolh
by the condition i)o(f/a) = 0. We try to determine ®° and the missing
vector fields Vo, V3 by making the commutator bracket relations as “close
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as possible” to the corresponding relations for the cubic model, i.e. we
annihilate as many curvature components as possible.

For computation we fix a local section Y on G and the frame T,, = JY,
T,=Y, Ty =[Ty,T,], T5 = [T, Ts] on M. Denote by ©%, ¢¥, ©?, ¢ the
dual coframe. We may choose the scale of T}, in such a way that

[Ty,Tg] e D.
In fact,

7Ty, [tTe, 7T, = 73T, To] + 37%(T,7) T mod D.

Thus, 7 has to satisfy a differential equation Ty (log 7) = ([T}, T2]).

This choice and the Jacobi identity imply

[Tvay] =T

(T2, T2 =T3

[Ty’ T3] :¢y2Tx + ¢ZQTy

[T, Ts] =453 Ty + ¢YsTy + 23T + ¢33T3

[Ty, T3] =[Ty, [Ty, To]] = (Tudbyo) T + (Tuiyn) Ty + Sy T2
[T», T3] :[[Tx,Ts] yl + [T, [Ty, T3] =

(=Typys + T2¢y2 ¢$2¢i3 - ¢23Tx¢:§2)Tx+

+ (=Tydls + To Yy — bhndias — s Tudys) Ty+
+ (833 + 2T0dly — Tydas — disdys) Tot
+ (dy — y¢x3)T3

Here ¢, = ¢*([T,T;]). Further consequences of the Jacobi identity
which will be used in calculations are

(2)

0 [Tz7 [T27 T3H + [T27 [T37 Tw]]
0 =[Ty, (T2, T3]] + T2, [T3, Ty)]]) + (13, [T, T2]].

By t we denote the fibre coordinate in G with respect to the trivial-
ization induced by the fixed section Y, i.e. for W € G the coordinate
t(W) = @¥(W). Then
6
875
Ve =ty + agxoVo

Vo =

>

= tTy + Gyo%

=
Vo = agoTh + agy Ty + aoy Ty + a0 Vo
/3 = assTs + azeTh + aze Ty + azy Ty, + azoVo
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The dual coframe is then

A dt
ol - + bozpx + boypy + bo2p2 + bozps

qA)x

1
7 Pa + br2p2 + br3ps

A 1

oY = Tovt by2tp2 + by3p3
D? = bogip + basps

D = 3303

. _ 1 _
Wlth b33 = 733, b22 = E,

The invariance condition (iii) of a Cartan connection means

etc.

Here |j| = j for j = 0,2,3 and |j| = 1 for j = z,y. It follows that
ajx(m,t) = thla.(m) and bj.(m,t) = t7V13;,(m). In particular,

A dt
@0:?%—73

where w is a 1-form on M. (More precisely, w is the pullback of a
1-form at M.)

Now we will investigate all curvature components. By our construc-
tion all components of homogeneity —1 and 0 vanish automatically:

kiy = ég([vm%]) =0
0

kys = ®3([V;, V2))

By setting ass = t? and as3 = t> we annihilate

>

yl — Vo) = bao(t* — asn)

A~

5] — V3) = bs(t® — ags).

2 _ H2(1
kxy =0 ([‘/1’
k?}? = (1)3([‘[%

>

Next we consider the components of homogeneity 1. The subspace
of closed cochains is 5-dimensional and coincides with the subspace
of coboundaries (see Subsection 7.2 for the explicit calculation of the
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12 VALERIT BELOSHAPKA, VLADIMIR EZHOV & GERD SCHMALZ

cohomologies). Thus vanishing of curvature of homogeneity 1 yields

kY, = Y ([Va, V] — Vo) = ago — %
kE, = 0" ([Va, V] — Vo) = —ayo — a%

D[V, Va] = Vh) = 250 + 2% — =2
(7, T5]) = 2ay0 — 2

2 SN as2
(I)3<[Vm, VE))]) = 3(1350 + tT + t(ﬁig

(7. Va]) = Baya

We find

£ 4
asp = —5%37
2 4
a?y - _E¢x37
t
Az = _é(z)i&
a2y = 07
Ay = 0

Due to the Bianchi identity the curvature of homogeneity 2 takes
values in Z? which has dimension 6. It splits into an exact and a non-
exact component. Below, we used a bar to separate the exact part at
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the left hand sind from the non-exact part at the right hand side.

