2002 č. ïŋćăàì | äěćàăńì â. 57, ćëŕ. 1(343) ŞŚŔĚŢĹ ŇĂŠĚŇĂŠĹŮĚŚŁĹŢ ŊĂŞŁ

ŞĎŁ 517.55+514.76

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ: ĹŢ ŔŐŃĹŊŐŇĹĂŃĲŊŻĚ ŇŐĎĚŃĹ, ĂĆŠŐŇŐŘŤĹĞŇŻ Ĺ ŔŘŐĄŃĚŇŻ ŁŃĂŚŚĹŤĹŁĂŰĹĹ

Ć. Ł. Ąěńőèăŕłă

Řăąőâă ŕàěďáâăćńïěâ áőąőľ őąğőà àěğãńìâăâőć ŕő ńőłăńìŋőľ âěőàĺĺ ćěéěáâćěŋÄ ŋëå ŕőďňŋőčőőąàăğĺľ łőňŕńěłáŋőčő ŕàőáâàăŋáâćă, őáŋőćŋăï çăáâì łőâőàëå ŕőńãçěÄ ŋă ć áěňĺŋăàě Ă.Č. Ćĺâãèłĺŋă ć ŇČŞ ğă ŕőáńěďŋĺě 15 ńěâ. Čńăćŋőě ďőáâĺęěŋĺě { íâő àăğàăąőâłă âěåŋőńőčĺĺ ćëçĺáńěŋĺï ăćâőňőàäĺğňőć, ĺŋćăàĺăŋâőć ĺ łńăááĺäĺłăÄ æĺľ ćěéěáâćěŋŋëå ŕőďňŋőčőőąàăğĺľ, őáŋőćŋëň íâăŕőň łőâőàőľ ïćńïěâáï ŕőáâàőěŋĺě \åőàőèěľ" ňőďěńìŋőľ ŕőćěàåŋőáâĺ. Ţőàőèăï ňőďěńìŋăï ŕőćěàåŋőáâì { íâő ăŋăńőč áőŕàĺłăáăîéěčőáï ŕăàăąőńőĺďă łńăááĺçěáłőľ ďĺääěàěŋæĺăńìŋőľ čěőňěâàĺĺ.

Ąĺąńĺőčàăäĺï: 66 ŋăğćăŋĺľ.

ŚŐĎĚŘĘĂŊĹĚ

1. Ććěďěŋĺě 4 2. Ďěňőŋáâàăæĺï ňěâőďă ŋă ŕàĺňěàě čĺŕěàŕőćěàåŋőáâĺ ć C^2 5 2.1. Ćëąőà ňőďěńìŋőľ ŕőćěàåŋőáâĺ 5 2.2. Ăćâőňőàäĺğňë ňőďěńìŋőľ ŕőćěàåŋőáâĺ 6 2.3. Őæěŋłă àăğňěàŋőáâĺ čàãŕŕë ăćâőňőàäĺğňőć àőáâłă 8 2.4. Ůâő âăłőě åőàőèăï ňőďěńì 10 3. Čĺŕěàŕőćěàåŋőáâĺ ć C^N 10 4. Łćăďàăâĺçŋăï ňőďěńì àőáâłă ćëáőłőľ łőàăğňěàŋőáâĺ 13 4.1. Ŕőáâàőěŋĺě ňőďěńĺ 13 4.2. Ő łńăááĺäĺłăæĺĺ łćăďàĺł 17 4.3. Łćăďàĺłĺ łőàăğňěàŋőáâĺ ďćă 18 4.4. Ťěŋőňěŋ ęěáâłőáâĺ ĺ ĺáłńîçĺâěńìŋëě łćăďàĺłĺ 22 4.5. Ćěéěáâćěŋŋëě ăááőæĺăâĺćŋëě łćăďàĺłĺ 25 4.6. Ňăâàĺçŋăï ăàĺäňěâĺłă Ěęőćă{Ÿňăńìæă 26 5. Łćăďàăâĺçŋëě ĺŋćăàĺăŋâë CR-ňŋőčőőąàăğĺľ: âàĺ äńăčőćëå łőŋÄ áâàãłæĺĺ 29 6. Ňőďěńĺ ćëáèĺå ŕőàïďłőć 33 6.1. Łãąĺçěáłăï ňőďěńì 34 6.2. Łćăğĺŕěàĺőďĺçěáłăï áĺáâěňă ňőďěńìŋëå ŕőćěàåŋőáâěľ 37 7. Ŕőćěàåŋőáâĺ á ćëàőęďěŋĺïňĺ 38 Śŕĺáőł ńĺâěàăâãàë 41

© Ć. Ł. Ąěńőèăŕłă 2002

4 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

1. Ććěďěŋĺě

Ć 1985 č. ćëèěń őąğőà Ă. Č. Ćĺâãèłĺŋă [64]. Őáŋőćŋőě áőďěàęăŋĺě őąğőàă { íâő àěğãńìâăâë ŕő ŋěćëàőęďěŋŋëň ćěéěáâćěŋŋëň čĺŕěàŕőćěàåŋőáâïň. Ďăŋŋëľ őąğőà ňőęŋő àăááňăâàĺćăâì łăł ŕàőďőńęěŋĺě őąğőàă Ćĺâãèłĺŋă. Őáŋőćŋőě ěčő áőďěàęăŋĺě { íâő àěğãńìâăâë ŕő ńőłăńìŋőľ âěőàĺĺ ćěéěáâćěŋŋëå ŕőďňŋőčőőąàăğĺľ, ŕőńãçěŋŋëě ãçăáâŋĺłăňĺ áěňĺŋăàă ğă ŕőáńěďŋĺě 10{15 ńěâ. Ŕàĺ íâőň áńěďãěâ őâňěâĺâì, çâő, ćő-ŕěàćëå, ć íâőâ ŕěàĺőď ăłâĺćŋő ĺğãçăńĺáì ňŋőčőőąàăğĺï łőàăğňěàŋőáâĺ ąőńěě ćëáőłőľ, çěň őďĺŋ, ă ćő-ćâőàëå, őäőàňĺńăáì íääěłâĺćŋăï âěåŋőńőčĺï ćëçĺáńěŋĺï ăćâőňőàäĺğňőć, ŕőáâàőěŋĺï ĺŋćăàĺăŋâőć ĺ ŕà., łőâőàãî ňë ŋăğëćăěň ňěâőďőň ňőďěńìŋőľ ŕőćěàåŋőáâĺ.

Ďăŋŋăï ŕàőąńěňăâĺłă ŕàěďáâăćńïěâ ĺŋâěàěá ŋě âőńìłő ďńï ňŋőčőňěàŋőčő łőňŕńěłáÄ ŋőčő ăŋăńĺğă. Ďàãčĺě àăğďěńë ňăâěňăâĺłĺ, ŕĺâăîéĺě ĺŋâěàěá ł íâőľ őąńăáâĺ ĺááńěÄ ďőćăŋĺï, { íâő ďĺääěàěŋæĺăńìŋăï čěőňěâàĺï ĺ ãàăćŋěŋĺï á çăáâŋëňĺ ŕàőĺğćőďŋëňĺ. Čěőňěâàĺçěáłăï ńĺŋĺï { íâő İ. Łăàâăŋ { Ŋ. Šăŋăłă { Ś. Ůěàŋ ĺ ďà. [20], [58], [21], [42]. Ć áőćàěňěŋŋőľ âěàňĺŋőńőčĺĺ íâő âěåŋĺłă àěďãłæĺĺ G-áâàãłâãà. Őďŋăłő őáŋőćŋőľ, åőÄ âï ĺ ŋě ěďĺŋáâćěŋŋëľ, ãáŕěå ňěâőďă ć ŕàĺňěŋěŋĺĺ ł ćěéěáâćěŋŋëň ŕőďňŋőčőőąàăğĺïň { íâő čĺŕěàŕőćěàåŋőáâĺ. Śàěďĺ àăąőâ, ć łőâőàëå ďăŋŋëľ ŕőďåőď ŕàĺňěŋïěâáï ł ňŋőčőÄ őąàăğĺïň łőàăğňěàŋőáâĺ ćëèě çěň őďĺŋ, łàőňě łńăááĺçěáłĺå àăąőâ Ŋ. Šăŋăłĺ, ãŕőÄ ňïŋěň àăąőâë Š. Číààĺâĺ ĺ Ř. Ňĺğŋěàă [33], ă âăłęě Ć. Ěęőćă, Ă. Ĺáăěćă ĺ Č. ŸňăńìÄ æă [25]. Ăŋăńĺâĺçěáłăï ńĺŋĺï { íâő Ă. Šàěáá { Ă. Ŕãăŋłăàě { Řĺłìě (Riquier) { đ. ŇőÄ ğěà { Ś. Ćěąáâěà { Ś. Ŕĺŋçãł ĺ ďà. [59], [47], [36], [21], [65], [46]. Śàěďĺ áőćàěňěŋŋëå ăćâőàőć, âïčőâěîéĺå ł íâőňã, ăŋăńĺâĺçěáłőňã, ŋăŕàăćńěŋĺî őâňěâĺň Ň. Ąăőãěŋďĺ, Ń. Řőâèĺńìď, Ŋ. Śâěŋâőŋ, Ŕ. İąěŋäěńìďă, Ď. Ğăľæěćă [5], [6], [54], [8], [9], ă âăłęě Ă. Śãåőćă [56], [57]. Ŋăè ŕőďåőď, ő łőâőàőň ŕőľďěâ àěçì ŋĺęě, âăłęě ŕàĺňëłăěâ ł íâőľ ăŋăńĺâĺçěáłőľ ńĺŋĺĺ.

Ŕőçâĺ ćáě àěğãńìâăâë, ŕàěďáâăćńěŋŋëě ć ďăŋŋőň őąğőàě, ŕőńãçěŋë ěďĺŋëň ňěâőÄ ďőň. Łńîçőň ł ěčő ŕàĺňěŋěŋĺî ïćńïěâáï ŕőáâàőěŋĺě \åőàőèěľ ňőďěńĺ" (íâőňã âěàÄ ňĺŋã ŋĺęě ŕàĺďăěâáï âőçŋëľ áňëáń). Ňë ŋě ćëďěńïěň ĺğ áŕĺáłă àěğãńìâăâőć čńăćÄ ŋëě, ă àăááňăâàĺćăěň ć łăçěáâćě âăłőčő čńăćŋőčő àěğãńìâăâă áăň ňěâőď ňőďěńìŋőľ ŕőÄ ćěàåŋőáâĺ.

Ćěéěáâćěŋŋőě ŕőďňŋőčőőąàăğĺě łőňŕńěłáŋőčő ŕàőáâàăŋáâćă { íâő őąêěłâ, ěáâěáâÄ ćěŋŋő ćőğŋĺłăîéĺľ ć ňŋőčőňěàŋőň łőňŕńěłáŋőň ăŋăńĺğě. Čĺŕěàŕőćěàåŋőáâĺ { ŕőďÄ ňŋőčőőąàăğĺï ćěéěáâćěŋŋőľ łőàăğňěàŋőáâĺ őďĺŋ { íâő âőŕőńőčĺçěáłĺě čàăŋĺæë őąÄ ńăáâěľ. Ŕőďňŋőčőőąàăğĺï ąőńěě ćëáőłőľ łőàăğňěàŋőáâĺ ŕőïćńïîâáï łăł őáâőćë âőÄ ŕőńőčĺçěáłĺå čàăŋĺæ, łăł ĺå čàăŋĺæë Ÿĺńőćă.

Ěáńĺ čńăďłőě ćěéěáâćěŋŋőě ňŋőčőőąàăğĺě M ŕőňěáâĺâì ć łőňŕńěłáŋőě ŕàőáâàăŋáâÄ ćő C^N , âő ňěęďã čńăďłőľ áâàãłâãàőľ ňŋőčőőąàăğĺï ĺ łőňŕńěłáŋőľ áâàãłâãàőľ őąêÄ ěňńîéěčő ŕàőáâàăŋáâćă ćőğŋĺłăěâ ćğăĺňőďěľáâćĺě. Ć àěğãńìâăâě íâőčő ćğăĺňőďěľáâÄ ćĺï ŕőïćńïîâáï ńőłăńìŋëě ąĺčőńőňőàäŋëě ĺŋćăàĺăŋâë, čàãŕŕă ăćâőňőàäĺğňőć àőáâÄ łă ňŋőčőőąàăğĺï áâăŋőćĺâáï łőŋěçŋőňěàŋőľ ĺńĺ ŕàőáâő âàĺćĺăńìŋőľ, ďćă ŋăãčăď ćëÄ ąàăŋŋëå àőáâłă őłăğëćăîâáï ŋěíłćĺćăńěŋâŋëňĺ ĺ â. ď. Śăňëě čàãąëě ńőłăńìŋëě ĺŋÄ

Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőÄ ćăŋĺľ (čàăŋâ ò 99-01-00969) ĺ çăáâĺçŋőľ ŕőďďěàęłě čàăŋâőň Ÿćěďáłőľ ăłăďěňĺĺ ŋăãł. ŘăąőÄ âă ąëńă ŋăçăâă ć Čěâěąőàčáłőň ãŋĺćěàáĺâěâě, łãďă ăćâőà ąëń ńîąěğŋő ŕàĺčńăèěŋ ŕàőäěááőàőň Ŋ. Źěàąĺŋőľ.

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 5

ćăàĺăŋâë { íâő ĺŋćăàĺăŋâë, áćïğăŋŋëě á 1-áâàãěľ àőáâłă. Ŕěàćëľ ŕàĺğŋăł ćğăĺňőÄ ďěľáâćĺï ďćãå ãŕőňïŋãâëå áâàãłâãà { íâő ŕőïćńěŋĺě ŋěŋãńěćőľ łőňŕńěłáŋőľ çăáâĺ ć łăáăâěńìŋőň ŕàőáâàăŋáâćě ł ňŋőčőőąàăğĺî. Ěáńĺ ćěéěáâćěŋŋăï àăğňěàŋőáâì ňŋőÄ čőőąàăğĺï ďőáâăâőçŋő ćěńĺłă, ă ĺňěŋŋő, ąőńìèě łőňŕńěłáŋőľ àăğňěàŋőáâĺ ŕàőáâàăŋÄ áâćă, âő ŕőïćńěŋĺě łőňŕńěłáŋőľ łăáăâěńìŋőľ ŋěĺğąěęŋő. Ŕăàã çĺáěń (n; k), čďě n { àăğňěàŋőáâì łőňŕńěłáŋőľ łăáăâěńìŋőľ (őŋă ňőęěâ ğăćĺáěâì őâ âőçłĺ), ă k { łőàăğÄ ňěàŋőáâì, ąãďěň ŋăğëćăâì âĺŕőň ňŋőčőőąàăğĺï. Šĺŕ őŕàěďěńïěâáï ŕő 1-áâàãě àőáâłă ňŋőčőőąàăğĺï ć âőçłě. Šĺŕ ïćńïěâáï ńőłăńìŋëň ąĺčőńőňőàäŋëň ĺŋćăàĺăŋâőň. Őŋ ŋě ŕőğćőńïěâ, ŋăŕàĺňěà, ąĺčőńőňőàäŋő őâőąàăğĺâì łőňŕńěłáŋãî ŕàïňãî ŋă ďćãňěàŋãî ćěéěáâćěŋŋãî ŕńőáłőáâì.

Őáŋőćŋőě ćŋĺňăŋĺě ć ďăŋŋőľ àăąőâě ãďěńïěâáï ńőłăńìŋëň áćőľáâćăň ćěéěáâćěŋŋőÄ čő ŕőďňŋőčőőąàăğĺï łőňŕńěłáŋőčő ŕàőáâàăŋáâćă. Ŕàĺ íâőň ć æěŋâàě ŋăèěčő ćŋĺňăŋĺï { âàĺ ćğăĺňőáćïğăŋŋëå æĺłńă ćőŕàőáőć: ăćâőňőàäĺğňë, ĺŋćăàĺăŋâë ĺ łńăááĺäĺłăÄ æĺï.

