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1. Ââåäåíèå

Êëàññ ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé (HG-ôóíêöèé) íåñêîëüêèõ ïåðåìåííûõ ïðåäñòàâëÿåò

çíà÷èòåëüíûé èíòåðåñ. Îí ïðîäîëæàåò îñòàâàòüñÿ ïðåäìåòîì âíèìàòåëüíîãî èçó÷åíèÿ [1].

Ñ äðóãîé ñòîðîíû, èìååòñÿ òåîðèÿ àíàëèòè÷åñêîé ñëîæíîñòè, îðèåíòèðîâàííàÿ íà èçó÷åíèå

âîïðîñîâ ïðåäñòàâèìîñòè ôóíêöèé áîëüøåãî ÷èñëà ïåðåìåííûõ ñóïåðïîçèöèÿìè ôóíêöèé

ìåíüøåãî ÷èñëà ïåðåìåííûõ. Â ÷àñòíîñòè, èçó÷àþòñÿ âîïðîñû ïðåäñòàâèìîñòè ôóíêöèé

äâóõ ïåðåìåííûõ ñ ïîìîùüþ ôóíêöèé îäíîãî ïåðåìåííîãî [2]. Â êîíòåêñòå ýòîé òåîðèè

ïðîñòåéøèå ôóíêöèè äâóõ ïåðåìåííûõ � ýòî ôóíêöèè ñëîæíîñòè îäèí (ôóíêöèè îäíî-

ãî ïåðåìåííîãî èìåþò ñëîæíîñòü íîëü). Ýòî àíàëèòè÷åñêèå ôóíêöèè ïåðåìåííûõ (x, y),

èìåþùèå ëîêàëüíîå ïðåäñòàâëåíèå âèäà z(x, y) = c(a(x) + b(y)) (a, b, c � íåïîñòîÿííûå àíà-

ëèòè÷åñêèå ôóíêöèè îäíîãî ïåðåìåííîãî). Òàêèå ôóíêöèè ïðåäñòàâëÿþò îñîáûé èíòåðåñ.

Âî-ïåðâûõ, ýòî ôóíêöèè êîòîðûå èìåþò â êàëèáðîâî÷íîé ãðóïïå ñòàáèëèçàòîð ìàêñèìàëü-

íîé ðàçìåðíîñòè (ðàçìåðíîñòè òðè) [3]. Âî-âòîðûõ, åñëè ñ÷èòàòü, ÷òî z(x, y) � ýòî ôóíêöèÿ

3-òêàíè íà ïëîñêîñòè, òî òàêàÿ òêàíü ýêâèâàëåíòíà øåñòèóãîëüíîé òêàíè òîãäà è òîëüêî

òîãäà, êîãäà z èìååò óêàçàííûé âèä [4].

Ñîâîêóïíîñòü âñåõ òàêèõ ôóíêöèé � ýòî, çà âû÷åòîì ôóíêöèé îäíîãî ïåðåìåííîãî, ñîâî-

êóïíîñòü àíàëèòè÷åñêèõ ôóíêöèé, îáðàùàþùèõ â íîëü íåêèé äèôôåðåíöèàëüíûé ïîëèíîì

òðåòüåãî ïîðÿäêà. Ýòîò ïîëèíîì � íå ÷òî èíîå, êàê ÷èñëèòåëü ñëåäóþùåé äèôôåðåíöèàëü-

íîé äðîáè:
(
ln(z′x/z

′
y)
)′′
xy
, ò.å. óñëîâèå, îïðåäåëÿþùåå ôóíêöèè ñëîæíîñòè, îäèí èìååò âèä

:

d1(z) = z′xz
′
y(z
′′′
xxyz

′′
y − z′′′xyyz′x) + z′′xy((z

′
x)

2z′′yy − (z′y)
2z′′xx) = 0, z′x z

′
y 6= 0. (1)

Îòìåòèì, ÷òî â êëàññ ôóíêöèé ñëîæíîñòè îäèí âõîäÿò âñå ÷åòûðå àðèôìåòè÷åñêèõ îïå-

ðàöèè. Åñëè óáðàòü íåðàâåíñòâî, èñêëþ÷àþùèå ôóíêöèè îäíîãî ïåðåìåííîãî, òî ïîëó÷àåì

Cl1 = {d1(z) = 0} � êëàññ ôóíêöèé ñëîæíîñòè íå âûøå ÷åì îäèí.

Íà íàø âçãëÿä, òåîðèÿ ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé íåñêîëüêèõ (â ÷àñòíîñòè, äâóõ)

ïåðåìåííûõ êà÷åñòâåííî îòëè÷àåòñÿ îò òåîðèè ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé îäíîãî ïåðå-

ìåííîãî òåì, ÷òî ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ â êàêîì-òî ñìûñëå
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ñëèøêîì ìíîãî è âîçíèêàåò ïðîáëåìà âûáîðà áîëåå óçêîãî êëàññà ñàìûõ èíòåðåñíûõ HG-

ôóíêöèé. Êàêèå HG-ôóíêöèè ïðåäñòàâëÿþò íàèáîëüøèé èíòåðåñ? Íåñîìíåííî, ÷òî íà ýòîò

âîïðîñ ìîæíî äàâàòü ðàçíûå îòâåòû. Äëÿ ôóíêöèé äâóõ ïåðåìåííûõ ìû ïðåäëàãàåì òàêîé

âàðèàíò îòâåòà:

Õîðîøèå HG-ôóíêöèè � ýòî HG-ôóíêöèè ñëîæíîñòè îäèí.

Ïîä HG-ôóíêöèåé äâóõ ïåðåìåííûõ (ïðèìåðû 1� 7) ìû, ñëåäóÿ [1], ïîíèìàåì íåêîòîðîå

ðåøåíèå ñèñòåìû Ãîðíà. ×òîáû çàäàòü ñèñòåìó Ãîðíà äëÿ ôóíêöèé ïåðåìåííûõ (x, y), òðå-

áóåòñÿ ÷åòûðå ïîëèíîìà îò äâóõ ïåðåìåííûõ P,Q,R, S. Ïóñòü X = x ∂
∂x , Y = y ∂

∂y � îïå-

ðàòîðû îäíîðîäíîãî ÷àñòíîãî äèôôåðåíöèðîâàíèÿ. Òîãäà ñèñòåìà Ãîðíà, ñîîòâåòñòâóþùàÿ

äàííîé ÷åòâåðêå ïîëèíîìîâ, � ýòî ñèñòåìà èç äâóõ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

ñ ïåðåìåííûìè êîýôôèöèåíòàìè îòíîñèòåëüíî îäíîé ôóíêöèè z(x, y) âèäà

Gx z = (xP (X,Y )−Q(X,Y )) z = 0,

Gy z = (y R(X,Y )− S(X,Y )) z = 0. (2)

×òî ïðåäñòàâëÿåò ñîáîé ñîâîêóïíîñòü ðåøåíèé ýòîé ñèñòåìû ñëîæíîñòè îäèí? Öåëü

äàííîé ðàáîòû � äàòü ÿâíîå îïèñàíèå ðåøåíèé ñëîæíîñòè îäèí äëÿ íåêîòîðîé ñåðèè ïðè-

ìåðîâ ñèñòåì âèäà (2). Ïî÷òè âñå ïðèìåðû âçÿòû èç [1]. Ïðè ðîñòå ñòåïåíåé îïðåäåëÿþùèõ

ïîëèíîìîâ è ÷èñëà ñâîáîäíûõ ïàðàìåòðîâ çàäà÷à ÿâíîãî îïèñàíèÿ ïðîñòðàíñòâà ðåøåíèé

ñòàëêèâàåòñÿ ñ íàðàñòàþùèìè âû÷èñëèòåëüíûìè òðóäíîñòÿìè äàæå äëÿ ïîëèíîìîâ ñòåïåíè

íå âûøå äâóõ. Îäíàêî ìîæíî íàäåÿòüñÿ, ÷òî ðàññìîòðåíèå ýòèõ ïðèìåðîâ ïîçâîëèò ñôîð-

ìóëèðîâàòü âîïðîñû äëÿ äàëüíåéøåãî èññëåäîâàíèÿ (íåêîòîðûå ñôîðìóëèðîâàíû â êîíöå

ñòàòüè).

Â òåîðèè HG-ôóíêöèé èìååòñÿ óñòîÿâøèéñÿ ïîäõîä, â ñîîòâåòñòâèè ñ êîòîðûì âàæíîé

õàðàêòåðèñòèêîé ñèñòåìû Ãîðíà ÿâëÿåòñÿ åå ãîëîíîìíîñòü. Ãîëîíîìíîñòü ñèñòåìû, â ÷àñò-

íîñòè, ãàðàíòèðóåò êîíå÷íîìåðíîñòü ïðîñòðàíñòâà ðåøåíèé. Â íàøèõ ðàññìîòðåíèÿõ ìû

ãîëîíîìíîñòè òðåáîâàòü íå áóäåì.

