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ON THE DIMENSION OF THE GROUP OF AUTOMORPHISMS
OF AN ANALYTIC HYPERSURFACE

UDC 517.5
V. K. BELOSAPKA

Abstract. Let M be a nondegenerate real analytic hypersurface in C2, let £ € M, and
let Gg consist of the automorphisms of M fixing the point £. Then, as follows from a theorem
of Moser, the real dimension of GE does not exceed 5. Here is is shown that 1) dimensions 2,
3, and 4 cannot be realized, but for 0, 1, and 5§ examples are given; 2) if the point £ is not
umbilical, then GE consists of not more than two mappings.

Bibliography: 4 titles.

Introduction
In this paper we study groups of automorphisms of real analytic hypersurfaces. Elie
Cartan [1] observed that from results of Tresse [2] it follows that if the group of automor-
phisms of a real hypersurface in C? contains a family of more than three parameters, then it
depends on eight real parameters. Using the theorem of Moser on reducing a hypersurface to
normal form [3], we obtain the following results in this direction.

THEOREM 1. Let M be a nondegenerate real analytic hypersurface in C", let £ € M,
and let GE be the stability group of the point §, i.e. GE consists of the automorphisms of M
leaving ¢ fixed. Then the real dimension of GE cannot equal n®.

From Moser’s theorem it follows that this dimension is no larger than #? + 1.

THEOREM 2. Let M be a nondegenerate real analytic hypersurface in C2, and let
teM If dimp GE > 1, then the hypersurface M is spherical, and consequently dimg GE =35.

Theorem 2 gives a complete description of the dimension of stability groups of real an-
alytic hypersurfaces in C2. Moser’s theorem admits the following possibilities for the dimen-
sion of such groups: O, 1, 2, 3, 4, and 5. Dimension 5 is realized by the hyperquadric

S={zut+ivy)eC:v=|z3.

Dimensions 4, 3, and 2 are forbidden by Theorem 2. Dimension 1 is realized by the
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224 V. K. BELOSAPKA

hypersurface
{z,u+iv)eC:o=|z|* +|z|}}.

Dimension zero is the general case (see Theorem 3).

In the original version of this article Theorem 2 allowed dimension 2. A. V. Loboda
observed that for dimension 2 to be realized it is necessary that the parameter A be free, but
this means that the polynomial H, has a very special form, which does not allow any freedom
to the parameter a (see §3, p. 235). The author thanks him for this important remark.

THEOREM 3. Let M be a nondegenerate real analytic hypersurface in C? and let
{€,,n(M)} be the coefficients of its normal form in a neighborhood of a point ¢ € M. If the
point £ is not umbilical, i.e. c,,(0) # 0, then GE consists of not more than two mappings.

If in addition (c,, * ¢,5 + 3¢y " C43)ly=o # O, then GE contains no mapping besides
the identity.

Of analogous earlier results, that of Burns, Shnider, and Wells [4] should be mentioned.
They showed that in the space of functions defining strongly pseudoconvex domains, the set
of functions defining domains without automorphisms is a set of Baire second category.

The author thanks his scientific advisor, A. G. Vitudkin.

§1. Study of the initial components of a mapping
We consider in the complex linear space C**! (n > 1) with coordinate functions
zY, ..., z" w=u + iv a real analytic hypersurface M. Let p be its defining function; that
is, p is a real-valued real analytic function in a domain ¥ C C**! such that M = { € V:
p(£) = 0}, where grad p # 0 at points of M. Further let 0 € V and p(0) = 0; that is, M
contains the origin. In a neighborhood of 0 the equation p(¥) = 0 may be solved for one of
the real coordinates, and after a linear change the equation of M takes the form

v=F(z z u), )

where z = (z!, ..., z") and F is a real-valued real analytic function with dF lp = 0.
We make the following assumption on the hypersurface M. Its Levi form at O

»F
32%32]

(2,2)= i‘, haﬁza;ﬂ, where fgg =

@,f=1

is nondegenerate, i.e. det(haﬁ) # 0.
In the space of convergent power series in the variables z, Z, and 4 we introduce the

following decomposition:

G(z, 2 u) = Gulz, 2 u),
[ X

where G, satisfies

Gui (4,2, 12; u) = ti4iGu (2, Z; u)
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for all complex numbers ¢, and #,. We will call this decomposition the &-decomposition, and
Gy, the (k, ) 8-component of G.

Let % be the space of convergent real power series in z, z, and u without constant or
linear terms, R the subspace consisting of series of the form

R= > Ru+rii(z 20+ (re + ra)(z, 2* + ren(2, 27,

min(,)<1
and N the subspace defined by

N={NE T N,=0,if min(k,l)<<], tr Ny =12 Ngg =1r* Ny = 0},

The operator tr is a linear operator on the space & taking series of type (k, J) to series of
type (k — 1,1 — 1) (for the definition of this operator see [3], p. 232). The properties of
the operator tr which we will need we state as the following lemma.

LEMMA 1 (see [3], p. 233). a) §=R & N, i.e. every series F € & can be uniquely
represented in the form F =R + N, where R € R and N € R.

b) This decomposition is invariant with respect to linear mappings preserving the form
(z, 2). In particular, if N(z, Z) € N and U € SU(n), then N(% z, Z)E M.

¢) The subspace R is an ideal of §.

We also remark that for n = 1 the condition tr N,, = tr? Ny, = tr3 N4y = 0 means
that N,, = N3, = N3 = 0.

By making in a neighborhood of 0 a holomorphic change of coordinates preserving the
form of equation (1), we may change the function F. We state a fundamental result of Moser.

LEMMA 2 (see [3], p. 234, Theorem 2.2). By a holomorphic change of coordinates the
equation of the hypersurface M may be brought to the form

v={(2,2)+ Nz z; u), where N R. )

This change is called the reduction of M to normal form.