1

Koy = thTm% — ago
1
;;2 = —a20 — ¥G3m

1 1 1
kYo = T8t2(¢§;3)2 - thTxﬁbis — 7%y

2 x
ty2

1
— 3t Ty + by

1
ks = thTMis —axo

1 1 11 2
ki = 703yt gtzTﬂﬁ - *tg(%s) 2(¢ 5)? — §t2Tr¢9303 + 1205,
1 1 1
ks = 708~ thTyCﬁ:;?, —thTy¢i3 + %0y,

2 1
k3s = 3ago — e — thTmig —§t2Ty¢;°;3 + 29,

The functions az, and a3, and azy will be determined by equating
the exact part of homogeneity 2 to zero

AN
A3y = —gTyﬁbxg

AR 3
A3y = E(¢m3) - ETx¢x3
t 3
az = £ Tydzs
The essential curvatures of homogeneity 2 are
2
v2 =t Py
RY, =t*¢, t2T 3
y2 =t 9 y¢ 3

11t
ET

gy gty + W a0 2
r3 ¢x3 ¢13) 3 £¢x3

The curvature component of homogeneity 3 splits into a 1-dimensional
exact part, a 1-dimensional non-exact closed part and a 5-dimensional
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non-closed part. Below, we used two bars to separate the three compo-
nents.

T 1.
ng:H VRQ+ VRy2

N 1.
kys =B 5va52 + 5 Vol

Yy _ | pY
kz3 _‘RxS

1.
y3_H VR 1‘/;91?52

ki =Bs|| + VaRY,
2 Lo
k23 :233 +§V1‘R V R$3 5

with

1 1 1
Bs := —asp + gthmTy¢i3 - gtSTyquﬁig - Et%izTyd’i:’v

The only essential curvature of homogeneity 3 is

5t3

2
216( ) + ¢ 3¢13

t3 t3
Rly = ¢at” + ﬁQsisTx o3 — ng?cbis
Vanishing of the exact part yields

t? 3 t? 3 t? 3 3
aszo = gTaeTy 3 gTyTx 3 E%sTy%&
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CARTAN CONNECTION ON ENGEL CR MANIFOLDS 15

In homogeneity 4 and 5 the cochain operator 0 has no kernel. There-
fore, according to the Bianchi identity, all curvature of these homo-
geneities can be expressed in terms of curvature of lower homogeneity:

1. 1o o 1o 5 e
]{;x?) - _ §V§R52 — gVnyRig + ivx%Rig + gVsz:&
N 1. -
0o _ 2 pr
kjy3 —ZVm RyQ + ZVEEV?/RZ?
. 1~ A y 1 ~o 3~ 1~ €T 2
Ky = — GVaVyRyy + VIR, + SViVeR), — SV/RY, — Ry, Ri

2
Ky =5 VzRy 3VVR23+ VVR =

3 1.
kzg_fv?’ o + 3V, V, Vo RY, VV2Ry VVVRxg

V,RYs — RY,R2,

w

— V.V R, — fVIQVngQ — RL, Vo R23 — R23V, R,

3
ZRYV, Ry2 + RyQRQ173

+ RyQVR — 5 Ry

Here we used the Jacobi identity (2). This proves Theorem 1.

Corollary 1. An Engel CR manifold is locally equivalent to the cubic

C if and only if the invariants Ry, Ry2, Rx3, RY, vanish identically.