Ïîñêîëüêó ñèñòåìà Ãîðíà � ýòî ñèñòåìà ëèíåéíûõ óðàâíåíèé, òî ñîâîêóïíîñòü åå ðåøå-

íèé � ýòî ëèíåéíîå ïðîñòðàíñòâî. Óðàâíåíèå (1) íå ÿâëÿåòñÿ ëèíåéíûì. Ñ ãåîìåòðè÷åñêîé

òî÷êè çðåíèÿ ñîâîêóïíîñòü åãî ðåøåíèé � ýòî áåñêîíå÷íîìåðíûé êîíóñ. Äåéñòâèòåëüíî,

ïðåîáðàçîâàíèå (z(x, y) → λ z(x, y)) ïåðåâîäèò ðåøåíèÿ â ðåøåíèÿ. Ïîýòîìó íàø âîïðîñ

ìîæíî ïîíèìàòü êàê âîïðîñ î ïîñòðîåíèè ïåðåñå÷åíèÿ êîíóñà è ëèíåéíîãî ïðîñòðàíñòâà.

Äëÿ äàëüíåéøåãî íàì ïîòðåáóåòñÿ ñëåäóþùåå ïðîñòîå íàáëþäåíèå. Ïóñòü äàíû äâå íåïî-

ñòîÿííûå ôóíêöèè a(x) è b(y). Äëÿ òîãî ÷òîáû äëÿ ôóíêöèè w(x, y) íàøëàñü ôóíêöèÿ c(t),

ò.÷. â îêðåñòíîñòè òî÷êè îáùåãî ïîëîæåíèÿ èìåëî áû ìåñòî ëîêàëüíîå ïðåäñòàâëåíèå âèäà

w = c(a(x) + b(y)) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

V (w) =

(
1

a′(x)

∂

∂x
− 1

b′(y)

∂

∂y

)
(w) = 0. (3)

Êîíêðåòíûå âû÷èñëåíèÿ ïðîâîäèëèñü ñ èñïîëüçîâàíèåì ñèñòåìû Maple.
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2. Ñåðèÿ ïðèìåðîâ

ÏÐÈÌÅÐ 1. Ïîëîæèì

P = x2, Q = q1 x+ q2 y, R = y2, S = s1 x+ s2 y, q1q2s1s2 6= 0.

Òîãäà äëÿ ôóíêöèè z = c(a(x) + b(y)) ñèñòåìà (2) ïðèìåò âèä (ïðîèçâîäíûå îáîçíà÷àåì

íèæíèìè èíäåêñàìè):

Gx z = x3a1
2c2 + x3a2c1 + x2a1c1 − q1xc1a1 − q2yc1b1 = 0,

Gy z = y3b1
2c2 + y3b2c1 − s1xc1a1 + y2b1c1 − s2yc1b1 = 0.

Îòíîøåíèå c2/c1 ìîæíî âûðàçèòü êàê èç ïåðâîãî ñîîòíîøåíèÿ, òàê è èç âòîðîãî. Òàêèì

îáðàçîì, èñêëþ÷àÿ c, ìû ïîëó÷àåì äâà ñîîòíîøåíèÿ. Ïåðâîå � óñëîâèå òîãî ÷òî äâà âûðà-

æåíèÿ äëÿ c2/c1 ðàâíû. Âòîðîå, ÷òî äèôôåðåíöèðîâàíèå ïåðâîãî èç íèõ ïî V äàåò íîëü

(ò.å. ÷òî ýòî âûðàæåíèå åñòü ôóíêöèÿ îò (a(x) + b(y))). Èìååì:

e1 = x3y3a1
2b2 − x3y3a2b12 − x4a13s1 + x3y2a1

2b1 − x3ya12b1s2 −
x2y3a1b1

2 + xy3a1b1
2q1 + y4b1

3q2 = 0,

e2 = −a3a1b1x4 + 2 a2
2b1x

4 + a2a1b1x
3 − a2a1b1x2q1 − a12b2xyq2 −

2 a2b1
2xyq2 + a1

2b1x
2 − 2 a1

2b1xq1 − a12b1xq2 − 3 a1b1
2yq2 = 0.

Îáà âûðàæåíèÿ, êàê e1, òàê è e2 ëèíåéíû ïî b2, ïðè÷åì êîýôôèöèåíòû ïðè b2 â íîëü

òîæäåñòâåííî íå îáðàùàþòñÿ. Âûðàçèì b2 èç îáîèõ ðàâåíñòâ. Ïîëó÷àåì äâà óñëîâèÿ. Ïåðâîå

� ðàâåíñòâî ýòèõ âûðàæåíèé, âòîðîå � òî, ÷òî îíè íå çàâèñÿò îò x. Ïîëó÷àåì:

e3 = x6y2a1a3b1 − 2x6y2a2
2b1 − x5y2a1a2b1 + x4y2a1a2b1q1 +

3x3y3a2b1
2q2 − x4y2a12b1 + x4a1

3q2s1 + 2x3y2a1
2b1q1 +

x3ya1
2b1q2s2 + 4x2y3a1b1

2q2 − xy3a1b12q1q2 − y4b13q22 = 0,

e4 = a3a1b1
2x4y3 − 2 a2

2b1
2x4y3 + a2a1

3x5s1 − a2a1b12x3y3 + a2a1b1
2x2y3q1 +

2 a2b1
3xy4q2 + a1

4x4s1 − a12b12x2y3 + 2 a1
2b1

2xy3q1 + 3 a1b1
3y4q2 = 0.

Âûðàæåíèÿ e3 è e4 êâàäðàòè÷íû ïî b1. Íåîáõîäèìûì óñëîâèåì ðàçðåøèìîñòè ÿâëÿåòñÿ

óñëîâèå ðàâåíñòâà íóëþ ðåçóëüòàíòà e3 è e4 ïî b1. Âû÷èñëÿÿ ýòîò ðåçóëüòàíò, ïîëó÷àåì,

÷òî îí èìååò âèä

x11y11a1
4q2

2s1 r(x, y, a1, a2, a3),

ò.å. r = 0. Ïðè÷åì r � ýòî ïîëèíîì ñòåïåíè ÷åòûðå ïî y. Êîýôôèöèåíò â r ïðè y4 ðàâåí

−x2a15q23s23 (xa2 + a1) (2xa2 + 3 a1)
2
.

Òàêèì îáðàçîì, íàì äîñòàòî÷íî ðàññìîòðåòü äâà ñëó÷àÿ:

ïåðâûé � (2xa2 + 3 a1) = 0, è âòîðîé � (xa2 + a1) = 0. Â îáîèõ ñëó÷àÿõ óðàâíåíèÿ íåòðóäíî

ðåøèòü. Â ïåðâîì ñëó÷àå a1 = k/x3/2, à âî âòîðîì a1 = k/x. Ïîäñòàâëÿÿ ïåðâîå çíà÷åíèå

a1 â r íåòðóäíî óáåäèòüñÿ, ÷òî êîýôôèöèåíòû r ïðè âñåõ ñòåïåíÿõ y, ìåíüøèõ ÷åòûðåõ,

íóëþ íå ðàâíû. Òàêèì îáðàçîì, ýòîò ñëó÷àé îòïàäàåò. Ïîäñòàâëÿÿ â r âòîðîå çíà÷åíèå

äëÿ a1, ïîëó÷àåì îáðàùåíèå â íîëü êîýôôèöèåíòîâ ïðè âñåõ ñòåïåíÿõ y, êðîìå ïåðâîé.

Êîýôôèöèåíò ïðè ïåðâîé ñòåïåíè ðàâåí

−k
8q2

3s1 (q1s2 − q2s1)
x7

,
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ò.å. äëÿ îáðàùåíèÿ â íîëü òðåáóåòñÿ óñëîâèå êîëëèíåàðíîñòè âåêòîðîâ (q1, q2) è (s1, s2).

Ïîäñòàâëÿÿ ýòî çíà÷åíèå a1 â e3, ïîëó÷àåì yb1q2 + kq1 = 0. Òàêèì îáðàçîì, â ýòîì ñëó÷àå

a(x) + b(y) = k ln(x)− k q1
q2

ln(y) + const.

Çíà÷èò, z èìååò âèä z = c(y/xα), ãäå α = q2/q1 = s2/s1. Ïîäñòàâëÿÿ òàêóþ ôóíêöèþ z â

ñîîòíîøåíèÿ Gx z = Gy z = 0, ïîëó÷àåì:

c′′(t) t+ c′(t) = 0, îòêóäà c(t) = λ ln(t) + µ.

Èòàê, íàìè äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 1. Ðåøåíèÿ ñëîæíîñòè îäèí (ò.å. âèäà z = c(a(x) + b(y)), ãäå a, b, c, �

íåïîñòîÿííû) ñèñòåìû Ãîðíà äëÿ ïðèìåðà 1 ñóùåñòâóþò, òîëüêî åñëè ïàðàìåòðû ïðî-

ïîðöèîíàëüíû, ò.å. q2/q1 = s2/s1 = α. Ïðè ýòîì ðåøåíèÿ èìåþò âèä

z = λ ln(
y

xα
) + µ, α 6= 0, λ 6= 0.