Now let the hypersurface M be reduced to normal form and let (2) be its equation.
Further, let 4 be an automorphism of this hypersurface leaving the origin fixed, i.e.
h: V— C"*1 is a holomorphic mapping such that

det '], 0, @)
£ (0) =0, 0]
h(M)NVM. (5)

The first # coordinates of the function A are denoted by f, and the last is denoted by
g, ie h= (g). Then from (5) follows the identity
Img(z,u+i((2, 2) + N))
={f@u+ilz, )+ N), f(zu+i(z, 20+ N)
+ Nz u+ iz 2) +N), fz, u+i(2 2)+N)),Reg(z, u+i((2,2) +N))). (6)
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This identity is the analytic expression of the fact that when the argument of 4 satisfies (2),
the value of 4 also satisfies (2). In order to make the calculations connected with this identity
manageable, we introduce the following decomposition of the space & :

F(z,z; u) = Zszzu)

where
Fi(tz, tz; tu) = t*F, (2, ; 4)

for all complex numbers . We call this decomposition the e-decomposition. We introduce an
analogous decomposition of the space of convergent power series in z and w:

2z, ) =S g (2 w),
&
where the polynomials g, satisfy
gr(tz, Pw) = g, (2, w)

for all complex numbers ¢.
Equation (2) is rewritten as

v=(2 2)+ S H(2, 7 u),
k

where H, is the kth e-component of the series N. From the condition N € R it follows
that the first component of NV which can be nonvanishing is /1, = N,,(z, Z), and H when
n = 1. We rewrite (6) in this notation:

Reig(z,u+i((z,2)+ Hy+ ...)
F{fle,ut+i({z,2)+H+ . ) fle,u+ iz, 2)+Ho+ o))
+H,(Fzu+i(z, 2)+H+ .. ), T utilz, 2)+Ho+ .. .)+ ... =0.(D

We consider the hyperquadric
={(z, )= C"™":v = (2, 2)}.

This surface is transformed via the linear-fractional mapping

-2 gy w—i
wti' Wi

into the surface (Z, Z) + WW = 1, which, if ¢z, z) = z'z! + - - - + z"zZ" is the unit sphere
Cn+ 1 .

The group of automorphisms of S leaving O fixed consists of the linear-fractional map-

pings
()
g
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of the form

P =N (2 +wa)A, g =[N PwA,

(8)
A=1—1[2i{z,a" )+ (r' +ila,a"))w]
where X' € C! — {0}, 7' = 1 and %' € SU(n, 7), i.e. %' is a linear transformation such
that (% 'z, Y'D) = n(z, 2y and det %' = 1,4 €C",r € R! (see [3], p. 225).
We remark that if #° is an automorphism of S, then we have the identity, analogous to

),
Reig(z,u+i(z, ) +(f'lz,u+i(2,2), fFlz,u+ilz2))=0. (9

We will view (7) as an equation for the unknown mapping k. Separating the e-compon-
ents of this identity and successively setting them equal to zero, we obtain equations for the
successive e-components of 4.

The equations obtained from the initial components of (7) turn out to be insufficient
for a unique determination of the corresponding components of 2. It becomes necessary to
introduce parameters. The aim of this section is to show that if these parameters are intro-
duced in a manner compatible with the system of parameters giving the automorphisms of S,
then the initial components of A turn out to be equal to the corresponding components of /.

Turning now to the calculations, we denote the kth e-component of (7) by &, . We have
b, =0,k=0,1,2,....

First step: ®, = Re ig,, g, = oz. We obtain a =0, ie. g, =0.

Second step: &, = Re(ig, + (|, fl))lu:u,w,f1 = Az and g, = aw + B(z), where 4
is a linear operator on C", a € C!, and § is a quadratic form in z. Substituting, we obtain

®,—=—Ima-u—Realz, 2)+Re i (2) +(Az, Az).

Separating the e-components of ®,, we find

(2,00 B(x)=0,
(1, 1) (Az, Az)—Re a(z, 2)=0,
0, 0) Im a=0.

Therefore we may write f; = A% z and g, = n[A[*w, where X € C!, 7 = %1 and
U € SU(n, m) (see (8)).

We note that if X = 0, then det 4’|, = 0, so from (3) it follows that X\ # 0.

For the sequel we need the following fact.

LEMMA 3. Let ¢(z) and y(z) be two holomorphic vector-valued functions of z%,..., z™
Then from the identity (p(z), ) = {Y(2), 2) is follows that ¢(z) = Y (z).

ProoF. We have (¢ — ¥ )z), 2> = 0, i.e.
S hap (@ —9)* ()2 = 0.
a.p
Differentiating with respect to 0, we obtain

S hap, (@ — ) (2) = 0.
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Writing out this identity for §, = 1, ..., n, we obtain a linear system in (¢ — Y )(z). Its
determinant det(h,z) # 0, and so (¢ — ¥Xz) = 0. The lemma is proved.

Third step: &3 = Re(igy + 2{f,, fily=(z »y» [, = A(z) + Bw and g5 = wi(z) + B(2),
where A(z) is a vector-valued quadratic form in z, B € C*, I(z) is a linear form and B(z) is a

cubic form in z.
We represent I(z) as (z, @, where a € C". Substituting, we obtain

O,=Re (i (u+iz, 2)){z, ad+if(2) +2{A (2), \Uz)
+2(u+ilz, 2)){B, AUz2))
=Re(iu(z, a)—(z, )<z, a) +if(2) +2{A (2), AUz)
+2ulB, MUZ)Y +2i{z, 2){B, AU2).