Ďńï ďăńìŋěľèěčő ŋăň ŕőŋăďőąïâáï áńěďãîéĺě őąőğŋăçěŋĺï. Ěáńĺ M { čńăďłăï ŕőÄ ćěàåŋőáâì ć C^N , ¸ { ěě âőçłă ĺ M_¸ { àőáâőł M ć âőçłě ¸, âő çěàěğ aut M_¸ őąőğŋăçĺň ăńčěąàã Ńĺ àőáâłőć ćěéěáâćěŋŋëå ćěłâőàŋëå ŕőńěľ á čőńőňőàäŋëňĺ łőíääĺæĺěŋâăňĺ ć âőçłě ¸, łăáăâěńìŋëå ł M_¸. Ěáńĺ z = (z_1; : : : ; z_N ) { łőőàďĺŋăâë ć C^N , âő

aut M_¸ = { X(z) = 2 Re ( f_1(z) @ @z_1

+ · · · + f_N (z) @ @z_N )} ; čďě áãęěŋĺě ŕőńï X ŋă M_¸ ěáâì àőáâőł ŕőńï, łăáăâěńìŋőčő ł M_¸, ă łőíääĺæĺěŋâë (f_1(z); : : : ; f_n(z)) { àőáâłĺ äãŋłæĺľ, čőńőňőàäŋëå ć ¸. İâő ăńčěąàă Ńĺ ĺŋäĺŋĺâěğĺÄ ňăńìŋëå čőńőňőàäŋëå ăćâőňőàäĺğňőć. İâĺ ćěłâőàŋëě ŕőńï ŕőàőęďăîâ čőńőňőàäÄ ŋőě ďěľáâćĺě ŋă M_¸. Ňőęŋő àăááňőâàěâì áőőâćěâáâćãîéãî aut M_¸ ńőłăńìŋãî čàãŕÄ ŕã { Aut M_¸. Ĺâăł, Aut M_¸ { íâő őąàăğ aut M_¸ ŕőď ďěľáâćĺěň íłáŕőŋěŋæĺăńìŋőčő őâőÄ ąàăęěŋĺï. İâă ńőłăńìŋăï čàãŕŕă ďěľáâćãěâ ŋă M_¸ őâőąàăęěŋĺïňĺ, ąĺčőńőňőàäŋëňĺ ć ¸. Ć ďăńìŋěľèěň íâĺ ăńčěąàã ĺ áőőâćěâáâćãîéãî ěľ čàãŕŕã ąãďěň ŋăğëćăâì ăńčěąÄ àőľ ĺ čàãŕŕőľ àőáâłă.

2. Ďěňőŋáâàăæĺï ňěâőďă ŋă ŕàĺňěàě čĺŕěàŕőćěàåŋőáâĺ ć C^2

Ĺğãçěŋĺě ćěéěáâćěŋŋëå ňŋőčőőąàăğĺľ ŋăçĺŋăńőáì á ĺğãçěŋĺï ňŋőčőőąàăğĺľ łőàăğÄ ňěàŋőáâĺ őďĺŋ, â.ě. čĺŕěàŕőćěàåŋőáâěľ. Ąĺąńĺőčàăäĺï ŕő íâőľ âěňě ěáâì ć őąğőàě ĆĺÄ âãèłĺŋă [64]. Őâňěâĺň ğďěáì ńĺèì âő, çâő ŕěàćăï àăąőâă ŕő čĺŕěàŕőćěàåŋőáâïň íâő àăąőâă Ă. Ŕãăŋłăàě 1907 č. [47], ć łőâőàőľ ĺğãçěŋă áăňăï ňăńőňěàŋăï áĺâãăæĺï { âàěåÄ ňěàŋăï čĺŕěàŕőćěàåŋőáâì ć C^2 .

Čĺŕěàŕőćěàåŋőáâì ć C^2 { íâő ŕőćěàåŋőáâì âĺŕă (1; 1). Ŕàőďěňőŋáâàĺàãěň âěåŋőńőÄ čĺî ć íâőľ ŕàőáâěľèěľ áĺâãăæĺĺ.

2.1. Ćëąőà ňőďěńìŋőľ ŕőćěàåŋőáâĺ. Čĺŕěàŕőćěàåŋőáâì ` ć őłàěáâŋőáâĺ áćőěľ âőçłĺ ¸ { íâő ňŋőęěáâćő ŋãńěľ čńăďłőľ äãŋłæĺĺ æ,ŕàĺçěň grad æ(¸) ≠ 0. Ŕőáńě ăääĺŋÄ ŋőľ ğăňěŋë łőőàďĺŋăâ ňőęŋő áçĺâăâì, çâő âőçłă ¸ = (0; 0), ă grad æ(¸) = (0; i). Ŕãáâì (z; w = u + iv) { íâő łőőàďĺŋăâë ć C^2 , âőčďă, àăğàěèăï ãàăćŋěŋĺě æ(z; z; u; v) = 0 őâŋőáĺâěńìŋő v, ŕőńãçăěň ãàăćŋěŋĺě àőáâłă čĺŕěàŕőćěàåŋőáâĺ ć ŋãńě ć ćĺďě `_0 = {v = F (z; z; u)}, čďě äãŋłæĺï F ĺ ěě ŕěàćëě ŕàőĺğćőďŋëě őąàăéăîâáï ć ŋãńì ć ŋăÄ çăńě łőőàďĺŋăâ. Ŕàĺ íâőň ŕńőáłőáâì ŕěàěňěŋŋőčő z, â.ě. {w = 0}, { íâő łőňŕńěłáŋăï

6 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

łăáăâěńìŋăï ŕőćěàåŋőáâĺ ć ŋãńě, ă {v = 0} { ćáï łăáăâěńìŋăï ŕńőáłőáâì. Ěáńĺ ŕőćěàåÄ ŋőáâì ąëńă ćěéěáâćěŋŋő ăŋăńĺâĺçěáłőľ, âő F { íâő áåőďïéĺľáï áâěŕěŋŋőľ àïď, ěáńĺ âőńìłő čńăďłőľ, âő ňë ćŕàăćě àăááňőâàěâì äőàňăńìŋëľ àïď. Ć ŕàőáâàăŋáâćě àïďőć őâ (z; z; u) ććěďěň čàăďãĺàőćłã ãáńőćĺïňĺ ŋă ćěáă ŕěàěňěŋŋëå [z] = 1, [z] = 1, [u] = 2. Šőčďă ãàăćŋěŋĺě àőáâłă ňőęŋő ğăŕĺáăâì ć ćĺďě v = 2 Re(Az^2) + hzz + · · · , čďě ňŋőÄ čőâőçĺě őąőğŋăçăěâ çńěŋë ćěáă âàĺ ĺ ćëèě. İâő ãàăćŋěŋĺě ňőęŋő ŕěàěŕĺáăâì ć ćĺďě 2 Im(w + 2iAz^2) = hzz + · · · ĺńĺ, ŕőáńě ŕàőáâőčő łćăďàăâĺçŋő-âàěãčőńìŋőčő ŕàěőąÄ àăğőćăŋĺï łőőàďĺŋăâ z → z, w → w + 2iAz^2, ć ćĺďě

v = hzz + · · · : (1)

Őâňěâĺň, çâő őďŋőňěàŋăï íàňĺâőćă äőàňă hzz { íâő äőàňă Ńěćĺ čĺŕěàŕőćěàåŋőáâĺ `_0 ć ŋãńě. Ěáńĺ őŋă ŋěćëàőęďěŋă (ć ŋăèěľ áĺâãăæĺĺ íâő őğŋăçăěâ, çâő h ≠ 0), âő ŕőáńě ğăňěŋë z → z, w → hw ŕőńãçăěň

v = zz + · · · : (2)

Łćăďàăâĺçŋăï čĺŕěàŕőćěàåŋőáâì Q = {v = |z|^2} ĺ ěáâì ŋăèă ňőďěńìŋăï ŕőćěàåÄ ŋőáâì, őŋă ęě { łăáăâěńìŋăï łćăďàĺłă.

Šő, çâő ŕàĺ ćëąőàě ňőďěńìŋőľ ŕőćěàåŋőáâĺ ňë ŋě őáâăŋőćĺńĺáì ŋă ãàőćŋě 1-áâàãĺ, áćïğăŋő á âěň, çâő ćáě čĺŕěàŕńőáłőáâĺ ĺňěîâ, łăł ŋěâàãďŋő ãąěďĺâìáï, ąěáłőŋěçŋőÄ ňěàŋãî čàãŕŕã ăćâőňőàäĺğňőć. Šő, çâő ŕàĺ àăááňőâàěŋĺĺ 2-áâàãĺ ňë őčàăŋĺçĺńĺáì ńĺèì íàňĺâőćëň çńěŋőň, áćïğăŋő á âěň, çâő őâ őáâăńìŋëå ňőęŋő ĺğąăćĺâìáï ğăňěŋőľ łőőàďĺŋăâ ĺ őâáěçěŋĺěň łőňŕőŋěŋâ áâăàèěčő ćěáă. Šő, çâő ňë őáâăŋőćĺńĺáì ŋă ãàőćŋě 2-áâàãĺ, áćïğăŋő á âěň, çâő ãęě ğďěáì, łăł ňë ãćĺďĺň ŋĺęě, ňőęŋő ŕőńãçĺâì ãáńőćĺě łőŋěçŋőňěàŋőáâĺ čàãŕŕë àőáâłă.

2.2. Ăćâőňőàäĺğňë ňőďěńìŋőľ ŕőćěàåŋőáâĺ. Ŋăçŋěň á ćëçĺáńěŋĺï ăńčěąàë aut Q { ăńčěąàë ĺŋäĺŋĺâěğĺňăńìŋëå ăćâőňőàäĺğňőć łćăďàĺłĺ Q. Ğăŕĺáëćăï ãáńőćĺě łăáăŋĺï, ŕőńãçăěň áńěďãîéěě őŕĺáăŋĺě íâőľ ăńčěąàë:

aut Q = { X(z; w) = 2 Re ( f(z; w) @ @z + g(z; w) @ @w )} ; čďě čőńőňőàäŋëě ć őłàěáâŋőáâĺ ŋăçăńă łőőàďĺŋăâ äãŋłæĺĺ f ĺ g ãďőćńěâćőàïîâ äãŋłÄ æĺőŋăńìŋőňã ãàăćŋěŋĺî

Im g(z; u + i|z|^2) = 2 Re(f(z; u + i|z|^2)z ): (3)

Řěèěŋĺě íâőčő ãàăćŋěŋĺï ŕàőćőďĺâáï ć łńăááě äőàňăńìŋëå áâěŕěŋŋëå àïďőć á ŕőÄ ňőéìî áńěďãîéěľ ŋěáńőęŋőľ âěåŋĺłĺ. Ąãďěň ĺáŕőńìğőćăâì àăğńőęěŋĺï ćĺďă

f(z; u + i|z|^2) = ∞∑ m=0 i^m m! ´^mf(z; u);

čďě ´f = |z|^2 @ @u f (´^0 = Id), ă âăłęě

f(z; u) = ∞∑ m=0 f_m(u)z^m:

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 7

Ĺáåőďŋőě ãàăćŋěŋĺě ąãďěň àăğńăčăâì ŋă áőőâŋőèěŋĺï äĺłáĺàőćăŋŋëå ąĺáâěŕěŋěľ ŕő (z; z). Ŕàĺ íâőň ňë ŕőńãçăěň ąěáłőŋěçŋãî áĺáâěňã őąëłŋőćěŋŋëå ńĺŋěľŋëå ďĺäÄ äěàěŋæĺăńìŋëå ãàăćŋěŋĺľ ŋă ŕőáńěďőćăâěńìŋőáâì ŋěĺğćěáâŋëå äãŋłæĺľ (f_0(u); g_0(u); f_1(u); g_1(u); : : : ). Őďŋăłő, ćëŕĺáëćăï łőňŕőŋěŋâë ąĺáâěŕěŋěľ (2; 0); (3; 0); : : : , ãąěęÄ ďăěňáï, çâő g_2 = g_3 = · · · = 0, ă łőňŕőŋěŋâë (3; 1); (4; 1); : : : ďăîâ f_3 = f_4 = · · · = 0. Ěáńĺ ďńï őáâăćèĺåáï ŕïâĺ äãŋłæĺľ g_0; g_1; f_0; f_1; f_2 ğăŕĺáăâì áőőâŋőèěŋĺï ć łőňŕőŋěŋÄ âăå (0; 0); (1; 0); (1; 1); (2; 1); (2; 2); (3; 2); (3; 3), âő, ćő-ŕěàćëå, őłăğëćăěâáï, çâő àěèěÄ ŋĺï íâőľ áĺáâěňë őąëłŋőćěŋŋëå ńĺŋěľŋëå ãàăćŋěŋĺľ { íâő ňŋőčőçńěŋë ŋěćëáőłĺå áâěŕěŋěľ, ćő-ćâőàëå, őáâăćèĺľáï ŋěĺáŕőńìğőćăŋŋëľ ňăááĺć ãàăćŋěŋĺľ ŋě ďăěâ ŋőćëå őčàăŋĺçěŋĺľ. Ć ĺâőčě ŕőńãçăěň, çâő ăńčěąàă áőáâőĺâ ĺğ ćěłâőàŋëå ŕőńěľ á łőíääĺæĺÄ ěŋâăňĺ ćĺďă

f = p + ˘z + aw + 2iaz^2 + rzw; g = q + 2ipz + 2(Re ˘)w + 2iazw + rw^2;

čďě (p; ˘; a) { łőňŕńěłáŋëě ŕăàăňěâàë, ă (q; r) { ćěéěáâćěŋŋëě ĺ dim aut Q = 8.

Ć ăńčěąàě ćěłâőàŋëå ŕőńěľ ććěďěň čàăďãĺàőćłã ãáńőćĺïňĺ:

[z] = 1; [z] = 1; [w] = 2; [w] = 2; [ @ @z ] = −1; [ @ @z ] = −1; [ @ @w ] = −2; [ @ @w ] = −2:

İâă čàăďãĺàőćłă áőčńăáőćăŋă á őŕěàăæĺěľ ćğïâĺï áłőąłĺ, â.ě. ěáńĺ g_m { ŕőďŕàőáâàăŋÄ áâćő ŕőńěľ ćěáă m, âő [g_m; g_n] ⊆ g_{m+n}. Ĺğ ŋăèĺå ćëçĺáńěŋĺľ áńěďãěâ, çâő ăńčěąàă aut Q ĺňěěâ áńěďãîéãî áâàãłâãàã:

aut Q = g_{−2} + g_{−1} + g_0 + g_1 + g_2;

ŕàĺ íâőň

g_{−2} = { 2 Re ( q @ @w )} ; g_{−1} = { 2 Re ( p @ @z + 2ipz @ @w )} ; g_0 = { 2 Re ( ˘z @ @z + 2(Re ˘)w @ @w )} ; g_1 = { 2 Re ( (aw + 2iaz^2) @ @z + 2iazw @ @w )} ; g_{−2} = { 2 Re ( rzw @ @z + rw^2 @ @w )} : Ďńï âőčő çâőąë ŕő ăńčěąàě ćěłâőàŋëå ŕőńěľ ŕőńãçĺâì őďŋőŕăàăňěâàĺçěáłĺě ŕőďÄ čàãŕŕë ŕàěőąàăğőćăŋĺľ, ŋãęŋő àěèĺâì áőőâćěâáâćãîéĺě ďĺääěàěŋæĺăńìŋëě ãàăćÄ ŋěŋĺï. Ěáńĺ (z; w) → (Z(t; z; w); W (t; z; w)) { ĺáłőňăï ŕőďčàãŕŕă, áőőâćěâáâćãîéăï ŕőńî 2 Re ( f(z; w) @ @z +g(z; w) @ @w ) , âő äãŋłæĺĺ (Z; W ) ãďőćńěâćőàïîâ áĺáâěňě őąëłÄ ŋőćěŋŋëå ãàăćŋěŋĺľ á ŋăçăńìŋëňĺ ãáńőćĺïňĺ

Z^′ = f(Z; W ); W^′ = g(Z; W ); Z(0; z; w) = z; W (0; z; w) = w:

8 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

Řěèăï íâĺ ãàăćŋěŋĺï ďńï ŕőńěľ ŕïâĺ ćěáőćëå łőňŕőŋěŋâ, ŕőńãçăěň

g_{−2} áőőâćěâáâćãěâ z → z, w → w + tq; g_{−1} áőőâćěâáâćãěâ z → z, w → w + 2ipzt + i|p|^2t^2; g_0 áőőâćěâáâćãěâ z → z exp(˘t), w → w exp(2 Re(˘t));

g_1 áőőâćěâáâćãěâ z → z + awt 1 − 2iazt − i|a|^2wt^2

, w → w 1 − 2iazt − i|a|^2wt^2 ; g_2 áőőâćěâáâćãěâ z → z 1 − rwt

, w → w 1 − rwt : Řěèěŋĺě áĺáâěň, áőőâćěâáâćãîéĺå ćěáăň −2, −1, 0 ĺ 2, ŋě ćëğëćăěâ ğăâàãďŋěŋĺľ. İâő ãàăćŋěŋĺï á àăğďěńïîéĺňĺáï ŕěàěňěŋŋëňĺ. Śĺáâěňă, áőőâćěâáâćãîéăï ŕěàćőľ łőňÄ ŕőŋěŋâě, àěèăěâáï á ŕőňőéìî áńěďãîéěľ ğăňěŋë ŕěàěňěŋŋëå: Z = 1= ~Z, W = ~W = ~Z.