ÏÐÈÌÅÐ 2. Ïîëîæèì

P = x+ 1, Q = 1, R = y + 1, S = 1.

Òîãäà äëÿ ôóíêöèè z = c(a(x) + b(y)) ñèñòåìà (2) ïðèìåò âèä

Gx z = x2a1c1 + xc0 − c0 = 0, Gy z = y2b1c1 + yc0 − c0 = 0.

Îòêóäà ïîëó÷àåì
c1
c0

= −x− 1

x2a1
= −y − 1

y2b1
=

1

λ
.

Òàêèì îáðàçîì,

a1 = − (x− 1)λ

x2
, b1 = − (y − 1)λ

y2
.

Ïîäñòàâëÿÿ ïîëó÷åííûå çíà÷åíèÿ äëÿ a1 è b1 â Gx = 0 è Gy = 0, ïîëó÷àåì

− (x− 1) (λ c1 − c0) = − (y − 1) (λ c1 − c0) = 0.

Ïîýòîìó c(t) = exp(−t/λ) è z = µ (x y exp(1/x+ 1/y))−1.

Óòâåðæäåíèå 2. Ðåøåíèÿ ñëîæíîñòè îäèí ñèñòåìû Ãîðíà äëÿ ïðèìåðà 2 èìåþò âèä

z =
µ

x y exp( 1x + 1
y )
, µ 6= 0.

ÏÐÈÌÅÐ 3. Ïîëîæèì

P = 1, Q = (x− 1) R = 1, S = (y − 1),

Òîãäà äëÿ ôóíêöèè z = c(a(x) + b(y)) ñèñòåìà (2) ïðèìåò âèä

Gx z = −xc1a1 + xc0 + c0 = 0, Gy z = −yc1b1 + yc0 + c0 = 0.
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Èñêëþ÷àÿ c, ïîëó÷àåì

−xa1y + yb1x− xa1 + yb1 = 0, a2x
2 + a2x+ a1 = 0.

Îòêóäà ñëåäóåò, ÷òî

a(x) =
λ

x
+ λ ln (x) + ln (α) , b(y) = λ ln (y) +

λ

y
+ ln (β) , λ 6= 0.

Äàëåå âû÷èñëÿåì c, â èòîãå ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 3. Ðåøåíèÿ ñëîæíîñòè îäèí ñèñòåìû Ãîðíà äëÿ ïðèìåðà 3 èìåþò âèä

z = µxy e(x+y), µ 6= 0.

ÏÐÈÌÅÐ 4. Ïîëîæèì

P = x2 y + 1, Q = 1 R = y + 1, S = 1.

Òîãäà äëÿ ôóíêöèè z = c(a(x) + b(y)) ñèñòåìà (2) ïðèìåò âèä

Gx z = x3ya1
2b1c3 + x3ya2b1c2 + x2ya1b1c2 + xc0 − c0 = 0,

Gy z = y2b1c1 + yc0 − c0 = 0.

Èç âòîðîãî ñîîòíîøåíèÿ ïîëó÷àåì c1 = (−b2y2 − yb1 + b2y + 2 b1) c0. Äèôôåðåíöèðóÿ ýòî

ðàâåíñòâî ïî x, ïîëó÷àåì òàêèå æå âûðàæåíèÿ äëÿ c2 è c3. Ïîäñòàâëÿÿ èõ â Gxz = 0,

ïîëó÷àåì:

l = x3y4a2b1 − x3y3a12 − 2x3y3a2b1 + x2y4a1b1 + xy5b1
2 + 3x3y2a1

2 +

x3a2y
2b1 − 2x2y3a1b1 − y5b12 − 3x3ya1

2 + x2a1y
2b1 + x3a1

2 = 0.

Çàïèñûâàÿ, ÷òî V (c1/c0) = 0, ïîëó÷àåì e = −b2y2 − yb1 + b2y + 2 b1 = 0. Äèôôåðåíöèðóÿ l

ïî y, ïîëó÷àåì:

(l)′y = x3y4a2b2 + 4x3y3a2b1 − 2x3y3a2b2 + x2y4a1b2 + 2xy5b1b2 − 3x3y2a1
2 −

6x3a2y
2b1 + x3a2y

2b2 + 4x2y3a1b1 − 2x2y3a1b2 + 5xy4b1
2 − 2 y5b1b2 +

6x3ya1
2 + 2x3a2yb1 − 6x2a1y

2b1 + x2a1y
2b2 − 5 y4b1

2 − 3x3a1
2 + 2x2a1yb1 = 0.

Âû÷èñëÿÿ ðåçóëüòàíò (l)′y è e ïî b2, ïîëó÷àåì

r1 = 3x3y4a2b1 − 3x3y3a1
2 − 6x3y3a2b1 + 3x2y4a1b1 + 3xy5b1

2 + 9x3y2a1
2 +

3x3a2y
2b1 − 6x2y3a1b1 − xy4b12 − 3 y5b1

2 − 9x3ya1
2 + 3x2a1y

2b1 +

y4b1
2 + 3x3a1

2 = 0.

Âû÷èñëÿÿ ðåçóëüòàíò r1 è l ïî b1, ïîëó÷àåì

r2 = x6y8a1
4 (y − 1)

6
(x− 1)

2
= 0.

Íî òîæäåñòâåííîå îáðàùåíèå r2 â íîëü íåâîçìîæíî. Èòàê:
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Óòâåðæäåíèå 4. Ðåøåíèé ñëîæíîñòè îäèí ñèñòåìû Ãîðíà äëÿ ïðèìåðà 4 íå ñóùåñòâó-

åò.

ÏÐÈÌÅÐ 5. Ïîëîæèì

P = x+ y − p, Q = x+ q, R = x+ y − p, S = y + s.

Ñëó÷àé p = 0.

Gx z = x2a1c1 + xyb1c1 − xa1c1 − qc0 = 0,

Gy z = xya1c1 + y2b1c1 − yb1c1 − sc0 = 0.

Ïîñêîëüêó c1 íå åñòü òîæäåñòâåííûé íîëü, òî q 6= 0 è s 6= 0. Èñêëþ÷àÿ c, ïîëó÷àåì

e1 = qxya1 + qy2b1 − sx2a1 − sxyb1 − qyb1 + sxa1 = 0,

e2 = −x2a2b1 + xya1b2 − xa1b1 + xa2b1 − yb12 + a1b1 = 0.

Èç e1 = 0 âûðàæàåì b1. Çàïèñûâàÿ, ÷òî b1 íå çàâèñèò îò x, ïîëó÷àåì

e3 = −a2q2xy2 + 2 a2qsx
2y − a2s2x3 + a2q

2xy − a1q2y2 − a2qsx2 + 2 a1qsxy −
a2qsxy − a1s2x2 + a2s

2x2 + a1q
2y − 2 a1qsx+ a2qsx− a1qsy + a1qs = 0.

Ýòî âûðàæåíèå êâàäðàòè÷íî çàâèñèò îò y. Ïðèðàâíèâàÿ ê íóëþ êîýôôèöèåíò ïðè y2, ïî-

ëó÷àåì q2 (xa2 + a1) = 0. Îòêóäà a(x) = λ ln(x) + α è, äàëåå, s = −q, b(y) = −λ ln(y) + β. Â

ðåçóëüòàòå ïîëó÷àåì z = µ (y/x)q.

Ñëó÷àé p 6= 0.

Èìååì

Gx z = x2a1c1 + xyb1c1 − pxc0 − xc1a1 − qc0 = 0,

Gy z = xya1c1 + y2b1c1 − pyc0 − yc1b1 − sc0 = 0.

Èñêëþ÷àÿ c, ïîëó÷àåì

e1 = pxya1 − pxyb1 + qxya1 + qy2b1 − sx2a1 − sxyb1 − qyb1 + sxa1 = 0,

e2 = −a2b1px3 + a1b2px
2y + a2b1px

2 − a2b1qx2 + a1b2qxy − a1b1qx+ a2b1qx−
b1

2qy + a1b1q = 0.

Èç e2 = 0 âûðàæàåì b2, èç e1 = 0 âûðàæàåì b1. Çàïèñûâàÿ, ÷òî b1 íå çàâèñèò îò x è òî, ÷òî

ïðîèçâîäíàÿ b1 ðàâíà b2, ïîëó÷àåì äâà ñîîòíîøåíèÿ. Ïîñëå óäàëåíèÿ ìíîæèòåëåé, êîòîðûå

íå îáðàùàþòñÿ â íîëü, îêàçûâàåòñÿ, ÷òî ýòè äâà óñëîâèÿ ñîâïàäàþò è èìåþò âèä

e3 = a2p
2x2y + a2pqx

2y − a2pqxy2 − a2psx3 + a2psx
2y − a2q2xy2 + 2 a2qsx

2y −
a2s

2x3 + a2pqxy − a1pqy2 − a1psx2 + a2psx
2 + a2q

2xy − a1q2y2 − a2qsx2 +
2 a1qsxy − a2qsxy − a1s2x2 + a2s

2x2 + a1pqy + a1q
2y − 2 a1qsx+

a2qsx− a1qsy + a1qs = 0.