We separate into e-components:

(3,0) B(2)=0,
(2, 1) —<(z, 2)¢z, a)+2{A(2), AMUz)—2i{z, 2){AUz, BY>=0,
(1,0)  i{z, a)+2{ Uz, B)=0

We have ¢, ) = 2i0%z, B), or ¢, &) = (, X1 (—2i1rXB)), whence in view of Lemma
3 we obtain o = % ! (—21'17XB) or —2inNB = Za. Since X # 0, we may set a = —2in[\|%a,
where ¢ € C", and then we obtain B = A\%a.

Moreover,

2(A(2), MUZ)=2i(z, 2)(MUz, BY+{z, 2){z, a),
o1
(A (2), MU2>=2i|r|*¥z, 2){z, a).

Replacing z by % 'z in this identity, we obtain
A(U12), 2)={2iMU 2, a)z, 2).

Consequently A(% ~'z) = 2iM% 'z, a) z, and finally A(z) = 20\, a)z.
Thus
=AU (wa+2i{z, a)z),

g:=2in|A|*w{z, a).

The computation of @, is rather complicated; therefore we give it in detail. For this
we introduce the following notation. We will write (x + 1)7 — 7x® to signify that by se-
lecting from the expression (x + 1)7 the terms with a certain property we obtain 7x¢. In
this case it is terms of degree 6; in our calculations it will be terms containing members of a
given e-weight.

Fourth step: The term entering into ¢, not containing H, is

Re (ig, + 2(/:3, f1> + (fz’ f2>) |u=<z,z>'
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We display the terms of (7) of e-weight 4 containing H,,:

Reig—Rein|APw >Rei|APiH, (2, 2) = — | A [2H, (2, 2),
Hy(F, Ty — Hy (fs, Fr) = Ha MUz, MU2).
Now ®, =Reigy + 2 o+ o ) lcon
+ Hy (M2, M2) — m| AP Hy (2, 2),
fi=A(z) +wB(z), gi=aw'+B(2)w+y(2),

where A(z) is a vector-valued form of third order, B(z) is a linear operator, « € C!, and B(z2)
and y(z) are forms of second and fourth order respectively. Substituting and separating into

e-components, we obtain

4,00 y(x)=0,
(3, 1) —<z, 2)B(2) +2¢A(2), A%Uz) +4n| A%z, 2)<z, a)*=0,
(2,2) Re(—ia){z, 2)*+<z, 2)2Re (i{(B(2), AUz))
+ H, (MUz, MUz)—a|M|*H. (2, 7) =0,
(2,0) iB(2) +4in|A]*¢z, a)=0,
(1,1) —2Realz, z)+2Re(B z, AUz)=0,
(0,0) Re(ia)+a|r|*Ca, a)=0.

The (0, 0) equation gives Im a = 7[A\[*¢, @). We set a = n[\|2(r + ia, @), where r € R!.
From (2, 0) we obtain B(z) = —4n|AI*(z, )2, in view of which (3, 1) takes the form

(A (2), MUZ) =—4nr|L]|¥z, 2){z, a)?,
whence
CA(U12), 2> =(—4Mz, Ua)’z, 2.
From Lemma 3 we obtain
A(U'2) =—40(z, Ua)’z,
or
A(2) =—4)r(z, a)*Uz.
LEMMA 4. From the identity (2, 2) it follows that
H, (M2, Mllz) = 2| A2 H, (2, 2).
PROOF. By b) of Lemma 1, H,(%z, %z) € R, and so
(Hy(AYz, AYz) —n| AP H, (2, 2) =N,

We observe further that the remaining terms of (2, 2) are elements of the supspace $R. Separating
(2, 2) by N-components, we obtain the desired relation (see Lemma 1, a)).
Now from (2, 2) it follows that

Im(B (z), AMUzy=mn|r|*((a, @)z, 2D +2(z, a){a, 2)).
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Taking (1, 1) into account, we obtain
(B(2), MUzy=n|A|*((r+ia, a)) <z, 2)+2i(z, a){a, 2)),
or
(BU 1z, 2y ={M((r+Ka, a))z+2i{z, Ua)Ua), 27,
whence we find that
BUz=x((r+i{a, a)) +2i(z, UadUa),
or
Bz==)% ((r+ia, a))z+2i{z, a)a).
Thus

fs=A%U ((r+ida, a))z—A4{z, a)*z+2i{z, a)wa),
g“z‘n[}»lz((r+i(a, ay)w'—44z, a)rw).

We have obtained an interesting result.
LEMMA 5. Ifin Q) weset N\ =N o' =n0, % = U, da =a, and ¥ = r, then for k =
1, 2, 3, 4 we have
foor = fo-1, 8k = & (10)
ProOOF. The reader may check this directly by separating (8) into e-components.

§2. The existence of forbidden dimensions for the stability group
For k& > 4 the situation changes in the following sense.

LEMMA 6. Let k > 4. For fixed values of the parameters \, %, a, and r the equation
&, = 0 admits uniquely defined f, | and g, .

This lemma is a simple consequence of the work of Moser [3]. We present the proof
in the notation of that paper. We have

O,=L (fs-,, &) + terms dependingon f,_, and &

where u < k. The equation Lk = F (mod N) admits a unique solution # € D, (see [3],
p. 234). But for &k > 4

he = (fk»l) € D,.
&r

The lemma is proved.

Thus for k > 4 the equation ¢, = 0 allows no freedom for the introduction of new
parameters. However, in calculating f,, _, and g, we will not in general use all the informa-
tion contained in this equation. The aim of this section is to obtain further identities which
give the connection with the parameters previously introduced.
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In the case where the hypersurface M is spherical, i.e. coincides with the hyperquadric
S, these parameters are free, so we can hope to obtain such a relation only in the case where
M is nonspherical.

Now let M be nonspherical and let ¢ be the index of the first nonvanishing component
in the e-decomposition of N(z, z; u), i.e.

v={(2,2) + H(z, 2z, u) + ... (11)

is the equation of M.