Ŕőńăčăï ć ŕőńãçěŋŋëå áőőâŋőèěŋĺïå t = 1, ŕőńãçăěň ğŋăçěŋĺě íłáŕőŋěŋæĺăńìŋőčő őâőąàăęěŋĺï ŋă ćěłâőàăå ĺğ áőőâćěâáâćãîéĺå ćěáőćëå łőňŕőŋěŋâ ăńčěąàë. Ć àěğãńìÄ âăâě ŕőďăńčěąàě g_− = g_{−2} + g_{−1} áőőâćěâáâćãěâ ŕőďčàãŕŕă

Aut_− Q = { z → z + p; w → w + 2ipz + (q + i|p|^2) } ; ďěľáâćãîéăï ŋă Q âàăŋğĺâĺćŋő. Šěň áăňëň ňőęŋő łőŋáâăâĺàőćăâì, çâő Q ăääĺŋÄ ŋő-őďŋőàőďŋă. Ŕőďăńčěąàě g_0 áőőâćěâáâćãěâ ŕőďčàãŕŕă ńĺŋěľŋëå ăćâőňőàäĺğňőć

Aut_0 Q = { z → ~z; w → |~|^2w } ; áőåàăŋïîéĺå ŋăçăńő łőőàďĺŋăâ. Ŕőďăńčěąàě g_+ = g_1 + g_2 áőőâćěâáâćãěâ ŕőďčàãŕŕă

Aut_+ Q = { z → z + awt 1 − (2iaz + (r + i|a|^2)w)

; w → w 1 − (2iaz + (r + i|a|^2)w) }

ďàőąŋő-ńĺŋěľŋëå ăćâőňőàäĺğňőć Q. İâă ŕőďčàãŕŕă ćëďěńïěâáï ãáńőćĺěň áőåàăŋěÄ ŋĺï ŋăçăńă łőőàďĺŋăâ ĺ âěň, çâő ïłőąĺěćă ňăâàĺæă ăćâőňőàäĺğňă ć ŋăçăńě łőőàďĺŋăâ ĺňěěâ ŋă ďĺăčőŋăńĺ ěďĺŋĺæë (~ = 1).

2.3. Őæěŋłă àăğňěàŋőáâĺ čàãŕŕë ăćâőňőàäĺğňőć àőáâłă. Šő, çâő ňőďěńìÄ ŋăï ŕőćěàåŋőáâì Q ĺčàăěâ őáőąãî àőńì ŕő őâŋőèěŋĺî łő ćáěňã łńăááã ŋěćëàőęďěŋŋëå čĺŕěàŕőćěàåŋőáâěľ, ãąěďĺâěńìŋěě ćáěčő, ŕőęăńãľ, ďěňőŋáâàĺàãěâ áńěďãîéăï őæěŋłă àăğňěàŋőáâĺ:

dim Aut `_¸ ⩽ dim Aut Q;

ĺňěîéăï ňěáâő ďńï ńîąőčő ŋěćëàőęďěŋŋőčő àőáâłă čńăďłőľ čĺŕěàŕőćěàåŋőáâĺ ć C^2 . Ŕàĺćőďĺňőě ŋĺęě àăááãęďěŋĺě ŕàěďáâăćńïěâ áőąőľ ŋěłãî ćěàáĺî âěőàěňë ő ŋěïćŋőľ äãŋłæĺĺ ďńï äőàňăńìŋëå àïďőć á őæěŋłőľ çĺáńă ŕăàăňěâàőć.

Šěőàěňă ő ŋěïćŋőľ äãŋłæĺĺ ãâćěàęďăěâ, çâő ŋěńĺŋěľŋőě ãàăćŋěŋĺě ĺňěěâ ěďĺŋÄ áâćěŋŋőě àěèěŋĺě, łőńì áłőàő ěďĺŋáâćěŋŋëň àěèěŋĺěň őąńăďăěâ ěčő ńĺŋěľŋăï çăáâì. Ć ŋăèěľ áĺâãăæĺĺ ńĺŋěľŋőľ çăáâìî ŋěńĺŋěľŋőčő áőőâŋőèěŋĺï őłăęěâáï ãàăćŋěŋĺě, áőćŕăďăîéěě á ãęě ĺğćěáâŋëň ŋăň ãàăćŋěŋĺěň, őŕàěďěńïîéĺň ăńčěąàã ĺŋäĺŋĺâěğĺÄ ňăńìŋëå ăćâőňőàäĺğňőć ňőďěńìŋőľ ŕőćěàåŋőáâĺ Q.

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 9

Řăááňőâàĺň ŋěáłőńìłő ąőńěě őąéãî áĺâãăæĺî. Ŕãáâì őâőąàăęěŋĺě ćĺďă

f = z + f_2 + · · · ; g = w + g_3 + · · · (4)

ŕěàěćőďĺâ àőáâőł čĺŕěàŕőćěàåŋőáâĺ

Im w = |z|^2 + F (z; z; Re w) (5)

ć àőáâőł čĺŕěàŕőćěàåŋőáâĺ âőčő ęě ćĺďă

Im w = |z|^2 + ~F (z; z; Re w); (6)

čďě łőňŕőŋěŋâë F ĺ ~F ĺňěîâ ćěá âàĺ ĺ ćëèě. Ğăŕĺáëćăï âő, çâő (4) ŕěàěćőďĺâ (5) ć (6), ňë ŕőńãçĺň ŋěłőě âőęďěáâćő. Ćőâ őŋő:

Im(w + g_3 + · · · ) = |z + f_2 + · · · |^2 + ~F (z + f_2 + · · · ; z + f_2 + · · · ; u + Re g_3 + · · · );

čďě w = u + i(|z|^2 + ~F (z; z; Re w)).

Őâďěńïï ć íâőň áőőâŋőèěŋĺĺ łőňŕőŋěŋâã ćěáă (m + 1), ŕőńãçăěň

Re(ig_{m+1} + 2f_mz) = F_{m+1} − ~F_{m+1} + · · · ;

čďě ć ńěćőľ çăáâĺ w = u + i|z|^2, ă ňŋőčőâőçĺě ć ŕàăćőľ çăáâĺ { íâő çńěŋë, ğăćĺáïéĺě őâ f_j, g_{j+1}, F_{j+1}, ~F_{j+1} ŕàĺ j ¡ m.

Ŕàĺ äĺłáĺàőćăŋŋëå F ĺ ~F íâĺ áőőâŋőèěŋĺï ŕőğćőńïîâ àěłãààěŋâŋő ćëçĺáńïâì ŕőńĺŋőňĺăńìŋëě łőňŕőŋěŋâë őâőąàăęěŋĺï (f_m; g_{m+1}), àěèăï ăńčěąàăĺçěáłãî áĺáÄ âěňã ńĺŋěľŋëå ãàăćŋěŋĺľ, ŕàăćăï çăáâì łőâőàőľ ğăćĺáĺâ őâ łőňŕőŋěŋâ, ćëçĺáńěŋŋëå àăŋěě. Řăğňěàŋőáâì ňŋőęěáâćă àěèěŋĺľ ŋěőďŋőàőďŋőľ áĺáâěňë ńĺŋěľŋëå ãàăćŋěŋĺľ ŋě ŕàěćëèăěâ àăğňěàŋőáâĺ ŕàőáâàăŋáâćă àěèěŋĺľ őďŋőàőďŋőľ. Ŋő őďŋőàőďŋëě ãàăćÄ ŋěŋĺï { íâő ć âőçŋőáâĺ ãàăćŋěŋĺï (3), őŕàěďěńïîéĺě ăńčěąàã aut Q. Ŕőíâőňã çĺáÄ ńő áćőąőďŋëå ŕăàăňěâàőć, ğăďăîéĺå őâőąàăęěŋĺě ć łńăááě äőàňăńìŋëå áâěŕěŋŋëå àïďőć ãłăğăŋŋőčő ćĺďă, ŋě ŕàěćőáåőďĺâ àăğňěàŋőáâĺ ŕőďăńčěąàë aut_+ Q, łőâőàăï ć ďăŋŋőľ áĺâãăæĺĺ àăćŋă âàěň (ŕăàăňěâàë a ĺ r). Ĺ, âěň áăňëň, çĺáńő ŕăàăňěâàőć, ğăÄ ďăîéĺå ŕàőĺğćőńìŋőě őâőąàăęěŋĺě íâĺå àőáâłőć, ŋě ŕàěćőáåőďĺâ àăğňěàŋőáâĺ ćáěľ ăńčěąàë aut Q, â.ě. ćőáìňĺ. Ŕàĺňěŋïï ŕőńãçěŋŋãî őæěŋłã ł őâőąàăęěŋĺî àőáâłă ć áěąï, ŕőńãçăěň ŋăèã őæěŋłã ŋă àăğňěàŋőáâì čàãŕŕë ăćâőňőàäĺğňőć àőáâłă.

Őâňěâĺň, çâő ğŋăçěŋĺě ŕàőćěďěŋŋőčő ćëçĺáńěŋĺï ŋě áćőďĺâáï âőńìłő ł őæěŋłě àăğÄ ňěàŋőáâĺ. Ŕőńãçěŋő ąőńìèěě { ãłăğăŋă áĺáâěňă ŕăàăňěâàőć, őďŋőğŋăçŋő őŕàěďěńïîÄ éĺå őâőąàăęěŋĺï őďŋőčő ŋěćëàőęďěŋŋőčő àőáâłă ć ďàãčőľ âăłőľ àőáâőł. Ć çăáâŋőáÄ âĺ, ŕőńãçěŋă ŕăàăňěâàĺğăæĺï ăćâőňőàäĺğňőć ŕàőĺğćőńìŋőčő àőáâłă. ĎěľáâćĺâěńìÄ ŋő, àăááňőâàĺň áĺáâěňã ŕăàăňěâàőć (p; q; ~; a; r), őŕàěďěńïîéãî ăćâőňőàäĺğň čĺÄ ŕěàłćăďàĺłĺ Q ĺ ŕàěďáâăćńïîéãî áőąőľ çăáâì 2-áâàãĺ íâőčő ăćâőňőàäĺğňă. İâă áĺáâěňă ŕăàăňěâàőć ŕőğćőńïěâ őďŋőğŋăçŋő őŕàěďěńĺâì őâőąàăęěŋĺě àőáâłă ć àőáâőł, ŕàĺ íâőň íâĺ ŕăàăňěâàë ňőčãâ ąëâì áćïğăŋŋëňĺ ďőŕőńŋĺâěńìŋëňĺ áőőâŋőèěŋĺïňĺ (áň. [10]), łőâőàëě ŕàĺćőďïâ ł ŕăďěŋĺî àăğňěàŋőáâĺ. Ć őąéěň ŕőńőęěŋĺĺ íâă àăğňěàÄ ŋőáâì àăćŋă ŋãńî.

10 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

2.4. Ůâő âăłőě åőàőèăï ňőďěńì? Ŕěàěçĺáńĺň őáŋőćŋëě íâăŕë ŕàőćěďěŋŋőčő ĺááńěďőćăŋĺï.

1. Ćëąőà åőàőèěľ ňőďěńìŋőľ ŕőćěàåŋőáâĺ.

2. Ćëçĺáńěŋĺě ăńčěąàë ĺ čàãŕŕë ňőďěńìŋőľ ŕőćěàåŋőáâĺ. 3. Ŕăàăňěâàĺğăæĺï őâőąàăęěŋĺľ àőáâłőć ăńčěąàőľ ňőďěńìŋőľ ŕőćěàåŋőáâĺ.

Śäőàňãńĺàãěň ěéě àăğ áćőľáâćă åőàőèěľ ňőďěńìŋőľ ŕőćěàåŋőáâĺ Q. 1. Şŋĺćěàáăńìŋőáâì: àőáâőł ńîąőľ ŋěćëàőęďěŋŋőľ čĺŕěàŕőćěàåŋőáâĺ ć C^2 íłćĺÄ ćăńěŋâěŋ àőáâłã ćĺďă (2).

2. Łőŋěçŋőňěàŋőáâì: (a) čàãŕŕă čőńőňőàäŋëå ăćâőňőàäĺğňőć Q łőŋěçŋőňěàŋă; (b) ńîąăï čĺŕěàŕőćěàåŋőáâì, ğăďăŋŋăï ãàăćŋěŋĺïňĺ áâěŕěŋĺ ňěŋìèěľ, çěň ďćă, ĺňěěâ ąěáłőŋěçŋőňěàŋãî čàãŕŕã.

3. Őďŋőàőďŋőáâì: čĺŕěàłćăďàĺłă Q őďŋőàőďŋă, â.ě. ěě čőńőňőàäŋëě ăćâőňőàäĺğÄ ňë ďěľáâćãîâ ŋă ŋěľ âàăŋğĺâĺćŋő, ć ďăŋŋőľ áĺâãăæĺĺ őďŋőàőďŋőáâì őąěáŕěçĺćăěâáï ăääĺŋŋëňĺ ăćâőňőàäĺğňăňĺ.

4. Śĺňňěâàĺçŋőáâì: (a) čĺŕěàłćăďàĺłă ïćńïěâáï áăňőľ áĺňňěâàĺçŋőľ ŋěćëàőęÄ ďěŋŋőľ čĺŕěàŕőćěàåŋőáâìî, â.ě. àăğňěàŋőáâì čàãŕŕë àőáâłă ŋěćëàőęďěŋŋőľ čĺŕěàŕőÄ ćěàåŋőáâĺ ŋě ŕàěćőáåőďĺâ àăğňěàŋőáâĺ čàãŕŕë łăáăâěńìŋőľ čĺŕěàłćăďàĺłĺ; (b) ăńčěąÄ àă ňőďěńìŋőľ ŕőćěàåŋőáâĺ ŕăàăňěâàĺğãěâ áěňěľáâćő őâőąàăęěŋĺľ őďŋőčő ŋěćëàőęÄ ďěŋŋőčő àőáâłă ć ďàãčőľ.

5. Ăńčěąàăĺçěáłĺě áćőľáâćă: (a) ăńčěąàă Ńĺ čőńőňőàäŋëå ćěłâőàŋëå ŕőńěľ ŋă ŋěÄ ćëàőęďěŋŋőľ čĺŕěàłćăďàĺłě { íâő ŋěłőâőàăï ăńčěąàă ŕőńĺŋőňĺăńìŋëå ćěłâőàŋëå ŕőÄ ńěľ őčàăŋĺçěŋŋőľ áâěŕěŋĺ, ć ďăŋŋőľ áĺâãăæĺĺ áâěŕěŋĺ łőíääĺæĺěŋâőć ŋě ŕàěćőáåőďïâ ďćőľłĺ; (b) čàãŕŕă ăćâőňőàäĺğňőć ŋěćëàőęďěŋŋőľ čĺŕěàłćăďàĺłĺ { íâő čàãŕŕă Ńĺ, ïćńïîéăïáï ŕőďčàãŕŕőľ čàãŕŕë ďàőąŋő-ńĺŋěľŋëå ŕàěőąàăğőćăŋĺľ C^2 .

Ć ďăńìŋěľèěň, łőčďă ňë ąãďěň ãâćěàęďăâì, çâő ŋěłăï ŕőćěàåŋőáâì ïćńïěâáï åőàőÄ èěľ ňőďěńìŋőľ ŕőćěàåŋőáâìî ďńï àőáâłőć âőčő ĺńĺ ĺŋőčő âĺŕă, ňë ąãďěň áâàěňĺâìáï ŕőńãçĺâì ďńï ŋěě, ć âőľ ĺńĺ ĺŋőľ àěďăłæĺĺ, íâőâ áŕĺáőł áćőľáâć.

Ěáâì áćőľáâćă, áŕěæĺäĺçěáłĺě ďńï ďăŋŋőľ áĺâãăæĺĺ, { ŕőćěàåŋőáâĺ âĺŕă (1; 1). ŐâÄ ňěâĺň ďćă ĺğ ŋĺå.

(1) Ňőďěńìŋăï ŕőćěàåŋőáâì ěďĺŋáâćěŋŋă, â.ě. őďŋă ĺ âă ęě łćăďàĺłă Q ïćńïěâáï åőÄ àőèěľ ňőďěńìî ńîąőčő ŋěćëàőęďěŋŋőčő àőáâłă âĺŕă (1; 1).