The structure equations take the form
dd® =303 A &Y — &7 A O% 4 K3
dd? = 20 A 00 — &% A DY 4 K2
dbY — &Y A G0 4 KV
46 = &7 730 4 K
dd’ = K9 = 7*(dw)
The curvature form K9 is a pullback of a 2-form on M. Its vanishing

is equivalent to the integrability of the horizontal distribution defined
as the null distribution of the connection form

- dt ¢y Ty 2T, T3, — T, T, >

(I)O - Tx3 Y*¥x3 _ T-Y¥x3 Y- r¥x3

+ 6 20 5 2 6 ¥3

5. Distinguished frames and interpretation of the curvature

The Cartan connection constructed above induces a family of distin-
guished frames at any point a of the underlying manifold itself. Let
7 : G — M be the projection of the Cartan bundle and a € 7 !(a).
Then for any choice of & we define for a = z,9,2,3

Va = dﬂ"dva
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16 VALERIT BELOSHAPKA, VLADIMIR EZHOV & GERD SCHMALZ

Another choice of @’ = ta leads to the frame

Thus, the Cartan connection induces a complete splitting of the tan-
gent spaces of M. The essential curvatures RyQ, RyQ, RY, Rx3, can be
interpreted as the V., component of [Vy, VQ] the V5 component of [Vy, V3]
and the V and V5 components of [Vw, Vg] respectively. This proves the
following geometric interpretation of the curvatures

Corollary 2. Vanishing of Ry, is equivalent to the integrability of the
distribution spanned by Vy,Vg, vanishing of Ry3 and R? 23 1S equwalent
to the integrability of the distribution spanned by Vi, Vs. If Vs R, =
then Ry2 = 0 is equivalent to the integrability of the distribution spanned
by Vy, Vs.

The splitting of TM can be understood in terms of M only in the
following special case: Choose T}, T, as above. The remaining freedom

is a rescaling of T’;, T}, by a multiplier f with T, f = 0. Suppose there is
a solution of

3
(3) = Xog )= 2.

This determines all partial derivatives of f, thus f is determined up to
a multiplicative constant. In this case V, = tfT}, V = tfT, =
Va, f/y], Vs = [Vi, Vo). All formulae simplify significantly. In partlcular
PO = % and d®° = 0. Vice versa, let d®9 = 0. Then dw = 0 and

locally @ = di for some function f. But then Ty = 0 and Ty =
and, hence, f = exp(2¢) solves equation (3). It follows

Corollary 3. On an Engel CR manifold M there exists locally a
unique family of vector fields tVy, tVy, t*Va,t3Vs (t € R*) on M such
that

[va Vy] =V
[V, V2] =V3
[Vy, Vo] €D
[Va, V3] €D/
if and only if dw = 0 which is equivalent to K9 = 0.
Obviously, the families (tV,tV,,tVa,tV3) and (tVz,tVy,t%,t%) co-
incide.
6. Relation to the normal form

In [3] the authors constructed a normal form for embedded real-
analytic Engel CR manifolds. For any such manifold M there exist
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local coordinates (z,w;,ws) in a neighbourhood of a point @ € M in the
ambient space such that the equation of M takes the form

Imw; =|z|? + A; Re2?2° + Ay Tm 222° + - -
Imwy =Re 2?2 + By Rez'z + ByRe 2’2" + B3 Im 2°2° + ByRe 2°2
BsIm 2°% + BgRe 2*2% + By Im 2*2% 4 Bg|z|® + - -

where the dots indicate terms of higher homogeneity.
The expressions of the invariants in terms of the normal form are

v9(0) = (2B — By)t®
RY,(0) = —3B3t?
R2,(0) = (2B; — 5By)t*
RY,(0) = (4A; + 5By — 2B — 6Bs)t*

The distinguished frames defined in Section 5 at the reference point
a are
E27 _E£7 2i7 t3i—t3(31—32)2.
20x 20y Ous Oug Ay
Notice, that the normal coordinates themselves provide a family of dis-
tinguished frames at the reference point, namely (for the most natural
choice)
tﬁ, té, tzi, t?’i.
oz oy Ous Ous
Since B; — B is an invariant of homogeneity 2 the frame from the
Cartan connection and the frame from the normal form are equivalent.
It is natural to introduce the notion of umbilicity. In analogy to the
definition of umbilic points of hypersurface given in [10] we call a point
a of an Engel CR-manifold umbilic if Rj,(a) = R‘ZQ(a) = R2;(a) =
RY;(a) = 0. Then Corollary 1 can be reformulated as

Corollary 1°. An Engel CR manifold is locally equivalent to the
cubic C' if and only if all its points are umbilic.