We note that e = 4, and e =2 6 for n = 1.

We denote by @3 the kth e-component of (9) with X' =, 7' =7, % = %, d =a,
and ¥ = r, and by D, we mean the sum of those terms entering into Q. which depend on
H, for some p.

LEMMA 7. Fork=1,2,...,e—1
ferr = o1, Gk = Gk (12)
PrROOF. We proceed by induction on k. For k = 1, 2, 3, 4 the assertion is proved (see
Lemma 5). Suppose for a given p, 4 <p <e — 1, equation (12) holdsfork =1,...,p— 1.

This means, in view of (11), that <I)p = 0 and d)f, = 0 will agree as equations for fp_1 and
&ps but by Lemma 6 this equation has only a single solution. Accordingly (12) is fulfilled
for k = p. The lemma is proved:

LEMMA 8. The following equations hold:

H.(AMlz, Miz; |MPu)=n| AR H. (2, 2 u), (13)
ferr = fors, & = g (14)
ProoF¥. We have
D, =Re(ige + 2 (fouts o> + 2(Foas 2D + -+ omzzy + Do
@; =Re (ig: + 2{fos, [) + 2{fo-es F) + - Vlomzrze
We set f =f—fSand g =g —g'. Then from (12), (7), and (9) it follows that
Re (ig. + 2 (fers, MU2)) |y, oy + De = 0.
We compute D,
Reig >Rein|A2w—>n|AEH, (2, 2 u),
H.(f,T; Re @)~ H.(f, J; Re g;) = H. (\z, MUz; | AP w).
Thus

D, = H, (Miz, Mlz, | A[Pu) — x| AP H. (2, 2; u)
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and consequently D, € R (see Lemma 1 b)), i.e.
Re [ige + 2 (fe-1, MU ,_, ,, = O (mod R).

But from this it follows (see [3], p. 234) that fe_l = 0 and §e = 0;s0 D, = 0. The lemma
is proved.

COROLLARY 1. If the form (z, z} is definite (i.e. all of its eigenvalues are of one sign),
then |A| = 1.

PrOOF. We observe at once that 7 = 1. Further let the (m, /) §-component of the
polynomial H,(z, z; u) vanish. Separating (13) into (m, [)-components, we obtain
ot MUz, AUZ) (A2 @) = | A2 i (2, 2)
or
hmt (%Z, %) = Hhml (Zv -Z—),
where u = Al =" FX1=I=% " We remark that ju| = A?~€.
Consider in C” the surface K defined by the equation (z, 2) = o, where

_ { 1, if ¢z, 2} is positive definite,
—1, if {z, 2) is negative definite.

Since the form (z, z) is definite, the surface K is compact. Let the maximum of the function

l1,,,(z, )| on this surface be attained at the point z, € K. We obtain

| hml (%zo, %—zﬂ) ‘
| Ayt (205 20} |

lp]=

whence it follows that |A| = 1.
In the same way, from the equation

o (U722, UT2) = p e (2, 2)
we obtain that lu"l < 1 and [A| < 1. The corollary is proved.

LEMMA 9.

Doy = | AP2Re (—2i(z, a) H + (u + (2, 2)) 0 Ho(a)

+ 2i (2, aYIH,(2) + i (2, a) (u + i (2, 2)) —:—H,) (15)
u
+ (Hera (M2, Miz; (MR u) — | AP H,oy (2, 2 w)).
where 0H(v) is the value of the linear form 0H on the vector v.

Proor. We have
Reig —(a) >Rein|APw—> — x| AP Hena (2, 2; w),

() >Rei (2ix| A2 (2, a)w) > —2r| A PRe (i (2, @) H. (2, 2; u).



AUTOMORPHISMS OF AN ANALYTIC HYPERSURFACE 233

We set
o=A-u-f, b=Ihl"e,
(fv f) = “\)"\2<(P1 q)>—’n‘?"|2 * 2R6(<2, a>£)
—>—2n|APRe(i(z, @) - H.(z, z; u),
Hf(fv f; Reg) =H¢(}"6M(pv m’ ‘A’\zlp) = ﬂ\x‘zﬁe((p, CB; Re‘p)

(see (13)). Then, decomposing H, (¢ + Ay, ¢ + Ag; Re Y + Re Ay) by increasing degrees
we see that the terms of weight e + 1 of the expression N[)\IzHe(gpl to,+...tp +
¢2+...',Re¢/2+Re¢/3+...)are

“l AR (aHe (91, 6’1, Re 1,) (9a) + oH, (91 alv Re,) ((—i’z)
+ ‘:—u H.(9i, 93 Res)(Re \Ps))

v==(2,2>

Substituting the calculated values of ¢,, ¢,, ¥,, and 5, we obtain

nlApP (611, (2, 2 u)(wa -+ 2i(z, a)z) -+ 0H.(z, z; u)(wa + 2i(z, a)2)

+ —o% H. (2, z; u)2Re (iw(z, a)))l

v=2(2,2)

=n|A[?2Re (OHB (2,2, wy(wa+2i(z,a)2) +i(z, a)w —;u- H.(z, z; u))

v=(2,2)

He+1 (f! fa Re g)_"HH-l (fla f].; Re gz) = He+1 (l%z, m, l)\'lz u).

Summing, we finally obtain (15).
COROLLARY 2. 78 and g, , do not depend on r.

PrROOF. As in the proof of Lemma 8, we obtain from (7), (9), (12), and (14)
Re ({Zert + 2 (for M2,y 5, + Pera = 0. (16)

But this allows us to define fe and g, , (see [3], p. 234). The corollary is proved.

LEMMA 10. If the hypersurface M is nonspherical, then the parameter r is uniquely
determined by \, =, %, and a.