(2) Ňőďěńìŋăï ŕőćěàåŋőáâì ïćńïěâáï ďàőąŋő-ńĺŋěľŋëň őąàăğőň áâăŋďăàâŋőľ áäěÄ àë. Ďěľáâćĺâěńìŋő, ğăňěŋă

~z = z w − i

; ~w = i(w + i) w − i

ŕěàěćőďĺâ Q = {Im ~w = |~z|^2} ć {|z|^2 + |w|^2 = 1}. Ŕàĺ íâőň âőçłě (0; i) áőőâćěâáâćãěâ ŕěàěáěçěŋĺě Q á ŕàőěłâĺćŋőľ ąěáłőŋěçŋőáâìî.

3. Čĺŕěàŕőćěàåŋőáâĺ ć C^N

Ŋěćëàőęďěŋŋëě čĺŕěàŕőćěàåŋőáâĺ ć ŕàőáâàăŋáâćě ŕàőĺğćőńìŋőľ àăğňěàŋőáâĺ ĺğÄ ãçăńĺáì ć àïďě àăąőâ (áň. [58], [21], [64]).

Řăááãęďěŋĺï, ăŋăńőčĺçŋëě ŕàőćěďěŋŋëň ďńï C^2 , ŕőłăğëćăîâ, çâő ãàăćŋěŋĺě àőáâÄ łă čńăďłőľ čĺŕěàŕőćěàåŋőáâĺ ć ŕàőáâàăŋáâćě C^{n+1} á łőőàďĺŋăâăňĺ (z = (z_1; : : : ; z_n);

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 11

w = u + iv) ňőęŋő ğăŕĺáăâì ć ćĺďě

v = ⟨z; z⟩ + · · · ; (7)

čďě ⟨z; z⟩ { íàňĺâőćă äőàňă (äőàňă Ńěćĺ), âőçłăňĺ őąőğŋăçěŋë çńěŋë ćěáă âàĺ ĺ ćëèě (ćěáă ćëçĺáńïěň łăł ĺ àăŋìèě: [z] = 1, [z] = 1, [u] = 2). Ňőďěńìŋőľ ŕőćěàåŋőáâìî ć íâőľ áĺâãăæĺĺ ïćńïěâáï čĺŕěàłćăďàĺłă Q = {v = ⟨z; z⟩}. Ŕő őâŋőèěŋĺî ł čĺŕěàÄ ŕőćěàåŋőáâĺ (7) łćăďàĺłã Q ąãďěň ŋăğëćăâì łăáăâěńìŋőľ łćăďàĺłőľ. Şáńőćĺě łőŋěçÄ ŋőňěàŋőáâĺ čàãŕŕë Aut Q { íâő ãáńőćĺě ŋěćëàőęďěŋŋőáâĺ íàňĺâőćőľ äőàňë ⟨z; z⟩. Ěáńĺ äőàňă ŋěćëàőęďěŋă, âő ŋěćëàőęďěŋŋëňĺ ŋăğëćăěň àőáâőł čĺŕěàŕőćěàåŋőáâĺ ĺ łćăďàĺłã. Ěáńĺ äőàňă ćëàőęďěŋă, âő ŕőáńě ěě ŕàĺćěďěŋĺï ł áãňňě łćăďàăâőć őďÄ ŋă ĺğ ŕěàěňěŋŋëå, ŕãáâì z_j, ąãďěâ őâáãâáâćőćăâì. Šőčďă ńîąőě ŕàěőąàăğőćăŋĺě ćĺďă z_j → f(z_j), čďě f^′(0) ≠ 0 (őáâăńìŋëě ŕěàěňěŋŋëě ŋă ňěáâě) ïćńïěâáï ăćâőňőàäĺğÄ ňőň ĺ čàãŕŕă Aut Q { ąěáłőŋěçŋőňěàŋă. Ěáńĺ ęě äőàňă ŋěćëàőęďěŋă, âő Q ïćńïěâáï åőàőèěľ ňőďěńìŋőľ ŕőćěàåŋőáâìî, â.ě. ĺňěěâ ňěáâő âĺŕőćőľ ŕăłěâ ãâćěàęďěŋĺľ:

1. Şŋĺćěàáăńìŋőáâì: àőáâőł ńîąőľ čĺŕěàŕőćěàåŋőáâĺ ć C^{n+1} íłćĺćăńěŋâěŋ àőáâłã ćĺďă (7).

2. Łőŋěçŋőňěàŋőáâì: (a) čàãŕŕă čőńőňőàäŋëå ăćâőňőàäĺğňőć čĺŕěàłćăďàĺłĺ őąÄ éěčő ŕőńőęěŋĺï łőŋěçŋőňěàŋă; (b) łàĺâěàĺěň łőŋěçŋőňěàŋőáâĺ čàãŕŕë čőńőňőàäŋëå ăćâőňőàäĺğňőć Q ïćńïěâáï ŋěćëàőęďěŋŋőáâì äőàňë ⟨z; z⟩; (c) ńîąăï čĺŕěàŕőćěàåÄ ŋőáâì, ğăďăŋŋăï ãàăćŋěŋĺïňĺ áâěŕěŋĺ ňěŋìèěľ, çěň ďćă, ĺňěěâ ąěáłőŋěçŋőňěàŋãî čàãŕŕã.

3. Őďŋőàőďŋőáâì: čĺŕěàłćăďàĺłă Q őďŋőàőďŋă, â.ě. ěě čőńőňőàäŋëě ăćâőňőàäĺğňë ďěľáâćãîâ ŋă ŋěľ âàăŋğĺâĺćŋő, őďŋőàőďŋőáâì őąěáŕěçĺćăěâáï ăääĺŋŋëňĺ ăćâőňőàÄ äĺğňăňĺ.

4. Śĺňňěâàĺçŋőáâì: (a) čĺŕěàłćăďàĺłă ïćńïěâáï áăňőľ áĺňňěâàĺçŋőľ ŋěćëàőęÄ ďěŋŋőľ čĺŕěàŕőćěàåŋőáâìî, â.ě. àăğňěàŋőáâì čàãŕŕë àőáâłă ŋěćëàőęďěŋŋőľ čĺŕěàŕőÄ ćěàåŋőáâĺ ŋě ŕàěćőáåőďĺâ àăğňěàŋőáâĺ čàãŕŕë łăáăâěńìŋőľ čĺŕěàłćăďàĺłĺ; (b) ăńčěąÄ àă ňőďěńìŋőľ ŕőćěàåŋőáâĺ ŕăàăňěâàĺğãěâ áěňěľáâćő őâőąàăęěŋĺľ őďŋőčő ŋěćëàőęÄ ďěŋŋőčő àőáâłă ć ďàãčőľ.

5. Ăńčěąàăĺçěáłĺě áćőľáâćă: (a) ăńčěąàă Ńĺ čőńőňőàäŋëå ćěłâőàŋëå ŕőńěľ ŋă ŋěÄ ćëàőęďěŋŋőľ čĺŕěàłćăďàĺłě { íâő ŋěłőâőàăï ăńčěąàă ŕőńĺŋőňĺăńìŋëå ćěłâőàŋëå ŕőÄ ńěľ őčàăŋĺçěŋŋőľ áâěŕěŋĺ, ć ďăŋŋőľ áĺâãăæĺĺ áâěŕěŋĺ łőíääĺæĺěŋâőć ŋě ŕàěćőáåőďïâ ďćőľłĺ; (b) čàãŕŕă ăćâőňőàäĺğňőć ŋěćëàőęďěŋŋőľ čĺŕěàłćăďàĺłĺ { íâő čàãŕŕă Ńĺ, ïćńïîéăïáï ŕőďčàãŕŕőľ čàãŕŕë ďàőąŋő-ńĺŋěľŋëå ŕàěőąàăğőćăŋĺľ C^{n+1} .

Ăńčěąàă aut Q ĺňěěâ áńěďãîéãî áâàãłâãàã (čàăďãĺàőćłă âă ęě): aut Q = g_{−2} + g_{−1} + g_0 + g_1 + g_2, ŕàĺ íâőň łőňŕőŋěŋâë ĺňěîâ áńěďãîéěě ïćŋőě őŕĺáăŋĺě:

g_{−2} = { 2 Re ( q @ @w )} ; g_{−1} = { 2 Re ( p @ @z + 2i⟨z; p⟩ @ @w )} ; g_0 = { 2 Re ( ˘z @ @z + æw @ @w )} ; g_1 = { 2 Re ( (aw + 2i⟨z; a⟩z) @ @z + 2i⟨z; a⟩w @ @w )} ;

12 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

g_2 = { 2 Re ( rwz @ @z + rw^2 @ @w )} ; čďě q; r ∈ R, p; a ∈ C^n , (n × n)-ňăâàĺæă ˘ ĺ ćěéěáâćěŋŋőě çĺáńő æ áćïğăŋë áőőâŋőèěÄ ŋĺěň 2 Re⟨˘z; z⟩ = æ⟨z; z⟩. Ŕőďăńčěąàě g_− = g_{−2} + g_{−1} áőőâćěâáâćãěâ ŕőďčàãŕŕă

Aut_− Q = { z → z + p; w → w + 2i⟨z; p⟩ + (q + i⟨p; p⟩) } ; ďěľáâćãîéăï ŋă Q âàăŋğĺâĺćŋő. İâă ŕőďčàãŕŕă ĺğćěáâŋă łăł čàãŕŕă Čěľğěŋąěàčă. Ŕőďăńčěąàě g_0 + g_1 + g_2 áőőâćěâáâćãěâ ŕőďčàãŕŕă ăćâőňőàäĺğňőć Q, áőåàăŋïîéĺå ŋěŕőďćĺęŋëň ŋăçăńő łőőàďĺŋăâ (ŕőďčàãŕŕă áâăąĺńìŋőáâĺ). Ŕőďăńčěąàă g_0 ŕőàőęďăÄ ěâ ć íâőľ ŕőďčàãŕŕě ŕőďčàãŕŕã Aut_0 Q ńĺŋěľŋëå ăćâőňőàäĺğňőć, łőâőàăï ïćńïěâáï áćïğŋőľ łőňŕőŋěŋâőľ čàãŕŕë LAut Q ćáěå ńĺŋěľŋëå ăćâőňőàäĺğňőć Q, áőåàăŋïîéĺå ŋăçăńő łőőàďĺŋăâ. Ůâőąë ŕőńãçĺâì őŕĺáăŋĺě íâőľ čàãŕŕë, àăááňőâàĺň ąőńěě őąéãî áĺâãăæĺî. Ŕãáâì őâőąàăęěŋĺě ćĺďă

f = ~z + f_2 + · · · ; g = æw + g_3 + · · · (8)

ŕěàěćőďĺâ àőáâőł čĺŕěàŕőćěàåŋőáâĺ

Im w = ⟨z; z⟩_1 + F_1(z; z; Re w) (9)

ć àőáâőł čĺŕěàŕőćěàåŋőáâĺ âőčő ęě ćĺďă

Im w = ⟨z; z⟩_2 + F_2(z; z; Re w); (10)

čďě łőňŕőŋěŋâë F_1 ĺ F_2 ĺňěîâ ćěá âàĺ ĺ ćëèě. Ğăŕĺáëćăï ć ćĺďě âőęďěáâćă âő, çâő (8) ŕěàěćőďĺâ (9) ć (10), ĺ őâďěńïï ć íâőň âőęďěáâćě łőňŕőŋěŋâë ćěáă őďĺŋ ĺ ďćă, ŕőÄ ńãçăěň, çâő ńĺŋěľŋăï çăáâì őâőąàăęěŋĺï ĺňěěâ ćĺď ( ~ ∗ 0 æ ) ; ŕàĺçěň ⟨~z; ~z⟩_2 = æ⟨z; z⟩_1. Ĺğ íâőčő ćëçĺáńěŋĺï ěáâì ŋěáłőńìłő áńěďáâćĺľ:

(1) ďěľáâćĺě čőńőňőàäŋëå őâőąàăęěŋĺľ ŋă äőàňã Ńěćĺ áćőďĺâáï ł ďěľáâćĺî čàãŕÄ ŕë GL(n; C ) ⊕ R^∗ ŕő äőàňãńě ⟨z; z⟩ → æ⟨~^{−1}z; ~^{−1}z⟩;

(2) ďćě ňőďěńìŋëě čĺŕěàŕőćěàåŋőáâĺ Q_1 ĺ Q_2 čőńőňőàäŋő íłćĺćăńěŋâŋë âőčďă ĺ âőńìłő âőčďă, łőčďă őŋĺ íłćĺćăńěŋâŋë ńĺŋěľŋő;

(3) čàãŕŕă ńĺŋěľŋëå ăćâőňőàäĺğňőć Q, áőåàăŋïîéĺå ŋăçăńő łőőàďĺŋăâ, LAut Q ĺňěěâ ćĺď z → ~z, w → æw, čďě ⟨~z; ~z⟩ = æ⟨z; z⟩; ăńčěąàă g_0 ïćńïěâáï ăńčěąÄ àőľ íâőľ čàãŕŕë.

Ăńčěąàě g_+ = g_1 +g_2 áőőâćěâáâćãěâ čàãŕŕă Aut_+ Q, łőâőàãî áőáâăćńïîâ ŋěńĺŋěľÄ ŋëě ăćâőňőàäĺğňë Q. İâő ăćâőňőàäĺğňë, áőåàăŋïîéĺě ŋăçăńő łőőàďĺŋăâ, ńĺŋěľŋăï çăáâì łőâőàëå ĺňěěâ áńěďãîéĺľ ąńőçŋëľ ćĺď: ( Id_n ∗ 0 1 ) :

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 13

Čàãŕŕă Aut_+ Q áőáâőĺâ ĺğ ďàőąŋő-ńĺŋěľŋëå ŕàěőąàăğőćăŋĺľ C^{n+1} ćĺďă z → z + aw 1 − (2i⟨z; a⟩ + (r + i⟨a; a⟩)w) ; w → w 1 − (2i⟨z; a⟩ + (r + i⟨a; a⟩)w) : Ćëŕĺèěň àăğňěàŋőáâĺ:

dim g_{−2} = dim g_2 = 1; dim g_{−1} = dim g_1 = 2n;

dim LAut Q = dim g_0 = n^2 + 1; dim Aut_− Q = dim Aut_+ Q = 2n + 1; dim Aut Q = (n + 2)^2 − 1:

Ŕàĺ n ¿ 1 ĺňěěâáï łőŋěçŋőě ňŋőęěáâćő ŕőŕăàŋő ŋěíłćĺćăńěŋâŋëå ňőďěńìŋëå čĺÄ ŕěàŕőćěàåŋőáâěľ. Ěáńĺ (¯; ˚) { áĺčŋăâãàă ŋěćëàőęďěŋŋőľ äőàňë, âő ěďĺŋáâćěŋŋëň ĺŋćăàĺăŋâőň ïćńïěâáï |¯ − ˚|. Ňőďěńìŋăï čĺŕěàŕőćěàåŋőáâì íłćĺćăńěŋâŋă čĺŕěàáäěÄ àě ńĺèì ć áńãçăě ğŋăłőőŕàěďěńěŋŋőľ äőàňë. Ŕàĺ n = 2 ĺňěěň ďćě ŋěíłćĺćăńěŋâŋëå ňőďěńĺ v = |z_1|^2 + |z_2|^2 ĺ v = |z_1|^2 − |z_2|^2. Ŋěáňőâàï ŋă ŋăńĺçĺě ŋěíłćĺćăńěŋâŋëå čĺŕěàłćăďàĺł, àăğňěàŋőáâĺ čàãŕŕ őďĺŋăłőćë ďńï ćáěå łńăááőć.

Čĺŕěàłćăďàĺłă ŋě ïćńïěâáï ěďĺŋáâćěŋŋőľ őďŋőàőďŋőľ čĺŕěàŕőćěàåŋőáâìî ć łőňŕÄ ńěłáŋőň ŕàőáâàăŋáâćě. Śŕĺáőł âăłĺå čĺŕěàŕőćěàåŋőáâěľ ć ŕàőáâàăŋáâćě C^2 ąëń ŕőńãÄ çěŋ İ. Łăàâăŋőň ć 1932 č. [20]. İâőâ áŕĺáőł ŋăàïďã á őâďěńìŋëňĺ čĺŕěàŕőćěàåŋőáâïňĺ áőďěàęĺâ áěňěľáâćă, ğăćĺáïéĺě őâ őďŋőčő ćěéěáâćěŋŋőčő ŕăàăňěâàă. Śŕĺáőł ğăňěçăÄ âěńěŋ âăłęě âěň, çâő ćáě čĺŕěàŕőćěàåŋőáâĺ ğăďăŋë łăł ńĺŋĺĺ ãàőćŋï íńěňěŋâăàŋëå äãŋłæĺľ.