In terms of the normal form umbilicity is equivalent to vanishing of
Bi1, By, B3 and 4A1 + 5B4 — 2Bg — 6Bs.
7. Appendix

7.1. Algebraic brackets. Let D C T'M be a distribution of rank n on
a n + k-dimensional manifold M and let £, be the bilinear mapping

Lo,:(X,)Y)—=n([X,Y]n)

where X, Y are local sections of D, a € M and  is the natural projection
T,M — TyM/D,. Then L,(X,Y) depends only on X, and Y,. Indeed,
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let @ be an R¥ valued 1-form with ker @ = D. Then 6 identifies T,M/D,
with R and, thus £, with

0,([X,Y]) = —2d6,(X,Y) + XO0(Y) - YO(X).
Since §(X) = 6(Y) = 0, we conclude 6,([X,Y]) = —2d0,(X,, Ya).

7.2. The space of 2-cocycles. Let V, a basis of g and ®* the dual
basis, where a runs over {0, z,y,2,3}. Then a 2-cochain can be written
as ® = Eqﬁgﬂ d* A ®P @ V, (the indices o, B run over {z,y,2,3} and
Pop = —¢%a). Thus, the space of 2-cochains C?(g_,g) has dimension

30. The subspace Z2 of d-closed cochains is 17-dimensional and is char-
acterized by the following conditions (in order of their homogeneity):

2 3
gy - ¢y2 + ¢y3 =

T+ Oy + 500, —dds =0 @5+ 380, — b3 =0

3 — Pz =0 g2 =0 3 =
¢33 — 2955 =0 Pg + ¢z =0
b3 = ¢33 =0 o3 = 53 =0
¢93 =0

The subspace B2 of 0-exact cochains is described by the additional
equations

=0 Qly+ =0 @Yy —¢J, =0
¢Z3:0

Thus, the cohomology H?(g_,g) is 4-dimensional and can be repre-
sented by the following complementary subspaces to B%(g_, g) in Z2(g_, g):
in homogeneity 2 we choose the subspace spanned by

YN D% RV, PN D @ Vs
PUAD* RV, +BYAD® R Va4 % A D3 ® V3,

in homogeneity 3 we choose the subspace spanned by
NP RV,
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7.3. The curvatures. Here we list the curvatures by their homogene-

. 3 _
(-1): K, =0

(0):  k}y=0, k2, =0, k3, =0
(1) : kgy =0, kgy =0, kiQ =0,
k;z :0, k’ig :0, k’;g) :0
(2) : kgy =0, ko =0, kYo =0
52 :joéa kzz =R§2, 7%253 :R?c?)
kzs :RZ27 k%:a —352
0 0 1. T 1 Y T 3 Y 1 2
(3) kug =0, kyp =7 VaRyy +  Vylyy, kg =— VaRyp + SVyRy
T 3 T 1o ¥
kg:s :ngcsv y3 — 4 Vnyz 4‘/sz2: kgs :VIRZQ
1. 1
kSS :ivaZ2 2VyRa263
0 Ky == SVRRY, - UV + SV R+ VR
() 3 — 9 y2 3yx$3+2$y:v3+3ym3
1. 1. -
Fys = Ve Rys + Ve Vy Ry,
1 - 1 3~ N
kY = — V.V, RY, + §V5R§2 + 5VnyRg2 VS R%; — R, R2,
1. 1. - 1. - 2 .
ks :gvaRzz — ZV,VaR2; + §Va:Vnyc3 g‘@Rxs RY,R2,
1. IUNEIN 3. 10 o n
(5): k= 51/5352 +3VaV,VaRY, — ivyva;ZQ + 5V;ngcvyRﬁg—

A 1 aqn A
— VoV R — §V§Vszz — R},)VeR23—

R 1 A 3 -
— R23VL Ry + 5RgQVyR,%g — 5Rngng2 + R,RY,
The essential curvatures evaluate as
Ry =t*4i,
2 3
Ryy =ty — 3 Ty¢ys
11¢2 2t2
R2; =t*¢2s + ¥(¢i3)2 ~ 3 i
v _ay 3 N L RC AP T
Rz3 =t ¢x3 + E¢x3Tx¢x3 - ETIE x3 + %( w3) + g(bx?;qu?)
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