Ýòî âûðàæåíèå êâàäðàòè÷íî çàâèñèò îò y. Ïðèðàâíèâàÿ ê íóëþ êîýôôèöèåíò ïðè y2, ïî-

ëó÷àåì:

q (xa2 + a1) (p+ q) = 0.
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Ñëó÷àé p 6= 0, q = 0.

Òîãäà e3 ïðèíèìàåò âèä x2 (p+ s) (pya2 − sxa2 − sa1 + sa2). Èìååòñÿ äâå âîçìîæíîñòè

îáðàòèòü ýòî âûðàæåíèå â íîëü: ëèáî s = −p, ëèáî a2 = s = 0. Ïåðâûé ñëó÷àé íåâîçìîæåí,

ò.ê. ïðè ýòîì e1 = pxa1 (x+ y − 1). Âî âòîðîì ïîëó÷àåì a(x) = λx + α, b(y) = λ y + β. Â

èòîãå ïîëó÷àåì:

z = µ (1− (x+ y))p, q = s = 0, p 6= 0.

Ñëó÷àé p 6= 0, q = −p, q 6= 0. Òîãäà e3 äåëèòñÿ íà s. Íî îáðàùåíèå s â íîëü íåñîâìåñòèìî

ñ óñëîâèåì e1 = 0. Äàëåå ïîëó÷àåì s = −p. Â èòîãå:

z = µ

(
(x− 1)(y − 1)

xy
− 1

)
, s = q = −p.

Ñëó÷àé p 6= 0, q 6= 0, (p+q) 6= 0 (xa2 + a1) = 0. Òîãäà a(x) = λ ln(x)+α. Ïðè ýòîì èç e2 =

0 ïîëó÷àåì, ÷òî s = −(p+q), à èç e1 = 0 ÷òî b1 = −λ(p+q)/(qy) è b(y) = −λ(p+q)/q ln(y)+β.

Â èòîãå:

z = µ
yp+q

xq
, s = −(p+ q), q 6= 0, (p+ q) 6= 0.

Óòâåðæäåíèå 5. Ðåøåíèÿ ñëîæíîñòè îäèí ñèñòåìû Ãîðíà äëÿ ïðèìåðà 5 ñóùåñòâóþò

òîëüêî â ñëåäóþùèõ ñëó÷àÿõ:

(a) p = 0, s = −q 6= 0, z = µ (
y

x
)q,

(b) p 6= 0, s = q = 0, z = µ (1− (x+ y))
p
,

(c) s = q = −p 6= 0, z = µ

(
(x− 1)(y − 1)

x y
− 1

)
,

(d) p 6= 0, q 6= 0, p+ q 6= 0, s = −(p+ q), z =
µ

xq ys
.

ÏÐÈÌÅÐ 6. Ïîëîæèì

P = x(x+ y), Q = x2, R = y(x+ y), S = y2.

Òîãäà ñèñòåìà ïðèíèìàåò âèä:

Gx z = x2a1
2c2 + xya1b1c2 + x2a2c1 − xc2a12 + xa1c1 − xc1a2 − c1a1 = 0,

Gy z = xya1b1c2 + y2b1
2c2 + y2b2c1 − yc2b12 + yb1c1 − yc1b2 − c1b1 = 0.

Èñêëþ÷àÿ c, ïîëó÷àåì

e1 = −x3ya1a2b1 + x2y2a1
2b2 − x2y2a2b12 + xy3a1b1b2 − x2ya12b2 +

x2ya1a2b1 + x2ya2b1
2 − xy2a12b2 − xy2a1b1b2 + xy2a2b1

2 − x2a12b1 +
xya1

2b2 − xya2b12 + y2a1b1
2 + xa1

2b1 − ya1b12 = 0,

e2 = −a3a12b1x4 + 2 a2
2a1b1x

4 − a2a12b2x3y − a3a1b12x3y + a2
2b1

2x3y +

2 a3a1
2b1x

3 − 4 a2
2a1b1x

3 − a13b2x2y + a2a1
2b2x

2y − a2a1b12x2y + a3a1b1
2x2y −

a2
2b1

2x2y − a2a12b1x2 − a3a12b1x2 + 2 a2
2a1b1x

2 + a1
3b2xy −

a1
3b1x+ a2a1

2b1x− a12b12y + a1
3b1 = 0.
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Ïîëó÷àåì äâà âûðàæåíèÿ äëÿ b2. Çàïèñûâàåì òî, ÷òî îíè ðàâíû è òî, ÷òî ýòè âûðàæåíèÿ

íå çàâèñÿò îò x, ïîëó÷àåì e3(a1, a2, a3, b1) = e4(a1, a2, a3, b1) = 0 (â e3 � 43 ìîíîìà, â e4 �

45). Âû÷èñëÿÿ r � ðåçóëüòàíò e3 è e4 îòíîñèòåëüíî b1, ïîëó÷àåì:

r = y2a1
4 (y − 1) (x− 1)

2
(x+ y − 1)

2
r21 r2 r3, ãäå

r1 = (xa2 + a1) , r2 = x3a1a3 − x3a22 + x2a1a2 − x2a1a3 + x2a2
2 + a1

2,

r3 = r30 + y r31, ïðè÷åì

r30 = x7a1
2a3

2 − 4x7a1a2
2a3 + 4x7a2

4 − 2x6a1
2a2a3 − 3x6a1

2a3
2 + 4x6a1a2

3 +

12x6a1a2
2a3 − 12x6a2

4 − 2x5a1
3a3 + 5x5a1

2a2
2 + 6x5a1

2a2a3 + 3x5a1
2a3

2 −
12x5a1a2

3 − 12x5a1a2
2a3 + 12x5a2

4 + 2x4a1
3a2 + 6x4a1

3a3 − 15x4a1
2a2

2 −
6x4a1

2a2a3 − x4a12a32 + 12x4a1a2
3 + 4x4a1a2

2a3 − 4x4a2
4 + x3a1

4 − 6x3a1
3a2

−6x3a13a3 + 15x3a1
2a2

2 + 2x3a1
2a2a3 − 4x3a1a2

3 − 3x2a1
4 + 6x2a1

3a2 +

2x2a1
3a3 − 5x2a1

2a2
2 + 3xa1

4 − 2xa1
3a2 − a14,

r31 = 4x7a1a2
2a3 − 4x7a2

4 + 8x6a1
2a2a3 + x6a1

2a3
2 − 4x6a1a2

3 − 12x6a1a2
2a3 +

12x6a2
4 + 4x5a1

3a3 + 4x5a1
2a2

2 − 16x5a1
2a2a3 − 2x5a1

2a3
2 + 12x5a1a2

3 +

12x5a1a2
2a3 − 12x5a2

4 + 4x4a1
3a2 − 8x4a1

3a3 + 3x4a1
2a2

2 + 10x4a1
2a2a3 +

x4a1
2a3

2 − 12x4a1a2
3 − 4x4a1a2

2a3 + 4x4a2
4 + 2x3a1

3a2 + 6x3a1
3a3 −

11x3a1
2a2

2 − 2x3a1
2a2a3 + 4x3a1a2

3 + 3x2a1
4 − 6x2a1

3a2 − 2x2a1
3a3 +

5x2a1
2a2

2 − 3xa1
4 + 2xa1

3a2 + a1
4

Òàêèì îáðàçîì, ñëåäóåò ðàññìîòðåòü òðè ñëó÷àÿ:

Ñëó÷àé r1 = 0. Â ýòîì ñëó÷àå ñðàçó ïîëó÷àåì, ÷òî a(x) = λ ln (x) + α. Ïîäñòàâëÿÿ ýòî

çíà÷åíèå a â e1, ïîëó÷àåì

e1 = λ (y − 1) (yb2 + b1) (xyb1 + λx− λ) = 0,

îòêóäà ñëåäóåò, ÷òî (yb2 + b1) = 0, ò.å. b(y) = µ ln(y) + β . Äàëåå ïîëó÷àåì, ÷òî c2 = 0, ò.å.

îêîí÷àòåëüíî

z = λ ln (x) + µ ln (y) + ν, λ µ 6= 0.

Ñëó÷àé r2 = 0, r1 6= 0. Âûðàæàÿ a3 èç r2 = 0 è ïîäñòàâëÿÿ ýòî ñîîòíîøåíèÿ â e2 = 0,

ïîëó÷àåì:
b2
b1
y =

a2
a1

(x− 1) = λ = const.

Ïîëó÷àÿ îòñþäà a è b è ïîäñòàâëÿÿ èõ â e1 = 0, ïðèõîäèì ê ïðîòèâîðå÷èþ.