PROOF. As in the proof of Lemma 8, from (7), (9), (12), and (14) we obtain the
following relation in weight e + 2:

Re (iEe:H + 2(%4—1, AUz + 2(7" o) L,=<z,z> + Disa = 0.
We compute the term D, , containing the parameter 7:-
Reig »Rein|APrw® ~Rein|A[ -7 - 2i(u+i(z, 2))H.(2, 2; u)
= 2| AP uH. (2, 2; u)r,
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He(f, F; Re g) = n|A[* He(@, ; RY)
> | P [0He 2,7 1) 00} + BHe(2, 7 1) @) + = Hele, 5 0) Re )|
ew|AP Re[Z(u iz, D)OH () + = H (2 — (2 z>2)] r.
Consequently
Deys = rit| APRe [—- QH,u + 2 (u 4 i (2, 2)) OH. (2)
+ —:; H.(z, z; u) (W —{z, 2)2)] - terms not containing 7.

But by the corollary to Lemma 9, and because f, is independent of 7, the product < o I
also is independent of r, and so

0= Re (igesa + 2 Foray AU sz, + 798| MPRE [~ 2Hett + 2 (u +i (2, 2)) OH.(2)
(17)

7}
+ ™ H. (4* —(z, 2)2)] =+ terms not containing 7.

Suppose for fixed A, 7, %, and a there are two values r, #r, satisfying (17). We set
F= rn—n # Oafe+1 =fe+1(r1) "_fe+1(r2) and §e+2 = §e+2(r1) —§e+2(r2). Subtract-
ing (17) for r, from (17) for r , we obtain

Re(igess + 2 (Forsr MUZY) |y s
= — rx|A2Re [— 2Hau 4+ 2(u+ iz, 2))0H.(2) + %%(uz —{z, z)z)] . (18)
We observe furthermore that if &, is a polynomial of type (m, {), then
Ohm(2) =mhm,.
Therefore, in view of part ¢) of Lemma 1, the right-hand side of (18) lies in M. We have
Re (igers +2 (Feers MU |,_,.zy = 0 (mod ),
whence fe+1 =0andg,,, = 0 (see [3], p. 234). Thus

Re (— 2Hu 4+ 2(u+i{z 2))0H.(2) + a:e (u®>—(z, 2)2)) = 0. 19)

u

Let H, = uphp(z, Z)+ ...+ hy(z, Z), where h,(z, ) # 0. Then the highest term of
(19) in u is

Re (— 2k, + 20h,(2) + php) ™ = 0,
or
(0 — 2) by + Oh, (2) + Oh, (2) = 0.
But

Ohy(2) + O, (2) = (deg 1)z, o
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and so

[(P - 2) + deg hp(z;)] * hP = 0. (20)

Since hp € N, we have deg hp(z’ n=4 and from (20) we obtain that hp = 0, a contradiction.
This means 7, = r,. The lemma is proved.

Let Gs be the stability group of the point £, ie. GE consists of the automorphisms of
the hypersurface M fixing £. If M is spherical, then Gy is isomorphic to the group of auto-
morphisms of the hyperquadric S and depends on (n + 1)? + 1 real parameters. In general,
as will be shown in Theorem 3, for n = 1 the typical case is that where the dimension of
this group is zero. In connection with this the following theorem is of interest.

THEOREM 1. Let M C C**! be a nondegenerate real analytic hypersurface, and let
§EM. Then the group G ¢ cannot depend on (n + 1)* real parameters.

REMARK. In fact a stronger assertion will be proved. Namely, if M is nonspherical,
then the real dimension of G, is less than (n + 1)2.

PrOOF. We reduce M to normal form in a neighborhood of &. If M is spherical, then
dim G, = (n + 1)? + 1; if nonspherical, then from (13) and Lemma 10 it follows that
dimg G, < (n + 1)%. The theorem is proved.

§3. Restrictions on the dimension in C?

This section is devoted to the proof of the following theorem.

THEOREM 2. Let M be a nondegenerate real analytic hypersurface in C?, and let
§EM If dimg GE > 1, then M is spherical, and consequently dimg GE =5,

For the sequel we need to develop some notions concerning CR-functions on the

hyperquadric S.
We set X = 3( ¥z) + i(z, 2)8/du, and correspondingly X = 9( }z) — iz, z)8/du. The
properties of the operators X and X which we need are stated in the following lemma.

LEMMA 11. a) If ¢ is @ CR-function on S, then X¢ = X¢ = 0.

b) If Y is a homogeneous polynomial in z of degree p whose coefficients are CR-func-
tions on S, then X = py and Xy = py.

In particular, a linear form is left invariant.

PrROOF. Part a) follows from the definition of a CR-function. We get part b) by
direct computation. We calculate [X, X]:

XX = <5( Y@)—ilz, 2) —agu_) (09 (2) + i (2, 2) Pa)
= 309(2, 2) + i (2, 2)Qu + i (2, 2)09u(2) — i (2, 2)0Pu (2) + {2, 2)* Puus
XX = (00)@) +i¢z L) Go@ — iz, )

= 009 (2, 2) —i (2, 2) Py —i{2, 2) 09, (2) + i(z, 2) 09, (2) + (2, 2" Puu.
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Thus
8 =[X, X| = XX — XX = 2i(z, z)aiu .

We compute [X, ©]:

X0¢p = (3( )(2) —ilz, z)—a%) 2i({z, 2) P,
=2i{2, 2) Py -+ 2i(2, 2)09,(2) + 2(2, 2)* Pus.
OXp = 2i (2, 2) —a% (Op (2) — (2, 2)Qu) = 2i(2, z);au— ap (_z) +2¢(z, 2 Quu.

Therefore

(X, 8] = X8 —OX = 2i(z, z>-a% —8.