Śěàĺï ŕãąńĺłăæĺľ Ă. Ć. Ńőąőďë (áň. [40] ĺ ďà.) ŋăŕàăćńěŋă ŋă ŕőáâàőěŋĺě łńăáÄ áĺäĺłăæĺĺ őďŋőàőďŋëå čĺŕěàŕőćěàåŋőáâěľ ć C^3 . Ŕőáâàőěŋ őąèĺàŋëľ áŕĺáőł. ŘăąőÄ âă, ŕő-ćĺďĺňőňã, ąńĺğłă ł ğăćěàèěŋĺî. Śŕĺáőł Ńőąőďë őąńăďăěâ áćőľáâćăňĺ áŕĺáłă Łăàâăŋă: łőŋěçŋőňěàŋőáâì ŕàőáâàăŋáâćă ňőďãńěľ (ďćãňěàŋëě áěňěľáâćă) ĺ ŕàěďáâăÄ ćĺňőáâì íńěňěŋâăàŋëňĺ äãŋłæĺïňĺ.

4. Łćăďàăâĺçŋăï ňőďěńì àőáâłă ćëáőłőľ łőàăğňěàŋőáâĺ

4.1. Ŕőáâàőěŋĺě ňőďěńĺ. Ŕãáâì âěŕěàì M_¸ { àőáâőł čńăďłőľ ŕőćěàåŋőáâĺ ŕàőĺğÄ ćőńìŋőľ łőàăğňěàŋőáâĺ k ⩾ 1 ć C^N , â.ě. áőćőłãŕŋőáâì őąéĺå ŋãńěľ àőáâłőć ŋěáłőńìłĺå čńăďłĺå äãŋłæĺľ, őąàăéăîéĺåáï ć ŋãńì ć âőçłě ¸, â.ě. M_¸ = {ı ∈ C^N : æ_1(ı) = · · · = æ_k(ı) = 0}. Čńăďłőáâì àőáâłă čăàăŋâĺàãěâáï ãáńőćĺěň ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ čàăÄ ďĺěŋâőć (grad æ_1(¸); : : : ; grad æ_k(¸)) łăł ćěłâőàőć ŕàőáâàăŋáâćă R^{2N} . Őďŋăłő ãęě ŋă ãàőćŋě 1-áâàãĺ ňőęěâ ĺňěâì ňěáâő ŋěłőě áőőâŋőèěŋĺě, őâ łőâőàőčő ňë åőâĺň őáćőąőÄ ďĺâìáï. Ŕőâàěąãěň, çâőąë íâĺ čàăďĺěŋâë ąëńĺ łőňŕńěłáŋő ńĺŋěľŋő ŋěğăćĺáĺňë, â.ě. ńĺŋěľŋő ŋěğăćĺáĺňë ŋăď ŕőńěň łőňŕńěłáŋëå çĺáěń. Ć íâőň áńãçăě àőáâőł ŋăğëćăěâáï ŕőàőęďăîéĺň, ŕàĺçěň ěáńĺ n { àăğňěàŋőáâì łőňŕńěłáŋőľ łăáăâěńìŋőľ, âő n + k = N ĺ ćěéěáâćěŋŋăï àăğňěàŋőáâì àőáâłă ěáâì 2n + k.

Ĺâăł, ŕãáâì M_¸ { àőáâőł ŕőàőęďăîéěľ ŕőćěàåŋőáâĺ ć C^{n+k} âĺŕă (n; k), čďě n ⩾ 1, k ⩾ 1. Ćëąĺàăï ŕőďåőďïéĺň őąàăğőň łőőàďĺŋăâë (z = (z_1; : : : ; z_n); w = (w_1; : : : ; w_k)), ãàăćŋěŋĺï àőáâłă ňőęŋő ğăŕĺáăâì âăł: Im w = F (z; z; Re w), čďě ã F őâáãâáâćãîâ ŕőÄ áâőïŋŋëľ ĺ ńĺŋěľŋëě çńěŋë. Ă ććőďï ćěáă łőőàďĺŋăâ ĺ őáãéěáâćńïï łćăďàăâĺçŋőě

14 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

ŕàěőąàăğőćăŋĺě, ŕő ăŋăńőčĺĺ á âěň, çâő ňë ďěńăńĺ ďńï čĺŕěàŕőćěàåŋőáâĺ, ŕőńãçăěň ãàăćŋěŋĺě àőáâłă ć ćĺďě Im w = ⟨z; z⟩ + O(3): (11)

Ŕőćěàåŋőáâì Q = {Im w = ⟨z; z⟩} ŕő ăŋăńőčĺĺ á čĺŕěàŕőćěàåŋőáâìî ąãďěň ŋăğëćăâì łăáăâěńìŋőľ łćăďàĺłőľ àőáâłă M_¸. Őáŋőćŋőě őâńĺçĺě őâ áńãçăï čĺŕěàŕőćěàåŋőáâĺ áőáâőĺâ ć âőň, çâő íàňĺâőćă äőàňă ⟨z; z⟩ = (⟨z; z⟩_1; : : : ; ⟨z; z⟩_k) ŕàĺŋĺňăěâ ćěłâőàŋëě ğŋăçěŋĺï.

Ŕàěęďě ćáěčő ć íâőľ ŋőćőľ áĺâãăæĺĺ ćáâăěâ ćőŕàőá ő łàĺâěàĺĺ łőŋěçŋőňěàŋőáâĺ čàãŕŕë ăćâőňőàäĺğňőć łćăďàĺłĺ. Ěáâì ďćě őçěćĺďŋëě ŕàĺçĺŋë ŕőâěàĺ łőŋěçŋőňěàÄ ŋőáâĺ. Ćő-ŕěàćëå, äőàňă ňőęěâ ĺňěâì ŋěŋãńěćőě ïďàő, â.ě. ŋăľďěâáï ćěłâőà e ≠ 0 âăłőľ, çâő ⟨e; z⟩ = 0 ďńï ćáěå z ∈ C^n . Śďěńăěň ć C^n ńĺŋěľŋãî ğăňěŋã, łőâőàăï ŕěàěÄ ćőďĺâ e ć ŕěàćëľ ćěłâőà áâăŋďăàâŋőčő ąăğĺáă (1; 0; : : : ; 0). Ŕőáńě íâőčő äőàňă ŋě ąãďěâ áőďěàęăâì ŕěàěňěŋŋőě z_1 ŋĺ ć őďŋőľ ĺğ łőőàďĺŋăâ. Šěŕěàì ńîąăï ğăňěŋă z_1 → f(z_1), čďě f^′(0) ≠ 0 (őáâăńìŋëě ŕěàěňěŋŋëě ŋă ňěáâě), ïćńïěâáï ăćâőňőàäĺğňőň ĺ čàãŕŕă Aut Q ąěáłőŋěçŋőňěàŋă. Ćő-ćâőàëå, łőőàďĺŋăâŋëě íàňĺâőćë äőàňë ňőčãâ őłăğăâìáï ńĺŋěľŋő ğăćĺáĺňëňĺ. Ŕãáâì, ŋăŕàĺňěà, ⟨z; z⟩_1 ěáâì ńĺŋěľŋăï łőňąĺŋăæĺï őáâăńìŋëå äőàň, âőčďă ŕőáńě ŕőďåőďïéěľ ńĺŋěľŋőľ ğăňěŋë ŕěàěňěŋŋőľ w äőàňă ⟨z; z⟩_1 áâăŋőćĺâÄ áï àăćŋőľ ŋãńî. Šěŕěàì ğăňěŋă g_1 → g(w_1) (őáâăńìŋëě ŕěàěňěŋŋëě ŋă ňěáâě), čďě g { ńîąőľ ńőłăńìŋő őąàăâĺňëľ áâěŕěŋŋőľ àïď á ćěéěáâćěŋŋëňĺ łőíääĺæĺěŋâăňĺ, ïćńïÄ ěâáï ăćâőňőàäĺğňőň ĺ čàãŕŕă Aut Q őŕïâì ąěáłőŋěçŋőňěàŋă. Őłăğëćăěâáï, çâő ďàãÄ čĺå ŕàĺçĺŋ ďńï ąěáłőŋěçŋőňěàŋőáâĺ ŋěâ, ĺ íâő ïćńïěâáï őáŋőćăŋĺěň ďńï âőčő, çâőąë ŕàĺŋïâì íâĺ ďćă ãáńőćĺï ć łăçěáâćě őŕàěďěńěŋĺï ŋěćëàőęďěŋŋőáâĺ ćěłâőàŋőğŋăçŋőľ íàňĺâőćőľ äőàňë [11].

Őŕàěďěńěŋĺě 1. Čőćőàĺň, çâő íàňĺâőćă äőàňă ⟨z; z⟩ = (⟨z; z⟩_1; : : : ; ⟨z; z⟩_k) ĺ áőÄ őâćěâáâćãîéăï ěľ łćăďàĺłă ŋěćëàőęďěŋë, ěáńĺ

(a) ĺğ ⟨e; z⟩ = 0 ďńï ćáěå z áńěďãěâ, çâő e = 0, (b) äőàňë (⟨z; z⟩_1; : : : ; ⟨z; z⟩_k) ńĺŋěľŋő ŋěğăćĺáĺňë.

Ŕàĺ k = 1 ãáńőćĺě (a) őğŋăçăěâ őąëçŋãî ŋěćëàőęďěŋŋőáâì, ă ãáńőćĺě (b) ěáâì áńěďáâćĺě (a). Őâňěâĺň áàăğã, çâő ãáńőćĺě (b) ŋěćëŕőńŋĺňő ŕàĺ k ¿ n^2, â.ě. ŋěćëÄ àőęďěŋŋőáâì łćăďàĺłĺ { íâő ãáńőćĺě, łőâőàőě ïćńïěâáï ãáńőćĺěň őąéěčő ŕőńőęěŋĺï âőńìłő ć ďĺăŕăğőŋě łőàăğňěàŋőáâěľ k = 1; : : : ; n^2.

Őłăğëćăěâáï, çâő łćăďàĺłă âĺŕă (n; k) ŕàĺ k ⩽ n^2 ïćńïěâáï åőàőèěľ ňőďěńìî àőáâÄ łă âőčő ęě âĺŕă, ă ĺňěŋŋő ([11], [12]) áŕàăćěďńĺćë áńěďãîéĺě ãâćěàęďěŋĺï.

1. Şŋĺćěàáăńìŋőáâì: ńîąőľ ŕőàőęďăîéĺľ àőáâőł âĺŕă (n; k) ć C^{n+k} íłćĺćăńěŋâěŋ àőáâłã ćĺďă (11).

2. Łőŋěçŋőňěàŋőáâì: (a) čàãŕŕă čőńőňőàäŋëå ăćâőňőàäĺğňőć łćăďàĺłĺ őąéěčő ŕőÄ ńőęěŋĺï ïćńïěâáï łőŋěçŋőňěàŋőľ čàãŕŕőľ Ńĺ; (b) łàĺâěàĺěň łőŋěçŋőňěàŋőáâĺ čàãŕÄ ŕë čőńőňőàäŋëå ăćâőňőàäĺğňőć Q ïćńïěâáï ŋěćëàőęďěŋŋőáâì äőàňë ⟨z; z⟩ (ć áňëáńě őŕàěďěńěŋĺï 1); (c) ńîąăï ŕőćěàåŋőáâì, ğăďăŋŋăï ãàăćŋěŋĺïňĺ áâěŕěŋĺ ňěŋìèěľ, çěň ďćă, ĺňěěâ ąěáłőŋěçŋőňěàŋãî čàãŕŕã.

3. Őďŋőàőďŋőáâì: łćăďàĺłă Q őďŋőàőďŋă, â.ě. ěě čőńőňőàäŋëě ăćâőňőàäĺğňë ďěľÄ áâćãîâ ŋă ŋěľ âàăŋğĺâĺćŋő, őďŋőàőďŋőáâì őąěáŕěçĺćăěâáï ăääĺŋŋëňĺ ăćâőňőàäĺğňăÄ ňĺ.

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 15

4. Śĺňňěâàĺçŋőáâì: (a) łćăďàĺłă ïćńïěâáï áăňőľ áĺňňěâàĺçŋőľ ŋěćëàőęďěŋŋőľ ŕőćěàåŋőáâìî, â.ě. àăğňěàŋőáâì čàãŕŕë àőáâłă ŋěćëàőęďěŋŋőľ ŕőćěàåŋőáâĺ ŋě ŕàěÄ ćőáåőďĺâ àăğňěàŋőáâĺ čàãŕŕë ěě łăáăâěńìŋőľ łćăďàĺłĺ; (b) ăńčěąàă ăćâőňőàäĺğňőć łćăďàĺłĺ ŕăàăňěâàĺğãěâ áěňěľáâćő őâőąàăęěŋĺľ őďŋőčő ŋěćëàőęďěŋŋőčő àőáâłă ć ďàãčőľ.

5. Ăńčěąàăĺçěáłĺě áćőľáâćă: (a) ăńčěąàă Ńĺ čőńőňőàäŋëå ćěłâőàŋëå ŕőńěľ ŋă ŋěćëàőęďěŋŋőľ łćăďàĺłě { íâő ŋěłőâőàăï ăńčěąàă ŕőńĺŋőňĺăńìŋëå ćěłâőàŋëå ŕőÄ ńěľ őčàăŋĺçěŋŋőľ áâěŕěŋĺ, áâěŕěŋĺ łőíääĺæĺěŋâőć ŋě ŕàěćőáåőďïâ ďćőľłĺ; (b) čàãŕŕă ăćâőňőàäĺğňőć ŋěćëàőęďěŋŋőľ łćăďàĺłĺ { íâő čàãŕŕă Ńĺ, ïćńïîéăïáï ŕőďčàãŕŕőľ čàãŕŕë ąĺàăæĺőŋăńìŋëå ŕàěőąàăğőćăŋĺľ C^{n+k} , çìĺ áâěŕěŋĺ àăćŋőňěàŋő ŕő ćáěľ čàãŕÄ ŕě őčàăŋĺçěŋë [60], ć łăçěáâćě őæěŋłĺ áâěŕěŋĺ çĺáńĺâěńěľ ĺ ğŋăňěŋăâěńěľ ć ŋěáőłàăÄ âĺňőň ŕàěďáâăćńěŋĺĺ ňőęŋő ćğïâì 4(n + k) [13]; (c) ěáńĺ ďćă àőáâłă íłćĺćăńěŋâŋë, âő íłćĺćăńěŋâŋë ĺå łăáăâěńìŋëě łćăďàĺłĺ, ďćě łćăďàĺłĺ čőńőňőàäŋő íłćĺćăńěŋâŋë ć âőň ĺ âőńìłő âőň áńãçăě, łőčďă őŋĺ íłćĺćăńěŋâŋë ńĺŋěľŋő.

Ăńčěąàă łćăďàĺłĺ áőåàăŋïěâ ŕàěęŋîî áâàãłâãàã (čàăďãĺàőćłă âă ęě): aut Q = g_{−2} + g_{−1} + g_0 + g_1 + g_2, ŕàĺ íâőň łőňŕőŋěŋâë ĺňěîâ áńěďãîéěě ïćŋőě őŕĺáăŋĺě:

g_{−2} = { 2 Re ( q @ @w )} ; čďě q ∈ R^k ;

g_{−1} = { 2 Re ( p @ @z + 2i⟨z; p⟩ @ @w )} ; čďě p ∈ C^n ;

g_0 = { 2 Re ( ˘z @ @z + æw @ @w )} ; čďě ˘ ĺ æ { łćăďàăâŋëě ňăâàĺæë àăğňěàŋőáâěľ n ĺ k, áćïğăŋŋëě áőőâŋőèěŋĺěň 2 Re⟨˘z; z⟩ = æ⟨z; z⟩;

g_1 = { 2 Re ( (aw + A(z; z)) @ @z + 2i⟨z; aw⟩ @ @w )} ; čďě A { łćăďàăâĺçŋăï äőàňă áő ğŋăçěŋĺïňĺ ć C^n , a { ńĺŋěľŋőě őâőąàăęěŋĺě ĺğ C^k ć C^n , áćïğăŋŋëě áőőâŋőèěŋĺěň ⟨A(z; z); z⟩ = 2i⟨z; a⟨z; z⟩⟩;

g_2 = { 2 Re ( (B(z; w)) @ @z + r(w; w) @ @w )} ; čďě B { ąĺńĺŋěľŋăï äőàňă áő ğŋăçěŋĺïňĺ ć C^n , r { łćăďàăâĺçŋăï äőàňă áő ğŋăçěŋĺïňĺ ć C^k , áćïğăŋŋëě áőőâŋőèěŋĺïňĺ Re⟨B(z; u); z⟩ = r(⟨z; z⟩; u), Im⟨B(z; ⟨z; z⟩); z⟩ = 0.