Ñëó÷àé r3 = 0, r1 6= 0, r2 6= 0. Ðàâåíñòâî r3 = 0 îçíà÷àåò, ÷òî r30 = r31 = 0. Âû÷èñëÿÿ

ðåçóëüòàíò r30 è r31 îòíîñèòåëüíî a3, ïîëó÷àåì:

(x− 1)
6
(xa2 + a1)

4
x10a1

4
(
2x2a2 + 2 a1x− 2xa2 − a1

)8
= 0.

Ðåøàÿ óðàâíåíèå
(
2x2a2 + 2 a1x− 2xa2 − a1

)
= 0, ïîëó÷àåì

a2 = −1/2 a1 (2x− 1)

x (x− 1)
, a3 = 1/4

a1
(
8x2 − 8x+ 3

)
x2 (x− 1)

2 .

� 326 �



Journal of Siberian Federal University. Mathematics & Physics 2009, 2(3), 319�3276

Ïîäñòàâëÿÿ ýòî â e2, ïîëó÷àåì 2xya1b2 − 2 yb1
2 + a1b1 = 0. Îòêóäà a1 = 2 yb1

2

2 xyb2+b1
. Òî-

ãäà, ïîäñòàâëÿÿ ýòè çíà÷åíèÿ äëÿ a1, a2, a3 â e1 è ïðèðàâíèâàÿ ê íóëþ ÷ëåí, ñâîáîäíûé

îò x, ïîëó÷àåì b1
2 (y − 1) = 0. Ïðîòèâîðå÷èå. Òàêèõ ðåøåíèé íåò. Òàêèì îáðàçîì, îòâåò,

ïîëó÷åííûé â ïåðâîì ñëó÷àå, îêîí÷àòåëüíûé:

Óòâåðæäåíèå 6. Ðåøåíèÿ ñëîæíîñòè îäèí ñèñòåìû Ãîðíà äëÿ ïðèìåðà 6 èìåþò âèä

z = λ ln (x) + µ ln (y) + ν, λ µ 6= 0.

Îòìåòèì, ÷òî â [1] ýòîò ïðèìåð ôèãóðèðóåò ïîä íîìåðîì 8.1.9. (ñòð. 304) è òàì ïðèâåäåí

áàçèñ 4-ìåðíîãî ïðîñòðàíñòâà ðåøåíèé. Íàø ðåçóëüòàò, êîíå÷íî, ìîã áû áûòü ïîëó÷åí èç

ýòîãî ÿâíîãî îïèñàíèÿ. Îòìåòèì, ÷òî ñîâîêóïíîñòü ðåøåíèé ïðåäñòàâëÿåò ñîáîé ëèíåéíîå

ïîäïðîñòðàíñòâî êîðàçìåðíîñòè îäèí â ïðîñòðàíñòâå âñåõ ðåøåíèé äàííîé ñèñòåìû Ãîðíà.

ÏÐÈÌÅÐ 7. Ïîëîæèì

P = (x+ 2y + p), Q = (x+ y − q),
R = (x+ 2y + p)(x+ y + p+ 1), S = (x+ y − q)(y − s).

Ñèñòåìà ïðèíèìàåò âèä:

Gx z = x2a1c1 + 2xyb1c1 + pxc0 + xc1a1 + yc1b1 − qc0 = 0,

Gy z = x2ya1
2c2 + xy2a1b1c2 + pxya1c1 + x2ya2c1 + xya1b1c2 + y2b1

2c2 +

pxa1c1 + 3 pyb1c1 + qyb1c1 + sxa1c1 + syb1c1 + 2xya1c1 +

y2b2c1 + p2c0 − qsc0 + 3 yc1b1 + pc0 = 0.

Ââåäåì îáîçíà÷åíèå: ÷åðåç f (n) áóäåì îáîçíà÷àòü ñîâîêóïíîñòü ïðîèçâîäíûõ ôóíêöèè f

îäíîãî ïåðåìåííîãî äî ïîðÿäêà n âêëþ÷èòåëüíî. Èñêëþ÷àÿ c, ïîëó÷àåì äâà ñîîòíîøåíèÿ

e1(a
(2), b(2)) = a2b1px

3 − 2 a1b2px
2y − a1b1px2 + a2b1px

2 − a1b2pxy − a2b1qx2 +
2 a1b2qxy − b1a1px− b12py − a2b1qx+ a1b2qy − 2 b1

2qy = 0,

e2(a
(2), b(2)) = 0 � ñóììà 79 ìîíîìîâ.

Òàêèì îáðàçîì, ìû ïîëó÷àåì äâà âûðàæåíèÿ äëÿ b2, ò.å. b2 = B21(a
(2), b1) è b2 =

B22(a
(2), b1). Çàïèñûâàÿ, ÷òî B21 = B22 è ÷òî (B21)

′
x = 0, ïîëó÷àåì äâà ñîîòíîøåíèÿ:

e3(a
(3), b1) = 0 (41 ìîíîì) è e4(a

(3), b1) = 0 (98 ìîíîìîâ). Ïðè÷åì e3 ëèíåéíî ïî b1, à

e4 � êâàäðàòè÷íî. Âûðàæàåì b1 èç e3 = 0, ïîëó÷àåì b1 = B1(a
(3)). Çàïèñûâàåì óñëîâèå

(B1)
′
x = 0, ïîëó÷àåì (p x− q) e5(a(4)) = 0 (e5 � ýòî ñóììà 55 ìîíîìîâ).

Äàëüíåéøåå âû÷èñëåíèå ïðåäñòàâëÿåò ñîáîé ðàññìîòðåíèå äåðåâà ñëó÷àåâ, êîòîðûå ìû

áóäåì â åñòåñòâåííîé êîäèðîâêå îáîçíà÷àòü ÿâíî.

Ñëó÷àé 1: (px − q) 6= 0, e5 = 0. Ïîäñòàâëÿÿ â e4(a
(3), b1) = 0 íàéäåííîå çíà÷å-

íèå äëÿ b1, ïîëó÷àåì ee4(a
(3)) = 0. Ïðè÷åì ee4 ëèíåéíî çàâèñèò îò y, ò.å. ee4(a

(3)) =

ee40(a
(3)) + y ee41(a

(3)) = 0. Îòìåòèì, ÷òî ee40 � ñóììà 489 ìîíîìîâ, ee41 � ñóììà 215 ìî-

íîìîâ. Ïîäñòàâëÿÿ â B21(a
(2), b1) íàéäåííîå çíà÷åíèå äëÿ b1, ïîëó÷àåì BB21(a

(3)). Òåïåðü
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ìîæíî íàïèñàòü, ÷òî (B1)
′
y = BB2, ïîëó÷àåì e6 = e61 e62 = 0, ãäå

e61 = x2a3 + 4 a2x+ xa3 + 2 a1 + 2 a2,

e62 = 2 p2x5a1a3 − 2 p2x5a2
2 + 2 p2x4a1a2 + 3 p2x4a1a3 − 3 p2x4a2

2 − 4 pqx4a1a3 +

4 pqx4a2
2 + 2 p2x3a1a2 + p2x3a1a3 − p2x3a22 − 4 pqx3a1a2 − 6 pqx3a1a3 +

6 pqx3a2
2 + 2 q2x3a1a3 − 2 q2x3a2

2 + a1
2p2x2 + p2x2a1a2 + 2 a1

2pqx2 −
4 pqx2a1a2 − 2 pqx2a1a3 + 2 pqx2a2

2 + 2 q2x2a1a2 + 3 q2x2a1a3 − 3 q2x2a2
2 +

2 pqxa1
2 − 2 pqxa1a2 + 2 q2xa1a2 + q2xa1a3 − q2xa22 + pqa1

2 + q2a1a2.

Ñëó÷àé 1.1: e61 = 0, òîãäà a(x) = λ ln (x+ 1) + µ (ln (x)− ln (x+ 1)) + ν. Ïîäñòàâëÿÿ ýòî

çíà÷åíèå äëÿ a â e3 = 0, ïîëó÷àåì(
2x4pλ+ 4x3pλ+ x2pλ− λx2q + x2pµ+ 2µx2q + 2µxq + µ q

)
(pyb1 + 2 qyb1 + λ q + pµ) = 0.

Íàáîð êîýôôèöèåíòîâ ïåðâîãî ñîìíîæèòåëÿ èìååò âèä:

{µ q, 2λ p, 4λ p, 2µ q, λ p− λ q + pµ+ 2µ q} .

Â ðàìêàõ íàøåãî ñëó÷àÿ âñå îíè îáðàòèòüñÿ â íîëü íå ìîãóò. Ïîýòîìó â íîëü îáðàùàåòñÿ

âòîðîé ñîìíîæèòåëü.