Conjugating this equation, we obtain [X, O] = ©. We set ¢ = (f, (2), where f is a vector-
valued CR-function on S (i.e. an n-tuple of CR-functions on S), and C is a linear operator on
C". Letting y = ¢ + i, we have

LEMMA 12. Ifr= (X — 2)(X — I)X — 1), then 7(y) = 0.
ProoF. We have
X9 = X(Cz, ) =(XCz, [) + (Cz, Xf),

but since XCz = Cz and Xf = 0, it follows that Xp = (Cz, /) = ¢, ie. (X — 1)p = 0.
Analogously, (X — 1)¢ = 0. Then we have (X — )¢ = (X — 1); but, since [X — 1, X — 1]
= @’

X—DX—-Dy=X—DX—Do=[(X~1)(X—1)+ 6] =80.
Also

X—1P(X—1)p=(X—1)8p =8 (X — 1)¢ + 8¢ = Og.
Subtracting, we obtain
(X=X — 1) — (X=X — 1)y =0,
or, finally,
X—2)(X— DX —1yp=0,
The lemma is proved.

LEMMA 13. If g, , satisfies (16), then

z _{0, if e=2k 41,
e+l —
o (2)(u+ilz,2), i e=2k,

where a,(z) is a linear form.



AUTOMORPHISMS OF AN ANALYTIC HYPERSURFACE 237
We give the proof for the case e = 2k. We set

Fe=Aw+ilza )+ 4@ u+i 0+ ... +A4(),
g =0 () @+i(z, ) +ag (@) +i(z )+ ... + aaal(2),

where a,(z) is a form of degree p, and 4 ,(z) is a vector-valued form of degree p. From (15)
it is clear that D, , does not contain terms of type (p; 0), so the terms of this type must
be equal in the expression

Re (iger1 + 2 (for MU2D)),_, -
We obtain

(2k + 1, 0) - agpy (2) = 0,

(2k --1, O)—*azkﬂ (Z) =0,

(3, 0) =y (2) = 0,
(1, 0) > a, (2) — (A2, Ay = 0.

The lemma is proved.

We compute 7(p), where ¢ = (BE)W* + B(z)wk)lvz(z’” and B(z) is a linear form. We
have

Xo = pu® + 2ik (2, 2) pu*?,
(X — 1)@ = 2ik(z, 2)pu*™ — Put,
X (X — 1)@ = 2ik (2, 2) pu*™ — pu* + 2Pik (2, 2) 0™,
(X —2)(X — 1)@ = — 2ik (2, 2) pu* ™ + Bu* — B - 2ik(z, 2) ™
+PB-2ik (2, )@ 4B - 2k (2, DWW A-P - 2k (2, 2) - 2k —1){z, 2)W*?,
T@) =(X—1)(X—2)(X — 1)o =4k(k— 1){z, 2)2B(2) .

We note that 7(y) is a quadratic form in z whose coefficients are CR-functions on S. There-
fore (see Lemma 11 b))

(X—2)7(g)=0. 1)

Suppose there exist two distinct vectors a, # a, satisfying (16). Introducing the
notationd =a, —a,,f, =f,(@,) —f(a,) and &,, , =&, ,(@,) —&.,,(a,), and subtract-
ing (16) for a, from (16) for a,, we obtain

Re (iée+1 +2 (f,?\.%z)) ],,_<,.,> + ﬁc+1 =0,

where

Dess = 25| AJPRe (_ 2 (2, &) Ho + (u -+ i<z, 2))0H, (a)

20 (2, @)OH, (2) +i(2, &) (u + (2, 2)) a—:;) .
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Letting T = (X — 2)r, we deduce from Lemma 13 and (21) that

TD“-I = 0. (22)

If we view this as an equation for the vector a, then it represents a system of linear equations

for the unknowns
- - “n ~
Reat, Ima, ..., Red’, Imd".

Therefore the set of solutions is a linear subspace of R2” = C”. Let this subspace consist of
the complex lines {4 = #4,, where t € C! and @, # 0}. Then, introducing the variable ¢
into (22) and separating the terms of degree (0, 1) in ¢, we obtain

T(—2Na&0fu+wu~4<az»w£@0
4 2i (2, @) OH.(2) + i (2, @) (u + i (2, 2)) "7’1::;) _o.

Let x = 8( (z),d =, 2)8/0u, and x, = x — kE, where £ is the identity operator. Then
T = (% + id) (i — id) (%, — id) (x, + id).
LEmMmA 14, If a(z) is a linear form, then
xn(a(2) @) =0 (2) 019
PROOF.
(@ (2)9) =x(a(2) 9) —ka(2) e
=a(2) p+a(2) s9—ka(2)9=a(2) (x—(k—1))¢
=0 (2) Xp-19P.
REMARK. We have correspondingly
a(2) =" (2 (2) @).
We expand T in powers of the operator d:
T = (%, + id) (x, — id) (x, — id) (%, + id)
= (XpXy + 1d Xy — ixod + d?) (xy %, — id %, -+ id %, + d?)
= (ny + i (0 — %) d + ) (0, + i (1, — ) d + &)
= XpXpXi Xy + i (XX (6 — 1) + X% (% — %)) d
+ (% - Koy — (g — X5) (g — %)) d* + i ((Xs — %) + (5 — x,)) d® +- &,
ie. T=1Iy+1,d+1,d*+1,d° +d* where
L=x-2)(x—2)(x—1)(x—1),
[ =2i{(x—-2)(—2) (F—x),
L=((x—2)(F—2) + (x—3) (F—3)—(T—x)*+1),
L,=2(%x—x).
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In the sequel we assume that n = 1. Let

P=ul, Q=iz@x—x+x%x—2), R=—2z,

0z
where k = ud/du. Then (22) may be written as

T(P+Q+R)(H,)=0.