Čàãŕŕă, áőőâćěâáâćãîéăï g_− = g_{−2} + g_{−1}, ćŕőńŋě ăŋăńőčĺçŋă âőľ, çâő ąëńă ŕàĺ k = 1. İâő čàãŕŕă Aut_− Q, áőáâőïéăï ĺğ ăääĺŋŋëå ŕàěőąàăğőćăŋĺľ ćĺďă { z → z + p; w → w + 2i⟨z; p⟩ + (q + i⟨p; p⟩) } ; âàăŋğĺâĺćŋő ďěľáâćãîéăï ŋă Q (ăŋăńőč čàãŕŕë Čěľğěŋąěàčă).

Ŋěâàãďŋő ŕőłăğăâì, çâő ŕőďčàãŕŕă ńĺŋěľŋëå ăćâőňőàäĺğňőć LAut Q áőáâőĺâ ĺğ ŕàěőąàăğőćăŋĺľ z → ~z, w → æw, čďě ~ ∈ GL(n; C ), æ ∈ GL(k; R), ŕàĺçěň ⟨~z; ~z⟩ = æ⟨z; z⟩. Ăńčěąàă g_0 ïćńïěâáï ăńčěąàőľ íâőľ čàãŕŕë.

16 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

Ŕőďăńčěąàě g_+ = g_1 + g_2 áőőâćěâáâćãěâ ŕőďčàãŕŕă Aut_+ Q ŕàěőąàăğőćăŋĺľ Q ćĺďă z → z + f_2 + · · · , w → w + g_3 + · · · { ŕőďčàãŕŕă ŋěńĺŋěľŋëå ăćâőňőàäĺğňőć, áőåàăÄ ŋïîéĺå ŋăçăńő łőőàďĺŋăâ. Śâőńì ŕàőáâőčő ĺ ïćŋőčő őŕĺáăŋĺï íâőľ ŕőďčàãŕŕë, łăł ŕàĺ k = 1, ŋěâ. Řěğãńìâăâë, łăáăîéĺěáï ěě áâàőěŋĺï, ąãďãâ őąáãęďăâìáï ŋĺęě, őďÄ ŋăłő ĺňěěâ ňěáâő ŋěłőě őąőąéěŋĺě ďàőąŋő-ńĺŋěľŋőáâĺ, ă ĺňěŋŋő ąĺàăæĺőŋăńìŋőáâì + őčàăŋĺçěŋŋőáâì áâěŕěŋĺ (âěőàěňă Šãňăŋőćă), łőâőàãî ňë ćłńîçĺńĺ ć őąéĺľ áŕĺáőł ŕőď ŋőňěàőň 5.(b).

Űěŋâàăńìŋëň ãâćěàęďěŋĺěň ďăŋŋőčő áŕĺáłă ïćńïěâáï âő, çâő ăńčěąàă ŋěćëàőęďěŋÄ ŋőľ łćăďàĺłĺ áőáâőĺâ ĺğ ŕőńěľ á łćăďàăâĺçŋëňĺ łőíääĺæĺěŋâăňĺ. Ŕàĺ k = 1 { íâő áńěďáâćĺě őáŋőćŋőľ ńěňňë ĺğ ŕěàćőľ çăáâĺ àăąőâë Ňőğěàă ĺ Ůěàŋă [21]. Ŕàĺ k ¿ 1 łőŋáâàãłæĺï, ćŕőńŋě ăŋăńőčĺçŋăï ňőğěàőćáłőľ, ŕőğćőńïěâ áćěáâĺ àěèěŋĺě őáŋőćŋőčő ãàăćŋěŋĺï (ãáńőćĺě łăáăŋĺï) ć äőàňăńìŋëå àïďăå ł àěèěŋĺî áĺáâěňë ńĺŋěľŋëå ďĺäÄ äěàěŋæĺăńìŋëå ãàăćŋěŋĺľ á ŕőáâőïŋŋëňĺ łőíääĺæĺěŋâăňĺ. Ŋő ć őâńĺçĺě őâ áńãçăï čĺŕěàŕőćěàåŋőáâĺ, čďě ãàăćŋěŋĺï ąëńĺ őąëłŋőćěŋŋëňĺ, íâő ąãďěâ áĺáâěňă ć çăáâŋëå ŕàőĺğćőďŋëå. Ć ŕőńãçěŋĺĺ łàĺâěàĺï łőŋěçŋőňěàŋőáâĺ őáŋőćŋãî àőńì ĺčàăěâ âěőàěňă őą íłáŕőŋěŋæĺăńìŋőň ŕàěďáâăćńěŋĺĺ àěèěŋĺï ńĺŋěľŋőľ, á ŕőáâőïŋŋëňĺ łőíääĺæĺěŋÄ âăňĺ áĺáâěňë ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ á çăáâŋëňĺ ŕàőĺğćőďŋëňĺ (ŇăńìčàăŋÄ ęă{Ŕăńăňőďőćă{İàěŋŕàăľáă). Ć áőőâćěâáâćĺĺ á íâőľ âěőàěňőľ łàĺâěàĺěň łőŋěçŋőÄ ňěàŋőáâĺ ŕàőáâàăŋáâćă àěèěŋĺľ áĺáâěňë ïćńïěâáï ãáńőćĺě, çâő åăàăłâěàĺáâĺçěáłőě ňŋőęěáâćő ïćńïěâáï łőŋěçŋëň ŋăąőàőň âőçěł. Ďńï áĺáâěňë ãàăćŋěŋĺľ, ł łőâőàőľ áćőÄ ďĺâáï ãáńőćĺě łăáăŋĺï, ŋěćëàőęďěŋŋőáâì íàňĺâőćőľ äőàňë őğŋăçăěâ, çâő åăàăłâěÄ àĺáâĺçěáłőě ňŋőęěáâćő áőáâőĺâ âőńìłő ĺğ ŋăçăńă łőőàďĺŋăâ. İâő őďŋőćàěňěŋŋő ďăěâ ŕőńĺŋőňĺăńìŋőáâì àěèěŋĺľ. Ďőŕőńŋĺâěńìŋëě àăááãęďěŋĺï ŕőğćőńïîâ ďőłăğăâì, çâő áâěŕěŋĺ àěèěŋĺľ, ć ďěľáâćĺâěńìŋőáâĺ, ŋě ŕàěćőáåőďïâ ďćãå [11], [12].

Ŕãŋłâ 5.(c) ŋăèěčő áŕĺáłă ïćńïěâáï áńěďáâćĺěň âőčő, çâő ďěľáâćĺě čőńőňőàäŋëå őâőąàăęěŋĺľ ŋă àőáâłăå ŕőćěàåŋőáâěľ ŕőàőęďăěâ ńĺŋěľŋőě ďěľáâćĺě ŋă łăáăâěńìŋëå łćăďàĺłăå. Ďěľáâćĺâěńìŋő, ŕãáâì ĺňěěâáï ďćă íłćĺćăńěŋâŋëå àőáâłă

M_1 = {Im w = ⟨z; z⟩_1 + · · · } ĺ (12) M_2 = {Im w = ⟨z; z⟩_2 + · · · } (13)

ĺ z → f(z; w), w → g(z; w) { őâőąàăęěŋĺě ŕěàćőčő ćő ćâőàőľ. Šőčďă ĺğ ňńăďèĺå łőňŕőŋěŋâ ćőğŋĺłăîéěčő ć íâőľ áĺâãăæĺĺ áőőâŋőèěŋĺï ŋěâàãďŋő ŕőńãçĺâì, çâő f = ~z + f_2 + · · · , g = æw_2 + g_3 + · · · , ŕàĺçěň ⟨~z; ~z⟩_2 = æ⟨z; z⟩_1. Őâáîďă ňőęŋő áďěńăâì ďćă ćëćőďă. Ćő-ŕěàćëå, ěáńĺ M_1 ĺ M_2 íâő łćăďàĺłĺ, âő ńĺŋěľŋőě őâőąàăęěŋĺě z → ~z, w → æw őâőąàăęăěâ ŕěàćãî łćăďàĺłã ŋă ćâőàãî. Ă ćő-ćâőàëå, ďěľáâćĺě čőńőňőàäŋőčő őâőąàăęěŋĺï ŋă àőáâőł ŕőćěàåŋőáâĺ ŕőàőęďăěâ áńěďãîéěě ďěľáâćĺě čàãŕŕë GL(n; C ) ⊕ GL(k; R) ŋă äőàňã ⟨z; z⟩: ⟨z; z⟩ → æ⟨~^{−1}z; ~^{−1}z⟩. Ă íâő ć áćőî őçěàěďì őğŋăçăěâ, çâő ćáě ĺŋćăàĺăŋâë äőàňë ŕő őâŋőèěŋĺî ł íâőňã ďěľáâćĺî őłăğëćăîâáï ĺŋćăàĺăŋâăňĺ àőáâłă ŕő őâŋőèěŋĺî ł ąĺčőńőňőàäŋëň ŕàěőąàăğőćăŋĺïň. Ł ŕőáâàőěŋĺî íâĺå ĺŋćăàĺăŋâőć ňë ćěàŋěňáï ŋĺęě.

Ťőàňă Ńěćĺ ĺňěěâ ćŋãâàěŋŋěě őŕàěďěńěŋĺě (áň., ŋăŕàĺňěà, [22]) çěàěğ łőňňãâăâőà ćěłâőàŋëå ŕőńěľ. Ŕőáńě ćëąőàă ďőŕőńŋěŋĺï łőňŕńěłáŋőľ łăáăâěńìŋőľ ďő ćáěčő łăÄ áăâěńìŋőčő ŕàőáâàăŋáâćă íâă äőàňă áâăŋőćĺâáï íàňĺâőćőľ äőàňőľ ŋă łőňŕńěłáŋőľ łăáăâěńìŋőľ áő ğŋăçěŋĺïňĺ ć íâőň ďőŕőńŋěŋĺĺ, áőćŕăďăîéěľ á äőàňőľ ⟨z; z⟩ { äőàÄ ňőľ Ńěćĺ àőáâłă ć őâňěçěŋŋőľ âőçłě. İâő őŕàěďěńěŋĺě ňőęŋő àăáŕàőáâàăŋĺâì ŋă ăąÄ

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 17

áâàăłâŋő őŕàěďěńěŋŋëě CR-ňŋőčőőąàăğĺï. Ŕàĺ íâőň ěáńĺ ďćă àőáâłă CR-ňŋőčőőąàăÄ ğĺľ CR-íłćĺćăńěŋâŋë, âő ĺå äőàňë Ńěćĺ áćïğăŋë ŕőáàěďáâćőň ćëèěãłăğăŋŋőčő ďěľÄ áâćĺï GL(n; C )⊕GL(k; R). Ŕőíâőňã ńîąëě ĺŋćăàĺăŋâë ćěłâőàŋőľ íàňĺâőćőľ äőàňë őâŋőáĺâěńìŋő íâőčő ďěľáâćĺï ăćâőňăâĺçěáłĺ ïćńïîâáï CR-ĺŋćăàĺăŋâăňĺ CR-ňŋőčőÄ őąàăğĺï.

Şáńőćĺě ŋěćëàőęďěŋŋőáâĺ ïćńïěâáï áăňëň áńăąëň ãáńőćĺěň, čăàăŋâĺàãîéĺň łőÄ ŋěçŋőňěàŋőáâì. Ěáâì ĺ ďàãčĺě ćŕőńŋě ěáâěáâćěŋŋëě ãáńőćĺï, ĺğ łőâőàëå ãáńőćĺě ŋěÄ ćëàőęďěŋŋőáâĺ áńěďãěâ.

Šăł, łćăďàĺłă ŋăğëćăěâáï áĺńìŋő ŋěćëàőęďěŋŋőľ, ěáńĺ łőőàďĺŋăâŋëě äőàňë ⟨z; z⟩ = (⟨z; z⟩_1; : : : ; ⟨z; z⟩_k) ńĺŋěľŋő ŋěğăćĺáĺňë ĺ ĺğ ŋĺå ňőęŋő áőáâăćĺâì ŋěćëÄ àőęďěŋŋãî, ć őąëçŋőň, áłăńïàŋőň áňëáńě, ńĺŋěľŋãî łőňąĺŋăæĺî. Ďńï łćăďàĺł âĺŕă (2; 2) őąă őŕàěďěńěŋĺï íłćĺćăńěŋâŋë. Śăňăï ňăńőňěàŋăï áĺâãăæĺï, čďě őŋĺ àăğńĺçăîâáï, íâő âĺŕ (3; 2). Ćőâ ŕàőáâěľèĺľ ŕàĺňěà ŋěćëàőęďěŋŋőľ łćăďàĺłĺ, ŋě ïćńïîéěľáï áĺńìŋő ŋěćëàőęďěŋŋőľ:

H_1 =

1 1 0 1 0 0 0 0 0

; H_2 =

1 0 1 0 0 0 1 0 0 :

Śĺńìŋő ŋěćëàőęďěŋŋăï łćăďàĺłă ŋăğëćăěâáï ŕőńőęĺâěńìŋő őŕàěďěńěŋŋőľ, ěáńĺ áàěďĺ ńĺŋěľŋëå łőňąĺŋăæĺľ łőőàďĺŋăâŋëå äőàň ěáâì ŕőńőęĺâěńìŋő őŕàěďěńěŋŋăï. Ŕőńőęĺâěńìŋő őŕàěďěńěŋŋëě łćăďàĺłĺ { íâő őáâőćë (čàăŋĺæë Ÿĺńőćă) őąńăáâěľ ĞĺÄ čěńï ćâőàőčő àőďă. Őąńăáâĺ Ğĺčěńï ĺčàăîâ ąőńìèãî àőńì ć âěőàĺĺ őďŋőàőďŋëå őčàăÄ ŋĺçěŋŋëå őąńăáâěľ ĺ ăćâőňőàäŋëå äãŋłæĺľ [34], [48], [42].

Ś łăęďőľ ćěłâőàŋőğŋăçŋőľ íàňĺâőćőľ äőàňőľ ⟨z; z⟩ ňőęŋő áćïğăâì łőŋãá C = int(conv({⟨z; z⟩ : z ∈ C^n })), â.ě. ňŋőęěáâćő ćŋãâàěŋŋĺå âőçěł ćëŕãłńőľ őąőńőçłĺ őąàăğă ŕàőáâàăŋáâćă C^n ŕőď ďěľáâćĺěň őâőąàăęěŋĺï, őáãéěáâćńïěňőčő äőàňőľ. Ěáńĺ łőŋãá C ŋěŕãáâőľ ĺ őáâàëľ, âő áőőâćěâáâćãîéăï őąńăáâì Ğĺčěńï D = { (z; w) ∈ C^n ⊕ C^k : Im w − ⟨z; z⟩ ∈ C }

ïćńïěâáï őďŋőàőďŋőľ őąńăáâìî, ąĺčőńőňőàäŋő íłćĺćăńěŋâŋőľ őčàăŋĺçěŋŋőľ.

Őąńăáâì D ŕàĺ íâőň ïćńïěâáï őąőńőçłőľ čőńőňőàäŋőáâĺ łćăďàĺłĺ Q = {(z; w) ∈ C^n ⊕ C^k : Im w = ⟨z; z⟩} [42]. Šăłĺň őąàăğőň, ŕőńőęĺâěńìŋő őŕàěďěńěŋŋëě łćăďàĺłĺ ïćńïîâáï őąêěłâőň, őąéĺň ďńï őąěĺå âěőàĺľ: łăł ďńï âěőàĺĺ őďŋőàőďŋëå őčàăŋĺçěŋÄ ŋëå őąńăáâěľ, âăł ĺ ďńï àăááňăâàĺćăěňőľ ŋăňĺ âěőàĺĺ åőàőèĺå ňőďěńěľ. Řïď őąáãęÄ ďăěňëå ğďěáì àěğãńìâăâőć ďńï çăáâŋőčő áńãçăï ŕőńőęĺâěńìŋő őŕàěďěńěŋŋëå łćăďàĺł ąëńĺ ŕőńãçěŋë łăł àěğãńìâăâë őą őąńăáâïå Ğĺčěńï ĺ ĺå őáâőćăå. İâő łăáăěâáï łőŋěçÄ ŋőňěàŋőáâĺ čàãŕŕë ăćâőňőàäĺğňőć âăłőľ łćăďàĺłĺ, ąĺàăæĺőŋăńìŋőáâĺ ěě ăćâőňőàÄ äĺğňőć, őŕĺáăŋĺï áâàãłâãàë ăńčěąàë ěě ĺŋäĺŋĺâěğĺňăńìŋëå ăćâőňőàäĺğňőć [50].