Ñëó÷àé 1.1.1: p+ 2q 6= 0. Òîãäà èç (pyb1 + 2 qyb1 + λ q + pµ) = 0 ïîëó÷àåì

b(y) = − ln (y)λ q

p+ 2 q
− ln (y) pµ

p+ 2 q
+ β.

Ïîäñòàâèì ïîëó÷åííûå çíà÷åíèÿ a è b â e2, ïîëó÷èì ÷òî ee2 � ïîëèíîì ñòåïåíè äâà

îò (x, y), ÷üè êîýôôèöèåíòû çàâèñÿò îò (p, q, s, λ, µ). Îäèí èç êîýôôèöèåíòîâ ðàâåí

λ (p+ q + 1) (λ− 2µ).

Ñëó÷àé 1.1.1.1.: (λ− 2µ) = 0. Àíàëèç êîýôôèöèåíòîâ ee2 ïîêàçûâàåò, ÷òî îáðàùåíèå

ee2 â íîëü íåâîçìîæíî.

Ñëó÷àé 1.1.1.2.: p+ q + 1 = 0.

Ñëó÷àé 1.1.1.2.1.: λ = µ. Ýòî ðåøåíèå äëÿ ee2 = 0. Ïîäñòàâëÿÿ, ïîëó÷àåì, ÷òî ðåøåíèå

ñóùåñòâóåò òîëüêî ïðè p = −1 è q = 0. Ñîîòâåòñòâóþùåå ðåøåíèå èìååò âèä z = ν (y/x).

Ñëó÷àé 1.1.1.2.2.: λ = −µ p 6= 0. Ïîëó÷àåì p = s = λ = 0, q = −1, µ 6= 0. Ïðè ýòîì ïîëó÷àåì

ðåøåíèå z = ν(y/x2).

Ñëó÷àé 1.1.2: p = 2q 6= 0. Ñïåöèôèêà ýòîãî ñëó÷àÿ ïî ñðàâíåíèþ ñî ñëó÷àåì 1.1.1.

â òîì, ÷òî e4 çàâèñèò îò b1 íå êâàäðàòè÷íî, à ëèíåéíî. Èç e4 = 0 ïîëó÷àåì b1 =

B1(a
(2)), ïîäñòàâëÿÿ ýòî â B21 ïîëó÷àåì BB21. Çàïèñûâàÿ, ÷òî (B1)

′
y = BB21, ïîëó÷àåì

g0(a
(2))+ y g1(a

(2))+ y2 g2(a
(2)) = 0. Âû÷èñëÿÿ r, ðåçóëüòàíò g1(a

(2)) è g2(a
(2)) îòíîñèòåëüíî

a2, ïîëó÷àåì ïîëèíîì îò x ñòåïåíè 11, ÷åé ñâîáîäíûé ÷ëåí ðàâåí (q − 1)6. Ïîëîæèì q = 1,

òîãäà ïîëó÷àåì, ÷òî

∀s r = −2
(
2 sx2 + sx− 2x2

)2 (−2x2 − 2x
)3
x 6= 0.

Ïðîòèâîðå÷èå. Ðåøåíèé íåò.
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Ñëó÷àé 1.2: e62 = 0. Âûðàçèì a3 èç ýòîãî ñîîòíîøåíèÿ è ïîäñòàâèì â e2 = 0. Ïîëó÷èì

ee2 = ee20(a
(3)) + y ee21(a

(3)) = 0, îòêóäà

g1 =
(
−psx− qsx+ p2 + qp+ xp+ p

)
g3 = 0,

g2 =
(
xp2 + pqx+ x2p− qp+ 2xp− q2 − q

)
g3 = 0,

ãäå g =
(
2 px2a2 + 4 pxa1 + pxa2 − 2 qxa2 + pa1 − 2 qa1 − qa2

)
.

Ñëó÷àé 1.2.1.: g 6= 0. Òîãäà âñå êîýôôèöèåíòû îáîèõ ìíîæèòåëåé ïðè g3 äîëæíû îáðàòèòüñÿ

â íîëü. Âîò ýòè êîýôôèöèåíòû:

{p (p+ q + 1) ,−ps− qs+ p} , {p, p (p+ q + 2) ,−q (p+ q + 1)} .

Âèäèì, ÷òî p = 0 (ïðè ýòîì q 6= 0), äàëåå s = 0 è q = −1. Ïðè ýòîì ïîëó÷àåì ðåøåíèå

z = ν(y/x2) (îíî ñîâïàäàåò ñ òåì, ÷òî ìû ïîëó÷èëè â ñëó÷àå 1.1.1.2.2.).

Ñëó÷àé 1.2.2.: g = 0. Âûðàæàåì îòñþäà a2 è ïîäñòàâëÿåì â e62 = 0, ïîëó÷àåì

2 p2x3 + 4 pqx3 + 6 pqx2 + 6 pqx+ pq − q2 = 0.

Âîò êîýôôèöèåíòû ýòîãî ïîëèíîìà

{q (p− q) , 6 pq, 2 p (p+ 2 q)} .

Âèäèì, ÷òî èõ îäíîâðåìåííîå îáðàùåíèå â íîëü íåâîçìîæíî (ò.ê. px− q 6= 0).

Ñëó÷àé 2: p = q = 0. Óðàâíåíèå Gx(z) = 0 ïðèíèìàåò âèä:

Gx z = x2a1 + 2xyb1 + xa1 + yb1 = 0.

Ðàçäåëÿÿ â ýòîì ñîîòíîøåíèè ïåðåìåííûå, ïîëó÷àåì

a1
(x+ 1)

(2x+ 1)
= λ = b1 y, λ 6= 0 � ïîñòîÿííàÿ.

Îòêóäà èíòåãðèðîâàíèåì ïîëó÷àåì

a(x) = λ(2x− ln(x)) + α, b(y) = λ ln(y) + β.

Äàëåå, èñêëþ÷èì c èç ñîîòíîøåíèÿ

Gy z = x2ya1
2c2 + xy2a1b1c2 + x2ya2c1 + xya1b1c2 + y2b1

2c2 +

sxa1c1 + syb1c1 + 2xya1c1 + y2b2c1 + 3 yc1b1 = 0.

Ïðè íàøèõ a è b ïîëó÷åííîå óñëîâèå ïðèíèìàåò âèä

8 sx3y − 12 sx2y − 8x2y2 + 2 sxy + 4xy2 − 10xy − y2 + 4 y − 2 = 0.

ïðè âñåõ (x, y). Íî ýòî íåâîçìîæíî íè ïðè êàêèõ s. Ïðîòèâîðå÷èå. Ðåçþìèðóåì:

Óòâåðæäåíèå 7. Ðåøåíèÿ ñëîæíîñòè îäèí ñèñòåìû Ãîðíà äëÿ ïðèìåðà 7 ñóùåñòâóþò

òîëüêî â äâóõ ñëó÷àÿõ: Óòâåðæäåíèå 7: Ðåøåíèÿ ñëîæíîñòè îäèí ñèñòåìû Ãîðíà äëÿ

ïðèìåðà 7 ñóùåñòâóþò òîëüêî â äâóõ ñëó÷àÿõ:

(a) p = −1, q = 0, z = ν
y

x
,

(b) p = s = 0, q = −1, z = ν
y

x2
.
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ÏÐÈÌÅÐ 8. Ñðåäè ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ èìååòñÿ ïîä-

êëàññ � ýòî ôóíêöèè Ëàóðè÷åëëû [5], [6]. Ôóíêöèè Ëàóðè÷åëëû ïðåäñòàâëÿþò ñîáîé ðåøå-

íèÿ ñèñòåìû óðàâíåíèé, êîòîðûå ÿâëÿþòñÿ åñòåñòâåííûì îáîáùåíèåì ãèïåðãåîìåòðè÷åñêî-

ãî óðàâíåíèÿ Ãàóññà. Äëÿ ñëó÷àÿ äâóõ ïåðåìåííûõ (x, y) � ýòî ñèñòåìà èç äâóõ ëèíåéíûõ

óðàâíåíèé äëÿ ôóíêöèè z(x, y):

Lx(z) = x (1− x) ∂2

∂x2
z (x, y) + (1− x) y ∂2

∂y∂x
z (x, y) +

(q − (1 + p1 + ρ)x)
∂

∂x
z (x, y)− p1y

∂

∂y
z (x, y)− p1ρ z (x, y) = 0,

Ly(z) = y (1− y) ∂
2

∂y2
z (x, y) + (1− y)x ∂2

∂y∂x
z (x, y) +

(q − (1 + p2 + ρ) y)
∂

∂y
z (x, y)− p2x

∂

∂x
z (x, y)− p2ρ z (x, y) = 0.