T(P + Q + R) may be represented in the form
T(P+Q+ R) = ul, (-f;) + 2 (A + Ad + Al + Al £ Adt — ).
z

where the operators 4; transform monomials cz™zPu¥ into monomials of the same type, i.e.
each monomial is an eigenvector. Setting

G=(1|T(P+Q+R)

we have

G= T:F A+ Ay + Ayd + Ayd? 4 Agd® + Adt — o5,

We compute A_, A,, and 4,:

A, =1, (i) —(r—2(x— 1) (x—2)(x—3) %,

z

Ay = () s (@ + L (P,
L(Q) =(x—2)(x —2)(x — 1) (x — 1) [iz(2x — x + ® — 2)]
=iz(x— l)x()_c——2)(§ -— 1)(2x——)—c +x—2),

d(P) =2z ; (ui_) = Ei_(l —l—u)zz}(x—}— 1),

u 0z 0z

Ld(P)=2z-2i(x — )(x—2 (x —x— L)x(x + 1).

As a result we obtain

Ay=i(x—D(x—2)x(x —1) (2 —Xx+%—2)+ 2(x— x— Nx(x + 1],
A= () Ua (R) + LA Q) -+ 1 (P)),

ly(R) = (x— 2)(x — 2) (x — 1) (x — 1) (— 2d)
=—z(x—Dx(x—2)(x— 1) d,
d(Q) = iz(2x —x + % —2)d,

Ld(Q = —22(x—1)(x =2 (x—x — 1)(2x — X+ x —2)d,

ﬂmzfid%wg=fitim+mi
0z ou

du?

0z

=z25}(u+2)5% =2(x— 1;(x + 2)d,
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La(P) = z[(x — 1) (X —2) + (— 2) + (x* — 2) (x — 3)
—(x—x— 12+ 1)(x— 1) (x + 2)d,

so that

A=((r—1)Ex—2)+(x—2)(x—3)—(E—x— 12+ 1) (x— 1) (x + 2)
—(x—DxE—(x—1)—2(x— (X —2)(x—x— [)(2x —X + % — 2)).

We have G(#H,) = 0.
Let

He = U’ (hp?Z> + 122+ ... + (hpe?™ - 22+ ... + ho2? - 27).

We will calculate the coefficients of G(H,). We denote by A (m, p) the factor which
appears in front of the monomial z™z? after application of the operator 4;, and by G(m, p)
the coefficient of z™z? in G(H,).

Each coefficient of G(H ej is a linear combination of the A mp> SO by setting these coef-
ficients equal to zero we obtain linear equations connecting the hmp. Our immediate goal is
to prove that h,, = 0. This can be done using the fact that the operator G acts on the
symmetric monomial , in an asymmetric manner. This enables us to obtain additional
equations without introducing new unknowns.

We have

G(2, 4) = hasA_l (3, 5) + hqu (2, 4),
A;(3,5)=1-2.3-2-5=60,

Ay(2,4) =i-1-2-[2-3(4—4+5—2) +2(4—2—1)4(s+1)]
=2i[6(s—2) +8(s+1) ] =4i(75—2).

Cancelling a factor of 4, we obtain
15 hyy+i(75—2) by =0. (23)

Furthermore,

G(5, 3) = h64A_1 (6, 4) + hssAo (5’ 3) + h42A1(5, 3),
A(6,4)=4-5-2.1.4=160,
Ay(5,3) =i-4-1-[56-2(10—3+4+s—1—2) +2(3—5—1)3s]
=4i[10(s + 4 — 18s)] == — 32i(s — 5),
A;5,3)={4-1+3-0-941]-2(s+1)—4-5-1-2
+2-4.1.3(10—3+s—1—2)} = —8(s+ 1) —40 4 24 (s+4) = 16 (s +3).

Cancelling a factor of 16, we obtain
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Moreover,

6(3, 5) =hAeA—1(4, 6) +h35A0(3, 5) +huA1(3’ 5);

A, (4,6)=2-3.4.3.6=27.16,
A(3,5)=i-2-3[3-4(6—-5+4+s—1—2)+2(5—3—1)5g]
— 6i[12(s—2) + 10s] = 12i(11s — 12),
A (3,5 ={2-34+1-2—1+1]4(s+1)—2-3.3.4
—2.2.3.1(6—5+5—1—2)=232(s+2) ~72—12(s —2) = 4 (55 —4).

Cancelling a factor of 4, we obtain

97 -4ho+ 3i (115—12) hys + (55—4) hog=0. (25)

(23), (25), and the equation obtained by conjugating (24) form a system of three linear
equations for the unknowns h,,, h35, and h,,. We express it as a matrix

0 15 i(7s— 2)
( 10 2i(s—5) s+3) |
27 -4 3i(lls—12) (5s—4)
Dividing the first column by 2 and taking the determinant, we obtain
A(s)=3(—19-7-s*—657-5+2-575).

We note that A(0) # 0 and A(1) # 0, but for s > 2 we have 657 s > 2 - 575, so
A(s) <O for s > 2. Thus we have shown that A(s) # 0 fors =0, 1,2, ..., and so b, =0.
By comparing the components of (16) of type (1, 0), (2, 1), and (3,2) forn = 1 and
e = 2k, we obtain in the notation of Lemma 13

a+Zo =0,
Ar‘—2ik.z° =0,
'i (k—l)Ag=4ah‘3.

Hence in view of the condition k,, = 0 it follows that @ = 0. Thus g,, ; = 0, since it is
independent of the parity of e. Now from Lemma 12 we obtain

T(P+Q+R) (H,) =0.
We expand the operator 7 in powers of d:
T = (g — id) (%, — id) (%, + id) =(3c;—id) (X1, + i (%, — %) d + d?]
= XXXy 4 i [x —~ % — (x—2) (x —~2) + 1]d + (2% — x— 1) d® — id®,

We introduce the following operator:

r= (%)r(P+Q+R)-
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Like G, it may be written in the form

= =B+ Bo+ Bid + Byd® + Byd® + idk,

fz|?
where

By=7(x—2)(v—1)(x— 1)(3";_.) =(x—3)(x—2) x(x—1).