4.2. Ő łńăááĺäĺłăæĺĺ łćăďàĺł. Łăł ąëńő őâňěçěŋő ćëèě, ďěľáâćĺě čőńőňőàäŋëå őâőąàăęěŋĺľ ŋă àőáâłăå âĺŕă (n; k) ŕőàőęďăěâ áńěďãîéěě ďěľáâćĺě čàãŕŕë GL(n; C ) ⊕ GL(k; R) ŋă äőàňã ⟨z; z⟩: ⟨z; z⟩ → æ⟨~^{−1}z; ~^{−1}z⟩. Ěáńĺ ęě ŕàěďáâăćńïâì äőàňã ŋăąőàőň íàňĺâőćëå ňăâàĺæ (H_1; : : : ; H_k), âő íâő ďěľáâćĺě ćĺďă (~; æ)(H_1; : : : ; H_k) = æ((~^∗)^{−1}H_1~^{−1}; : : : ; (~^∗)^{−1}H_k~^{−1}). Ěáâì ŕàőáâőľ áŕőáőą, ŕőğćőńïîéĺľ àěďãæĺàőćăâì íâő ďěľáâćĺě ł ďěľáâćĺî čàãŕŕë GL(n; C ). Ŋãęŋő

18 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

ŕěàěľâĺ őâ ğăŕĺáĺ łćăďàĺłĺ łăł ŋăąőàă ĺğ k ńĺŋěľŋő ŋěğăćĺáĺňëå ćěłâőàőć ćěéěáâćěŋŋőčő ńĺŋěľŋőčő ŕàőáâàăŋáâćă íàňĺâőćëå ňăâàĺæ ł áőŕőáâăćńěŋĺî łćăďàĺłě k-ňěàŋőľ ŕńőáłőáâĺ ć íâőň ŕàőáâàăŋáâćě. Šăłĺň őąàăğőň, ěáńĺ ŋě àăğńĺçăâì łćăďàĺłĺ, őâńĺçăîéĺěáï ńĺŋěľŋőľ ğăňěŋőľ ŕěàěňěŋŋőľ w, âő ňŋőęěáâćő łćăďàĺł âĺŕă (n; k) őâőęďěáâćńïěâáï á ćěéěáâćěŋŋëň čàăááňăŋőćëň ňŋőčőőąàăğĺěň Gr_k(R^{n2} ). Ć âăłőň ŕàěďáâăćńěŋĺĺ ďěľáâćĺě áćőďĺâáï ł ďěľáâćĺî GL(n; C ) ŋă íâőň čàăááňăŋőćőň ňŋőčőőąàăğĺĺ. Łńăááë íłćĺćăńěŋâŋëå łćăďàĺł { íâő őàąĺâë ďăŋŋőčő ďěľáâćĺï. Ńĺŋěľŋăï ŕőďčàãŕŕă čàãŕŕë ăćâőňőàäĺğňőć ŋěłőâőàőľ łćăďàĺłĺ áőőâćěâáâćãěâ ŕőďčàãŕŕě ć GL(n; C ), áőåàăŋïîéăï áőőâćěâáâćãîéãî k-ňěàŋãî ŕńőáłőáâì.

Łńăááĺäĺłăæĺï łćăďàĺł ŕàőĺğćőńìŋőčő âĺŕă ŕő őâŋőèěŋĺî ł íâőňã ďěľáâćĺî ŕàěďÄ áâăćńïěâáï ćěáìňă ŋěőąőğàĺňőľ ğăďăçěľ. Őďŋăłő ďńï ŋěłőâőàëå âĺŕőć łćăďàĺł, ă ĺňěŋŋő ďńï k = 1; 2; n^2 − 2; n^2 − 1; n^2, íâă ğăďăçă ĺňěěâ åőàőèĺľ őâćěâ. Ůĺáńő łńăáÄ áőć íłćĺćăńěŋâŋőáâĺ ŋěćëàőęďěŋŋëå łćăďàĺł âĺŕă (n; 1) łőŋěçŋő ĺ àăćŋő æěńőľ çăáâĺ çĺáńă^{n+2}_2 . Ćáě ŋěćëàőęďěŋŋëě łćăďàĺłĺ âĺŕă (n; n^2) íłćĺćăńěŋâŋë, âăł łăł łăęďăï ĺğ ŋĺå ŕàěďáâăćńěŋă ąăğĺáŋëň ŋăąőàőň ĺğ n^2 ňăâàĺæ, ă ńîąëě ďćă ąăğĺáă áćïğăŋë ńĺÄ ŋěľŋëň ŕàěőąàăğőćăŋĺěň. Šăłĺň őąàăğőň, ĺňěěâáï ńĺèì őďĺŋ łńăáá âăłĺå łćăďàĺł. Ğăďăçă łńăááĺäĺłăæĺĺ łćăďàĺł łőàăğňěàŋőáâĺ ďćă ąëńă ŕőńŋőáâìî àěèěŋă ć àăąőâăå Ś. Ÿěćçěŋłő [52], [53].

4.3. Łćăďàĺłĺ łőàăğňěàŋőáâĺ ďćă. Łćăďàĺłĺ łőàăğňěàŋőáâĺ ďćă { íâő âĺŕ (n; 2), áńěďãîéĺľ ğă čĺŕěàłćăďàĺłăňĺ. Łćăďàĺłă âĺŕă (n; 2) ğăďăěâáï ŕăàőľ íàňĺÄ âőćëå ňăâàĺæ H_1 ĺ H_2, â.ě. Q = {Im w_1 = H_1z · z, Im w_2 = H_2z · z}. Łńăááĺäĺłăæĺï ŕăàë íàňĺâőćëå äőàň á âőçŋőáâìî ďő ńĺŋěľŋëå ğăňěŋ ŕěàěňěŋŋőčő z { íâő őďŋă ĺğ łńăááĺçěáłĺå ğăďăç ńĺŋěľŋőľ ăńčěąàë. Őąéěĺğćěáâŋă ćőğňőęŋőáâì őďŋőćàěňěŋŋőčő ŕàĺćěďěŋĺï ŕăàë äőàň ł ďĺăčőŋăńìŋőňã ćĺďã ŕàĺ ãáńőćĺĺ, çâő őďŋă ĺğ äőàň ŕőńőęĺÄ âěńìŋő őŕàěďěńěŋă. Ďőćőńìŋő ĺğćěáâŋőľ ïćńïěâáï âěőàěňă ő łăŋőŋĺçěáłőň ćĺďě ŕăàë äőàň ŕàĺ ãáńőćĺĺ, çâő őďŋă ĺğ äőàň ŋěćëàőęďěŋă [35]. Őďŋăłő ďăęě ďńï łńăááĺÄ äĺłăæĺĺ ŋěćëàőęďěŋŋëå łćăďàĺł íâőčő ŋěďőáâăâőçŋő, âăł łăł ěáâì ŋěćëàőęďěŋŋëě łćăďàĺłĺ łőàăğňěàŋőáâĺ ďćă âăłĺě, çâő ćáě ńĺŋěľŋëě łőňąĺŋăæĺĺ łőőàďĺŋăâŋëå äőàň ćëàőęďěŋë. Ŕőíâőňã łńăááĺäĺłăæĺőŋŋăï âěőàěňă âàěąãěâáï ć ŕőńŋőň őąêěňě [62]. Ŋă őáŋőćě íâőľ łńăááĺäĺłăæĺĺ ĺ ĺáŕőńìğãï ďőŕőńŋĺâěńìŋãî ćőğňőęŋőáâì, áćïğăŋŋãî á ćőğňőęŋőáâìî ŕěàěåőďă ł ńĺŋěľŋőľ łőňąĺŋăæĺĺ äőàň, Ÿěćçěŋłő áâàőĺâ ŕőńŋãî łńăááĺäĺłăæĺî łćăďàĺł łőàăğňěàŋőáâĺ ďćă.

Łăęďőľ ŕăàě íàňĺâőćëå ňăâàĺæ (H_1; H_2) áőŕőáâăćńïěâáï ŕãçőł ňăâàĺæ (t_1H_1 + t_1H_2), ěčő åăàăłâěàĺáâĺçěáłĺľ ňŋőčőçńěŋ det(t_1H_1 + t_2H_2), čďě (t_1 : t_2) ∈ C P^1, áőćőÄ łãŕŋőáâì łőàŋěľ íâőčő ňŋőčőçńěŋă, ă âăłęě ŋěłőâőàëľ ŋăąőà æěńőçĺáńěŋŋëå ŕăàăňěâÄ àőć: ňĺŋĺňăńìŋëě ĺŋďěłáë ĺ ňŋőęĺâěńĺ ĺŋěàæĺĺ (áň. [62]). Ďńï âőčő çâőąë ďćě ŕăàë íàňĺâőćëå äőàň ąëńĺ íłćĺćăńěŋâŋë ŕőáàěďáâćőň ğăňěŋë ŕěàěňěŋŋőčő z, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő áőćŕăďěŋĺě áńěďãîéěčő ŋăąőàă ďăŋŋëå: łőàŋěľ, ňĺŋĺňăńìŋëå ĺŋďěłáőć ĺ ňŋőęĺâěńěľ ĺŋěàæĺĺ. Ĺğãçěŋĺě ďěľáâćĺï GL(2; R) (ğăňěŋë ŕěàěňěŋŋőľ w) ŋă íâőň ňŋőęěáâćě ďăŋŋëå ŕőğćőńïěâ ďăâì łàĺâěàĺľ íłćĺćăńěŋâŋőáâĺ ďćãå łćăďàĺł. Őŋ ğăÄ łńîçăěâáï ć âőň, çâő ŕěàćëľ ŋăąőà łőàŋěľ ŕěàěćőďĺâáï ćő ćâőàőľ ďàőąŋő-ńĺŋěľŋëň ŕàěőąàăğőćăŋĺěň á ćěéěáâćěŋŋëňĺ łőíääĺæĺěŋâăňĺ, ĺ ć ćëŕőńŋěŋĺĺ ŋěłőâőàëå áőőâÄ ŋőèěŋĺľ ňěęďã ňĺŋĺňăńìŋëňĺ ĺŋďěłáăňĺ ĺ ňŋőęĺâěńïňĺ ĺŋěàæĺĺ ŕěàćőľ ĺ ćâőàőľ ŕăàë.

Łăŋőŋĺçěáłĺľ ćĺď ŕăàë ňăâàĺæ ĺňěěâ ąńőçŋő-ďĺăčőŋăńìŋãî äőàňã (ŋăŕőďőąĺě

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 19

ęőàďăŋőćőľ ŋőàňăńìŋőľ äőàňë), čďě ŋă ďĺăčőŋăńïå áâőïâ ŕăàë łńěâőł âàěå ćĺďőć: ŕěàćëľ áőőâćěâáâćãěâ ćěéěáâćěŋŋőňã łőàŋî ĺ ĺňěěâ ć łăçěáâćě áćőĺå ŕăàăňěâàőć łàőňě áăňőčő łőàŋï àăğňěà łńěâłĺ ĺ ňŋőęĺâěńì ĺŋěàæĺĺ, ćâőàőľ áőőâćěâáâćãěâ ŕăàě łőňŕńěłáŋő áőŕàïęěŋŋëå łőàŋěľ ĺ őŕàěďěńïěâáï łőàŋěň ĺ àăğňěàőň łńěâłĺ (çěâŋőě çĺáńő), âàěâĺľ áőőâćěâáâćãěâ łőàŋî ŋă ąěáłőŋěçŋőáâĺ ĺ őŕàěďěńïěâáï âőńìłő àăğňěàőň łńěâłĺ (ŋěçěâŋőě çĺáńő). Řăğňěàë łńěâőł ŕěàćőčő ĺ ćâőàőčő ćĺďőć őŕàěďěńïîâáï íńěňěŋâăàŋëňĺ ďěńĺâěńïňĺ ŕãçłă, ă âàěâìěčő { ňĺŋĺňăńìŋëňĺ ĺŋďěłáăňĺ. Łăŋőŋĺçěáłĺľ ćĺď áĺńìŋő ŋěćëàőęďěŋŋëå łćăďàĺł áőďěàęĺâ ńĺèì łńěâłĺ ŕěàćëå ďćãå âĺŕőć.

Ţăàăłâěàĺáâĺçěáłĺľ ňŋőčőçńěŋ ĺňěěâ ć őąéěň ŕőńőęěŋĺĺ n àăğńĺçŋëå łőàŋěľ. Śĺáâěňă ĺğ n àăğńĺçŋëå ãŕőàïďőçěŋŋëå âőçěł ŋă łőňŕńěłáŋőľ ŕńőáłőáâĺ ŕàĺ n ⩾ 4 ŕő őâŋőèěŋĺî ł čàãŕŕě ďàőąŋő-ńĺŋěľŋëå ŕàěőąàăğőćăŋĺľ őŕĺáëćăěâáï áĺáâěňőľ ĺğ n−3 çĺáńőćëå ĺŋćăàĺăŋâőć (ďćőľŋëě őâŋőèěŋĺï), íâă áőćőłãŕŋőáâì ŕăàăňěâàőć ćňěáâě á ďĺáłàěâŋëňĺ ĺŋćăàĺăŋâăňĺ ğăďăěâ łńăáá íłćĺćăńěŋâŋőáâĺ łćăďàĺł łőàăğňěàŋőáâĺ ďćă. Ŕőíâőňã ŕàĺ n ⩽ 3 çĺáńő łńăááőć íłćĺćăńěŋâŋőáâĺ łćăďàĺł âĺŕă (n; 2) łőŋěçŋő: ŕàĺ n = 2 ĺå âàĺ, ŕàĺ n = 3 { ďěáïâì.

Őŕĺáăŋĺě ăńčěąàë ĺŋäĺŋĺâěğĺňăńìŋëå ăćâőňőàäĺğňőć łćăďàĺłĺ, ŕàĺćěďěŋÄ ŋőě ćëèě, ïćńïěâáï ïćŋëň á âőçŋőáâìî ďő ŕőńãçěŋĺï ğŋăçěŋĺľ ŕăàăňěâàőć (p; q; ~; æ; a; A; B; r) ĺğ őŕàěďěńïîéĺå áőőâŋőèěŋĺľ (áň. ŕ. 4.1). Ďńï äĺłáĺàőćăŋŋőľ łćăďàĺłĺ íâĺ áőőâŋőèěŋĺï ïćńïîâáï áĺáâěňőľ ńĺŋěľŋëå ăńčěąàăĺçěáłĺå ãàăćŋěŋĺľ ŋă ŋěĺğćěáâŋëě ğŋăçěŋĺï ŕăàăňěâàőć. Łőíääĺæĺěŋâë íâĺå ãàăćŋěŋĺľ ğăćĺáïâ őâ íńěňěŋâőć íàňĺâőćëå ňăâàĺæ, ğăďăîéĺå äőàňã ⟨z; z⟩. İâă ğăćĺáĺňőáâì ŕőçâĺ ćő ćáěå áőőâŋőèěŋĺïå ńĺŋěľŋăï ĺ ńĺèì ć őďŋőň { łćăďàăâĺçŋăï. Ŕőńãçěŋŋăï ďńï łőàăğÄ ňěàŋőáâĺ ďćă łńăááĺäĺłăæĺï ŕőğćőńïěâ ďăâì ïćŋőě őŕĺáăŋĺě ŕàőáâàăŋáâćă àěèěŋĺľ íâőľ áĺáâěňë ĺ őâćěâĺâì ŋă àïď łăçěáâćěŋŋëå ćőŕàőáőć. Ŕàěęďě ćáěčő íâő ćőŕàőáë ő àăğňěàŋőáâïå čàăďãĺàőćăŋŋëå łőňŕőŋěŋâ ăńčěąàë aut Q = g_{−2} + g_{−1} + g_0 + g_1 + g_2. Ŕăàăňěâàë p ĺ q, ğăďăîéĺě łőňŕőŋěŋâë g_{−2} ĺ g_{−1}, ŋě áćïğăŋë ŋĺłăłĺňĺ áőőâŋőÄ èěŋĺïňĺ, áőőâćěâáâćěŋŋő ďńï ńîąőľ łćăďàĺłĺ łőàăğňěàŋőáâĺ ďćă dim g_{−2} = 2 ĺ dim g_{−1} = 2n. Ć [52] ŕàĺćőďïâáï őŕĺáăŋĺě g_0, g_1, g_2 ĺ ćëçĺáńěŋĺě ĺå àăğňěàŋőáâěľ çěàěğ ĺŋćăàĺăŋâë ŕãçłă t_1H_1 + t_2H_2. Śäőàňãńĺàãěň ŋěłőâőàëě àěğãńìâăâë íâőľ àăąőâë.