×èñëîâûå ïàðàìåòðû (p1, p2, ρ) ïðèíèìàþò ëþáûå êîìïëåêñíûå çíà÷åíèÿ, q ∈ C \
{0,−1,−2, . . . }. Íàøà öåëü � äàòü îïèñàíèå ñîâîêóïíîñòè ðåøåíèé ñèñòåìû Ëàóðè÷åëëû,

èìåþùèõ ñëîæíîñòü îäèí, ò.å. âèäà z = c(a(x) + b(y)) ñ íåïîñòîÿííûìè (a, b, c). Ïðè÷åì

äàëåå, ÷òîáû èçáåæàòü âû÷èñëèòåëüíûõ òðóäíîñòåé, áóäåì ïðåäïîëàãàòü, ÷òî ρ = 0, ò.å.

îñòàåòñÿ òðè ïàðàìåòðà (p1, p2, q). Ïîäñòàâëÿÿ, ïîëó÷àåì:

Lx(z) = −x2a12c2 − yc2a1b1x− x2a2c1 + xa1
2c2 − xa1c1p1 +

yc2a1b1 − p1yc1b1 + qa1c1 − xa1c1 + xa2c1 = 0,

Ly(z) = −yc2a1b1x− y2b12c2 + xc2a1b1 − p2xc1a1 − y2b2c1 +
yb1

2c2 − yb1c1p2 + qb1c1 − yb1c1 + yb2c1 = 0.

Ñëó÷àé 1. xa1 + yb1 = 0. Â ýòîì ñëó÷àå

a(x) = −λ ln(x) + α, b(y) = λ ln(y) + β, λ 6= 0.

Ïðè ýòîì óðàâíåíèÿ ïðèíèìàþò âèä

−λ c1 (q − 1)

x
=
λ c1 (q − 1)

y
= 0.

Óñëîâèå ðàçðåøèìîñòè � ðàâåíñòâî q = 1, ïðè ýòîì z = c(y/x), ãäå c(t) � ïðîèçâîëüíàÿ

àíàëèòè÷åñêàÿ ôóíêöèÿ.

Ñëó÷àé 2. xa1 + yb1 6= 0. Èç êàæäîãî ñîîòíîøåíèÿ ìîæíî âûðàçèòü c2/c1. Ïîëó÷àåì

c2/c1 = LC21(a
(2), b1) = LC22(a1, b

(2)) = 0.

Äëÿ ñóùåñòâîâàíèÿ òàêîãî c íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ äâóõ óñëîâèé: LC21 =

LC22 è V (LC21) = 0. Çàïèñûâàÿ ýòè ñîîòíîøåíèÿ, ïîëó÷àåì e1(a
(2), b(2)) = 0 (20 ìîíîìîâ)

è e2(a
(3), b(2)) = 0 (39 ìîíîìîâ).

Ñëó÷àé 2.1. −x2a2 + qa1 − xa1 + xa2 = 0. Òîãäà

a1 =
(x− 1)q−1

xq
, b1 y = −

(
x− 1

x

)q−1
Îòêóäà ñëåäóåò, ÷òî q = 1, a1 = 1/x è b1 = −1/y è, ñëåäîâàòåëüíî, xa1 + yb1 = 0. ×òî

íåâîçìîæíî â ðàìêàõ ñëó÷àÿ 2.
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Ñëó÷àé 2.2. −x2a2 + qa1 − xa1 + xa2 6= 0. Îáà ñîîòíîøåíèÿ e1 = 0 è e2 = 0 ëèíåéíû ïî

b2. Âûðàæàåì b2 äâóìÿ ñïîñîáàìè: b2 = B21(a
(2), b1) = B22(a

(3), b1). Ïîëó÷àåì äâà óñëîâèÿ

ñîãëàñîâàíèÿ: B21 = B22 äàåò e3(a
(3), b1) = 0 (79 ìîíîìîâ), (B21)

′
x = 0 äàåò e4(a

(3), b1) = 0

(36 ìîíîìîâ). Çàâèñèìîñòü e3 îò b1 � êóáè÷åñêàÿ, e4 îò b1 � êâàäðàòè÷íàÿ. Äåëèì e3 íà e2
(êàê ïîëèíîìû îò b1) ñ îñòàòêîì. Ïîëó÷àåì óñëîâèå, ÷òî îñòàòîê ðàâåí íóëþ, èìååì:

−yb1 −
(
x2a2 + qa1 + xa1 − xa2 − a1

)
a1

xa2 + a1 − a2
= 0.

Îòêóäà ñëåäóåò, ÷òî

yb1 = λ = −
(
x2a2 + qa1 + xa1 − xa2 − a1

)
a1

xa2 + a1 − a2
.

È, äàëåå, ïîëó÷àåì

b(y) = λ ln(y) + β, a2 = −a1 (qa1 + xa1 + λ− a1)
x2a1 + λx− xa1 − λ

, λ 6= 0.

Ïîäñòàâëÿÿ ïîëó÷åííûå çíà÷åíèÿ â e1 = e2 = e3 = e4 = 0, ïîëó÷àåì ee1(a1) = ee2(a1 =

ee3(a1) = ee4(a1) = 0. Âû÷èñëÿÿ ðåçóëüòàíò ee1 è ee2 ïî a1, ïîëó÷àåì ïîëèíîì îò (x, y),

êîýôôèöèåíò êîòîðîãî ïðè x6y ðàâåí (q − 1)4, ïîýòîìó åãî îáðàùåíèå â íîëü, âîçìîæíî

ëèøü ïðè q = 1. Ïðè òàêîì çíà÷åíèè q âñå ÷åòûðå óðàâíåíèÿ îêàçûâàþòñÿ ñîâìåñòíûìè,

íî îñòàòîê ïðè äåëåíèè e3 íà e4 îêàçûâàåòñÿ ðàâíûì xa1 + yb1 è îáðàùåíèå åãî â íîëü â

ðàìêàõ ñëó÷àÿ 2 îêàçûâàåòñÿ íåâîçìîæíûì.

Óòâåðæäåíèå 8. Ðåøåíèÿ ñëîæíîñòè îäèí ñèñòåìû Ëàóðè÷åëëû ïðèìåðà 8 ñóùåñòâóþò

òîëüêî ïðè q = 1. Ïðè ýòîì ðåøåíèå èìååò âèä:

z = c
(y
x

)
, ãäå c(t) ïðîèçâîëüíàÿ íåïîñòîÿííàÿ àíàëèòè÷åñêàÿ ôóíêöèÿ.

Âîçìîæíî, ïðèìåíèâ áîëüøèå óñèëèÿ, ìîæíî ïðîàíàëèçèðîâàòü ñèñòåìó Ëàóðè÷åëëû â

ïîëíîì îáúåìå, ò.å. áåç ïðåäïîëîæåíèÿ ρ = 0.

3. Çàêëþ÷åíèå

Êàê ñèñòåìà (2), òàê è ñîîòíîøåíèå (1) � ýòî ðàâåíñòâà íóëþ äèôôåðåíöèàëüíûõ ïî-

ëèíîìîâ, êîòîðûå ÿâëÿþòñÿ ýëåìåíòàìè äèôôåðåíöèàëüíîãî êîëüöà R, êîëüöà äèôôå-

ðåíöèàëüíûõ ïîëèíîìîâ ñ êîìïëåêñíûìè êîýôôèöèåíòàìè ñ îáðàçóþùèìè (x, y, z, ∂x, ∂y)

(è î÷åâèäíûìè ñîîòíîøåíèÿìè) [7], êîòîðîìó ñîîòâåòñòâóåò ïîëå îòíîøåíèé F . Êîëüöî
R � ýòî êëàññè÷åñêèé îáúåêò äèôôåðåíöèàëüíîé àëãåáðû. Íà ñîâìåñòíûå íóëè ñèñòåìû

äèôôåðåíöèàëüíî-ïîëèíîìèàëüíûõ ñîîòíîøåíèé, ò.å. íà ðåøåíèÿ ýòèõ óðàâíåíèé, ìîæíî

ñìîòðåòü ñ äâóõ ðàçíûõ òî÷åê çðåíèÿ. Ñ âåñüìà àáñòðàêòíîé, àëãåáðàè÷åñêîé òî÷êè çðå-

íèÿ � ýòî ýëåìåíòû äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî çàìûêàíèÿ ïîëÿ F . Ñ àíàëèòè÷å-

ñêîé � ýòî àíàëèòè÷åñêèå ôóíêöèè, ïðåäñòàâëÿþùèå ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíî-

ïîëèíîìèàëüíûõ óðàâíåíèé. Â R èìååòñÿ ïîäêîëüöî C[x, y] � êîììóòàòèâíîå êîëüöî ïîëè-

íîìîâ îò (x, y). Ñîâîêóïíîñòü îáùèõ íóëåé ñèñòåìû ïîëèíîìîâ � ýòî àôôèííîå àëãåáðàè÷å-

ñêîå ïîäìíîãîîáðàçèå äâóìåðíîãî ïðîñòðàíñòâà. Ýòî ñôåðà îòâåòñòâåííîñòè àëãåáðàè÷åñêîé
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ãåîìåòðèè. Åñëè ìû ïåðåõîäèì îò C[x, y] ê R, òî âîçíèêàåò îáúåêò, âïîëíå àíàëîãè÷íûé