Computing the coefficients of zz™~1 in I'(H,), we obtain
I'(1, m—1) =hmB_(2, m) =h,n(m—3) (m—2) m.

If m > 4, it follows from the identity I'(,) = O that &, , = 0. We now prove by induction
onpthath,, , . ,=0.

Let h2+q,m+q = 0 for ¢ < p. Then

L(1+p, m4+p—1)=B_,(2+p, m+P)hsip, mip
= (m+p—3) (m+p—2) (m+p) (p+1)hs1p, msp.

From I'(,) = 0 we obtain that &, , , ., , , = 0. This also shows that H, = 0. This is a
contradiction; that is, the space of solutions of (22) for @ is at most one-dimensional.

We summarize. If the hypersurface M is nonspherical, then the number of degrees of
freedom of the parameter A does not exceed unity (see Corollary 1), the parameter a, as
shown in this section, also has at most one degree of freedom, and the parameter r has no
freedom (see Lemma 10). Consequently, the dimension of G, in this case does not exceed
two.

Let dimp G, = 2. This means that (13) really has one degree of freedom in X. This
can be so only if

H,= stprEp + us'le_m_,z”'l?'l + ...+ kazk?,

where Lpp # 0. But in this case the right-hand side of (16) lies in R, so 78 = §e+1 = 0.
We obtain

2Re{a[P+ Q + RI(H.)} =0.

Selecting from this equation the leading component in u, we find that
u' . Ly, - p2Re{a[Z + 772} = 0.

whence it follows that 2 = 0, and there remains all told one degree of freedom in the whole
group GE' Theorem 2 is proved.

§4. The stability group of a nonumbilical point
The point & € M is called umbilical if the contact of a spherical surface at this point
is of higher order than what the normal form guarantees.
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Letn = 1, and let

v=|2P+cp) 2 4022 + S em(w) 2

m+l=7
min(m,l)zz2

be the equation of M in normal form. Then the point O is umbilical for this surface if
c4,(0) = 0.
We denote c,,(0) by A, ¢5,(0) by p, and ¢,43(0) by g.

THEOREM 3. Let M be a nondegenerate real analytic hypersurface in C*, and let
£ € M be a nonumbilical point, i.e. h + Q. Then the group GE consists of not more than two
mappings.

Moreover, if in addition hp + 3hq # 0, then GE = {E}, i.e. there is no automorphism
of the hypersurface leaving & fixed and different from the identity.

PrROOF. Since £ is not umbilical, we have ¢ = 6 and
H, = hA2® 4 h2*A, (26)

As a consequence of (13) we obtain A®-X = 1. This equation has the two solutions 1 and
~1. We will show that to each of these two values of X corresponds at most one value of a.
Rewriting (16), we obtain

Re (ig + 2% - T42) s = 2Rea [_ %izHy — izg% T zizﬂa—g’;- +u "-;{z—‘]

+ (Hy (A2, M) — Hs (2, 2)). @7
Suppose there exist two values of a4, say &, and a,, satisfying (27). Set

a= a; —a,, ?e=ﬁ(al) — f; (az), §7 = §7 (@) — é;(az)-

Subtracting (27) for a, from (27) for a , we obtain

Re(ig; + 2h72) lo—epp = 2Re a [— QizH, — izz Qg:"— + 2i22 ‘_3%‘_ +u 0—;“—} .
Iz

Substituting (26) here, we find that

Re (l§7 + QXfOE) lv=|z|2 (28)
= 9Re a[4ihz®2® — 2ih2® - 2 + 2uhAz + 4uh2® - 28).

We set
Moz = A2z + B#'zw + Cz22w? + Dzw?,
—é—é, = azw? + p - 2w’ + yPw + 82°.

The right-hand side of (28) does not contain terms of type (7, 0), (5, 0), or (3, 0); so,
setting the corresponding components of the left-hand side equal to zero, we obtain
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8=+~ =258 = 0. Now computing the coefficients of the components of the left-hand side of
types (5, 2) and (4, 1), we find that (5, 2) — iB and (4, 1) — B. Equating them to the
corresponding components of the right-hand side, we obtain

b~ —_

4iha = iB, 2ha — B. (29)

But 2 # 0, so (29) means that @ = 0.

To complete the proof of the first part of the theorem it remains to apply Lemmas 8
and 10.

Now taking into account that

H, = p2*22 3} q2%2° + q2°2* + p2°25,
we write (27) for A = —1. We obtain
Re (iE7 + 2-1765) |v=|z[’
— 92 Re[a(4ih52 — 222 + Qhz + 4uh2?2®) — 2pB22 — A2,
We set

M4z = APz + BAzw + C2zw? + Dzw?,
—;—E-, = azw® 4 pPw® + y2*w + 87°.

As before, from the comparison of the components of type (7, 0), (5, 0), and (3, 0) we have
8 =+ =28 = 0. The remaining components give the equations

6,1) A=0,
(5,2) iB=4iha—2p,
(4,3) —C+iD—io=2iha—2g,

(4,1) B=2ha,

(3,2) 2iC—3D—3a=~4ha,
(2,1) C—3iD+3ia=0,
(1,0) D+a=0.

From (5, 2) and (4, 1) we obtain
p=iha. (30)

Equations (4, 3), (3, 2), (2, 1), and (1, 0) form a system of four linear equations for the
three unknowns C, D, and a. Eliminating unknowns, we obtain on the right-hand side the
relation ha + 3ig = 0, which together with (30) gives finally ph + 3gh = 0. The theorem is
proved.
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