àëãåáðàè÷åñêîìó ìíîãîîáðàçèþ: ñîâîêóïíîñòü îáùèõ íóëåé ñèñòåìû � äèôôåðåíöèàëüíî-

àëãåáðàè÷åñêîå ìíîãîîáðàçèå (DA-ìíîãîîáðàçèå). Òåðìèí íå óñòîÿëñÿ, åñòü âàðèàíòû: äèô-

ôåîòîï, di�ety [8]. C ýòîé òî÷êè çðåíèÿ ðàçîáðàííûå íàìè ïðèìåðû � ýòî ïðèìåðû DA-

ìíîãîîáðàçèé, êîòîðûå çàäàíû òðåìÿ äèôôåðåíöèàëüíûìè ïîëèíîìàìè (äâà � ñèñòåìà Ãîð-

íà è òðåòèé � óðàâíåíèå ïåðâîãî êëàññà). Ñèñòåìû Ãîðíà ñ ýòîé òî÷êè çðåíèÿ íå î÷åíü èíòå-

ðåñíû, ñîîòâåòñòâóþùåå DA-ìíîãîîáðàçèå � ýòî ëèíåéíîå ïðîñòðàíñòâî. Äîáàâèâ óðàâíåíèå

êëàññà, ìû ñîçäàëè âîçìîæíîñòè äëÿ áîëüøåãî ðàçíîîáðàçèÿ. Ïðè èçó÷åíèè àëãåáðàè÷åñêî-

ãî ìíîãîîáðàçèÿ ïðèíÿòî îáðàùàòü âíèìàíèå íà ðÿä åñòåñòâåííûõ õàðàêòåðèñòèê: íåïðèâî-

äèìûå êîìïîíåíòû, ñòðàòèôèêàöèÿ òî÷åê ìíîãîîáðàçèÿ ïî ðàçìåðíîñòè êàñàòåëüíîãî ïðî-

ñòðàíñòâà è ò.ä. Ïðè èçó÷åíèè DA-ìíîãîîáðàçèé ýòè õàðàêòåðèñòèêè òàêæå ïðåäñòàâëÿþò

èíòåðåñ. Îäíàêî èìååòñÿ ñâîÿ ñïåöèôèêà.

Íàïðèìåð, ðàçìåðíîñòü ëèíåéíîãî ïðîñòðàíñòâà ðåøåíèé ñèñòåìû (2) ìîæåò áûòü êàê

êîíå÷íîé, òàê è áåñêîíå÷íîé. Â ñëó÷àå, åñëè îíà áåñêîíå÷íà, âîçíèêàåò âîïðîñ:

Âîïðîñ 9: (a) Ïðè êàêîì óñëîâèè êîíå÷íà ðàçìåðíîñòü ïåðåñå÷åíèÿ? (b) Åñëè ðàçìåð-

íîñòü êîíå÷íà, òî êàê åå îöåíèòü? (c) Êàê îöåíèòü ÷èñëî íåïðèâîäèìûõ êîìïîíåíò?

DA-ìíîãîîáðàçèå, çàäàííîå óðàâíåíèåì d1(z) = 0 � ýòî êîíóñ, DA-ìíîãîîáðàçèå, çàäàí-

íîå ñèñòåìîé Ãîðíà � ýòî ëèíåéíîå ïðîñòðàíñòâî. Îäíàêî, êîãäà ìû ãîâîðèì î êîíè÷åñêèõ

ñå÷åíèÿõ, òî èìååòñÿ â âèäó, ÷òî ñåêóùàÿ ïëîñêîñòü íå îáÿçàíà ïðîõîäèòü ÷åðåç âåðøèíó

êîíóñà, êàê â íàøèõ ïðèìåðàõ. Îò ýòîãî îãðàíè÷åíèÿ ëåãêî óéòè. Ïóñòü z0(x, y) � ýòî íåêàÿ

àíàëèòè÷åñêàÿ ôóíêöèÿ ñëîæíîñòè îäèí, êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû Ãîðíà, ò.å.

Gx(z0) = Gy(z0) = 0. Òîãäà ìû ìîæåì ðàññìîòðåòü àôôèííîå ïîäïðîñòðàíñòâî, ñîñòîÿùåå

èç ôóíêöèé âèäà {z = z0 + δz}, ãäå δz ðåøåíèå ñèñòåìû Ãîðíà, ò.å. Gx(δz) = Gy(δz) = 0 è

ïîñòðîèòü åãî ïåðåñå÷åíèå ñ êîíóñîì Cl1, êîòîðîå çàâåäîìî íå ïóñòî (òàì ëåæèò z0).

Íåêîòîðûå èç ðàçîáðàííûõ çäåñü ïðèìåðîâ ñèñòåì Ãîðíà, ïðåäñòàâëÿþò ñîáîé ñèñòåìû ñ

ïàðàìåòðàìè. Ýòà îñîáåííîñòü áåç òðóäà èíòåðïðåòèðóåòñÿ ñðåäñòâàìè äèôôåðåíöèàëüíîé

àëãåáðû. Ïðè îïðåäåëåíèè äèôôåðåíöèàëüíîãî êîëüöà R ýòè ïàðàìåòðû ñëåäóåò âêëþ÷èòü

â ïîëå êîíñòàíò.

Îòìåòèì, äàëåå, ÷òî âñå íàøè ðàññìîòðåíèÿ ìîæíî ïåðåíåñòè íà ôóíêöèè á�oëüøåãî ÷èñ-

ëà ïåðåìåííûõ. Ôóíêöèè ñëîæíîñòè îäèí îò n ïåðåìåííûõ � ýòî àíàëèòè÷åñêèå ôóíêöèè

âèäà z(x1, . . . , xn) = c(a1(x1) + · · · + an(xn)), ãäå (a1, . . . , an, c) � ôóíêöèè îäíîãî ïåðåìåí-

íîãî. Êëàññ òàêèõ ôóíêöèé, òàê æå, êàê è â ñëó÷àå äâóõ ïåðåìåííûõ, çàäàåòñÿ íàáîðîì

äèôôåðåíöèàëüíûõ ïîëèíîìîâ.

Ðàññìîòðåíèå ïðèìåðîâ, â êîòîðûõ ôèãóðèðóþò ïàðàìåòðû, ïîçâîëÿåò îòìåòèòü, ÷òî âî

âñåõ ðàçîáðàííûõ ñèòóàöèÿõ äëÿ ñóùåñòâîâàíèÿ ðåøåíèé ñëîæíîñòè îäèí íåîáõîäèìû îãðà-

íè÷åíèÿ íà ïàðàìåòðû. Ò.å. ðåøåíèÿ ñóùåñòâóþò ëèøü äëÿ ñîáñòâåííîãî àëãåáðàè÷åñêîãî

ïîäìíîæåñòâà ïðîñòðàíñòâà ïàðàìåòðîâ.

Âîïðîñ 10: Ñóùåñòâóþò ëè ãîëîíîìíûå ñèñòåìû Ãîðíà ñ ïàðàìåòðàìè, ò.÷. ðåøåíèÿ

ñëîæíîñòè îäèí èìåþòñÿ äëÿ âñåõ èõ çíà÷åíèé?

Ïóñòü èìååòñÿ íåêîòîðàÿ ñèñòåìà Ãîðíà ñ ïàðàìåòðàìè. È ïóñòü ðåøåíèÿ ýòîé ñèñòå-

ìû ñëîæíîñòè íå âûøå íåêîòîðîãî ôèêñèðîâàííîãî n ñóùåñòâóþò ëèøü ïðè âûïîëíåíèè

íåêîòîðûõ íåòðèâèàëüíûõ àíàëèòè÷åñêèõ ñîîòíîøåíèé (äëÿ âñåõ íàòêðàëüíûõ n). Òîãäà,
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êàê íåòðóäíî ïîêàçàòü, âñå ðåøåíèÿ äëÿ çíà÷åíèÿ ïàðàìåòðîâ îáùåãî ïîëîæåíèÿ (âíå ñ÷åò-

íîé ñèñòåìû ñîîòíîøåíèé) èìåþò áåñêîíå÷íóþ ñëîæíîñòü. Åñëè æå ïðåäïîëîæèòü, ÷òî äëÿ

íåêîòîðîé ñèñòåìû Ãîðíà ñ ïàðàìåòðàìè ïðè óñëîâèè ãîëîíîìíîñòè âñå ðåøåíèÿ èìåþò

êîíå÷íóþ ñëîæíîñòü, òî ñóùåñòâóåò çíà÷åíèå N , ò.÷. ÷òî âñå ðåøåíèÿ ïðè âñåõ çíà÷åíèÿõ

ïàðàìåòðîâ èìåþò ñëîæíîñòü íå âûøå N .
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On Hypergeometric Functions of Two Variables of Com-
plexity One

Valerii K. Beloshapka

For a series of examples of Horn systems and the Lauricella system for functions of two variables the

description of solution of complexity one is given. Several questions are formulated.
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