1. Ŕãáâì łćăďàĺłă áĺńìŋő ŋěćëàőęďěŋŋăï. Ňőęŋő áçĺâăâì, çâő det H_1 ≠ 0, ŕőńőÄ ęĺň H = (H_1)^{−1}H_2. Ćőğňőęŋë âàĺ áńãçăï.

1.1. Ěáńĺ ňăâàĺæă H ďĺăčőŋăńĺğãěňă (ğăňěŋăňĺ ŕěàěňěŋŋőľ z) ĺ ĺňěěâ ďćă àăğńĺçÄ ŋëå áőąáâćěŋŋëå ğŋăçěŋĺï, âő dim g_1 = 2n, dim g_2 = 2.

1.2. Ěáńĺ H ĺňěěâ ěďĺŋáâćěŋŋőě áőąáâćěŋŋőě ğŋăçěŋĺě ˘ ĺ (H − ˘E)^2 = 0, âő âăłęě dim g_1 = 2n, dim g_2 = 2.

1.3. Ć őáâăńìŋëå áńãçăïå dim g_1 = 0, dim g_2 = 0.

2. Ěáńĺ ŋěćëàőęďěŋŋăï łćăďàĺłă ŋě ïćńïěâáï áĺńìŋő ŋěćëàőęďěŋŋőľ, âő dim g_1 ¡ 2n, dim g_2 = 2.

3.1. Ěáńĺ n = 2, âő 4 ⩽ dim g_0 ⩽ 5.

3.2. Ěáńĺ n ⩾ 3, âő n + 1 ⩽ dim g_0 ⩽ (n − 1)^2 + 4. Šăłĺň őąàăğőň:

ŕàĺ n = 2 10 ⩽ dim g_0 + dim g_1 + dim g_2 ⩽ 11; ŕàĺ n ⩾ 3 n + 1 ⩽ dim g_0 + dim g_1 + dim g_2 ⩽ n^2 + 7:

20 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

Ńîąăï ŋěćëàőęďěŋŋăï łćăďàĺłă âĺŕă (2; 2) íłćĺćăńěŋâŋă őďŋőľ ĺğ âàěå łćăďàĺł: Q_1; Q_{−1} ĺńĺ Q_0.

Q_1 = { Im w_1 = |z_1|^2 + |z_2|^2; Im w_2 = z_1z_2 + z_2z_1 } : Ţăàăłâěàĺáâĺçěáłĺľ ňŋőčőçńěŋ Q_1 ĺňěěâ ďćă ćěéěáâćěŋŋëå łőàŋï. Ďăŋŋăï łćăďàĺÄ łă ïćńïěâáï ŕàïňëň ŕàőĺğćěďěŋĺěň ďćãå łćăďàĺł âĺŕă (1; 1) ĺ ć ďàãčĺå łőőàďĺŋăâăå ňőęěâ ąëâì ğăŕĺáăŋă ć ćĺďě Q_1 = {Im w_1 = |z_1|^2, Im w_2 = |z_2|^2}. Ćőâ ďăŋŋëě ő àăğÄ ňěàŋőáâïå łőňŕőŋěŋâ ăńčěąàë: dim g_0 = 4, dim g_1 = 4, dim g_2 = 2. Őâňěâĺň, çâő íâă łćăďàĺłă ŕőńőęĺâěńìŋő őŕàěďěńěŋŋăï, â.ě. ïćńïěâáï łăŋőŋĺçěáłĺň ćĺďőň ńîąőľ ŕőńőęĺâěńìŋő őŕàěďěńěŋŋőľ łćăďàĺłĺ âĺŕă (2; 2).

Q_{−1} = { Im w_1 = |z_1|^2 − |z_2|^2; Im w_2 = z_1z_2 + z_2z_1 } : Ţăàăłâěàĺáâĺçěáłĺľ ňŋőčőçńěŋ Q_{−1} ĺňěěâ ďćă łőňŕńěłáŋő-áőŕàïęěŋŋëå łőàŋï. ŘăğÄ ňěàŋőáâĺ łőňŕőŋěŋâ ăńčěąàë { âě ęě, çâő ĺ ã Q_1.

Q_0 = { Im w_1 = |z_1|^2; Im w_2 = z_1z_2 + z_2z_1 } : Ţăàăłâěàĺáâĺçěáłĺľ ňŋőčőçńěŋ Q_0 ĺňěěâ őďĺŋ łàăâŋëľ łőàěŋì, dim g_0 = 5, dim g_1 = 4, dim g_2 = 2.

Ěęőć ĺ Ÿňăńìæ ŕàěďńőęĺńĺ ŋăğëćăâì łćăďàĺłã Q_1 čĺŕěàąőńĺçěáłőľ, Q_{−1} íńńĺŕÄ âĺçěáłőľ ĺ Q_0 ŕăàăąőńĺçěáłőľ. Ć 8-ňěàŋőň ćěéěáâćěŋŋőň ńĺŋěľŋőň ŕàőáâàăŋáâćě łćăďàĺł âĺŕă (2; 2) łćăďàĺłĺ, íłćĺćăńěŋâŋëě Q_1 ĺ Q_{−1}, ńěęăâ ŕő àăğŋëě áâőàőŋë őâ łőŋĺçěáłőľ čĺŕěàŕőćěàåŋőáâĺ ćâőàőčő ŕőàïďłă, ŋă łőâőàőľ àăáŕőńăčăîâáï łćăďàĺłĺ, íłćĺćăńěŋâŋëě Q_0. Ćáě âàĺ łćăďàĺłĺ ïćńïîâáï áĺńìŋő ŋěćëàőęďěŋŋëňĺ, â.ě. ćáïłăï ŋěćëàőęďěŋŋăï łćăďàĺłă âĺŕă (2; 2) ïćńïěâáï áĺńìŋő ŋěćëàőęďěŋŋőľ [39], [12], [26].

Łăęďăï łćăďàĺłă âĺŕă (3; 2) íłćĺćăńěŋâŋă őďŋőľ ĺ âőńìłő őďŋőľ łćăďàĺłě ĺğ áńěÄ ďãîéěčő áŕĺáłă ĺğ ďěáïâĺ ŕőğĺæĺľ. Ďăŋŋëě ŕő àăğňěàŋőáâïň łőňŕőŋěŋâ g_0, g_1, g_2 ŕàĺÄ ćőďĺň ć ćĺďě áâàőłĺ (d_0 + d_1 + d_2 = d).

Łćăďàĺłĺ Q_1 ĺ Q_2 { íâő áńãçăľ âàěå àăğńĺçŋëå ćěéěáâćěŋŋëå áőąáâćěŋŋëå ğŋăÄ çěŋĺľ, çâő ďńï łćăďàĺłĺ őğŋăçăěâ ďĺăčőŋăńĺğãěňőáâì (őďŋőćàěňěŋŋőě ŕàĺćěďěŋĺě ł áãňňě łćăďàăâőć). Ŕàĺ íâőň Q_1 ŕőńőęĺâěńìŋő őŕàěďěńěŋă.

Q_1 = { Im w_1 = |z_1|^2 + |z_2|^2 + |z_3|^2; Im w_2 = |z_2|^2 − |z_3|^2 } (4 + 0 + 0 = 4);

Q_2 = { Im w_1 = −|z_1|^2 + |z_2|^2 + |z_3|^2; Im w_2 = |z_2|^2 − |z_3|^2 } (4 + 0 + 0 = 4):

Śńěďãîéĺě çěâëàě łćăďàĺłĺ { áńãçăľ ďćãå ćěéěáâćěŋŋëå áőąáâćěŋŋëå ğŋăçěŋĺľ. Ş Q_3 ĺ Q_4 ćáě łńěâłĺ ć łăŋőŋĺçěáłőň ćĺďě ŕěàćőčő ŕőàïďłă, őąě łćăďàĺłĺ ŕàĺćőďĺňë (ŕàïňőě ŕàőĺğćěďěŋĺě ďćãå čĺŕěàłćăďàĺł), ŕàĺçěň Q_3 ŕőńőęĺâěńìŋő őŕàěďěńěŋă, ă Q_4 { ŋěâ. Q_5 ĺ Q_6 ć łăŋőŋĺçěáłőň ćĺďě ĺňěîâ łńěâłã ćâőàőčő ŕőàïďłă.

Q_3 = { Im w_1 = |z_1|^2 + |z_2|^2; Im w_2 = |z_3|^2 } (7 + 6 + 2 = 15);

Q_4 = { Im w_1 = −|z_1|^2 + |z_2|^2; Im w_2 = |z_3|^2 } (7 + 6 + 2 = 15);

Q_5 = { Im w_1 = |z_1|^2 + 2 Re(z_2z_3); Im w_2 = |z_1|^2 + |z_2|^2 } (6 + 0 + 0 = 6);

Q_6 = { Im w_1 = −|z_1|^2 + 2 Re(z_2z_3); Im w_2 = −|z_1|^2 + |z_2|^2 } (6 + 0 + 0 = 6):

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 21

Śńěďãîéĺě ďćě łćăďàĺłĺ { íâő ěďĺŋáâćěŋŋőě áőąáâćěŋŋőě ğŋăçěŋĺě. Q_7 { íâő áńãçăľ łńěâőł ŕěàćőčő ĺ ćâőàőčő ŕőàïďłőć, Q_8 { łńěâłă âàěâìěčő ŕőàïďłă.

Q_7 = { Im w_1 = |z_1|^2 + 2 Re(z_2z_3); Im w_2 = |z_2|^2 } (8 + 6 + 2 = 16);

Q_8 = { Im w_1 = |z_2|^2 + 2 Re(z_1z_3); Im w_2 = 2 Re(z_1z_2) } (6 + 0 + 0 = 6):

Śńěďãîéăï łćăďàĺłă { íâő áńãçăľ őďŋőčő ćěéěáâćěŋŋőčő ĺ ŕăàë łőňŕńěłáŋő áőŕàïÄ ęěŋŋëå áőąáâćěŋŋëå ğŋăçěŋĺľ:

Q_9 = { Im w_1 = |z_1|^2 + 2 Re(z_2z_3); Im w_2 = 2 Im(z_2z_3) } (4 + 0 + 0 = 4):

Ŕőáńěďŋïï, ďěáïâăï łćăďàĺłă { íâő ŋěćëàőęďěŋŋăï łćăďàĺłă, ŋě ïćńïîéăïáï áĺńìÄ ŋő ŋěćëàőęďěŋŋőľ (ŋãńì-łćăďàĺłă). Ć łăŋőŋĺçěáłőň ćĺďě ěľ áőőâćěâáâćãěâ łńěâłă âàěâìěčő ćĺďă.

Q_{10} = { Im w_1 = 2 Re(z_1z_3); Im w_2 = 2 Re(z_2z_3) } (8 + 2 + 0 = 10):

Řăğňěàŋőáâì ŕàőáâàăŋáâćă àěèěŋĺľ áĺáâěňë ńĺŋěľŋëå ãàăćŋěŋĺľ őŕàěďěńïěâáï ěě àăŋčőň. Ŕőáłőńìłã łőíääĺæĺěŋâë áĺáâěňë ğăćĺáïâ őâ łőíääĺæĺěŋâőć íàňĺâőćëå äőàň ŋě ąőńěě çěň łćăďàăâĺçŋő, âő áâàăâĺäĺłăæĺï łćăďàĺł ŕő àăŋčăň čàăďãĺàőćăŋŋëå łőňŕőŋěŋâ ďăěâáï ŕőńĺŋőňĺăńìŋëňĺ áőőâŋőèěŋĺïňĺ (àăćěŋáâćő ŋãńî ňĺŋőàőć). Ŕőíâőňã ćŋě áőąáâćěŋŋőčő ăńčěąàăĺçěáłőčő ŕőďňŋőęěáâćă ć ŕàőáâàăŋáâćě łćăďàĺł (ŕàïňăï áãňňă k íłğěňŕńïàőć ŕàőáâàăŋáâćă íàňĺâőćëå ňăâàĺæ) ćáě àăğňěàŋőáâĺ ąãďãâ ŋăåőďĺâìáï ŋă áćőěľ ŋĺęŋěľ čàăŋĺæě. Šăłĺň őąàăğőň, łćăďàĺłă âĺŕă (3; 2) őąéěčő ŕőńőęěŋĺï { íâő ńĺąő Q_1, ńĺąő Q_2, ńĺąő Q_9. Ćáě âàĺ áńãçăï { íâő âàĺ àăğńĺçŋëå áőąáâćěŋŋëå ğŋăçěŋĺï. Ć ŕěàćëå ďćãå őŋĺ ćěéěáâćěŋŋë, ć âàěâìěň ěáâì ŕăàă łőňŕńěłáŋő-áőŕàïęěŋŋëå. Ŕěàćëľ, ć őâńĺçĺě őâ ćâőàőčő, ŕőńőęĺâěńìŋő őŕàěďěńěŋŋëľ.

Ďńï łćăďàĺłĺ őąéěčő ŕőńőęěŋĺï âĺŕă (n; 2) ŕàĺ n ⩾ 3 àăğňěàŋőáâĺ łőňŕőŋěŋâ áńěÄ ďãîéĺě: dim g_0 = n + 1, dim g_1 = dim g_2 = 0. Šő, çâő íâă ŋĺęŋïï őæěŋłă ďőáâĺčăÄ ěâáï ĺ, âěň áăňëň, àěăńĺğãěâáï ďńï łćăďàĺłĺ őąéěčő ŕőńőęěŋĺï, ŕőłăğëćăěâ ńîąăï ďĺăčőŋăńĺğãěňăï łćăďàĺłă á àăğńĺçŋëňĺ łőàŋïňĺ åăàăłâěàĺáâĺçěáłőčő ňŋőčőçńěŋă, ŋăŕàĺňěà, { Im w_1 = |z_1|^2 + |z_2|^2 + · · · + |z_n|^2; Im w_2 = 1|z_1|^2 + 2|z_2|^2 + · · · + n|z_n|^2 } : Łćăďàĺłă âĺŕă (n; 2), n ⩾ 2, ŋă łőâőàőľ ďőáâĺčăîâáï ćáě ćěàåŋĺě őæěŋłĺ àăğňěàŋőáâěľ łőňŕőŋěŋâ (áň. ćëèě), { íâő { Im w_1 = 2 Re(z_1z_2) + |z_3|^2 + · · · + |z_n|^2; Im w_2 = |z_1|^2 } : Łőňŕőŋěŋâë ĺňěîâ áńěďãîéĺě àăğňěàŋőáâĺ: dim g_{−2} = dim g_2 = 2, dim g_{−1} = dim g_1 = 2n, dim g_0 = (n − 1)^2 + 4. Őâňěâĺň, çâő íâő áãňňăàŋő ŋă ěďĺŋĺæã ąőńìèě (ĺğ-ğă g_0), çěň àăğňěàŋőáâì ăńčěąàë ŕàĺćőďĺňőľ, â.ě. àăáŕăďăîéěľáï ć ŕàïňőě ŕàőĺğćěďěŋĺě, łćăďàĺłĺ { Im w_1 = |z_2|^2 + |z_3|^2 + · · · + |z_n|^2; Im w_2 = |z_1|^2 } : Ŕőńãçěŋŋőě őŕĺáăŋĺě ăńčěąàë ăćâőňőàäĺğňőć ŕőğćőńĺńő Ěęőćã ĺ Ÿňăńìæã ďőÄ łăğăâì, çâő ńîąőľ ăćâőňőàäĺğň ŋěćëàőęďěŋŋőľ (n; 2)-łćăďàĺłĺ àěăńĺğãěâáï àăæĺőÄ ŋăńìŋëň őâőąàăęěŋĺěň, çìï áâěŕěŋì ŋě ŕàěćőáåőďĺâ ďćãå [26]. Ŋăŕőňŋĺň, çâő ďńï čĺÄ ŕěàłćăďàĺł ăćâőňőàäĺğňë { íâő ďàőąŋő-ńĺŋěľŋëě ŕàěőąàăğőćăŋĺï. Ďńï áĺńìŋő ŋěÄ ćëàőęďěŋŋëå łćăďàĺł łőàăğňěàŋőáâĺ ďćă íâőâ àěğãńìâăâ àăŋěě ąëń ŕőńãçěŋ ĂąàőÄ áĺňőćëň [1]. Ěčő àăąőâă őáŋőćăŋă ŋă ďàãčőľ âěåŋĺłě ĺ ŋěğăćĺáĺňă őâ łńăááĺäĺłăæĺĺ Ÿěćçěŋłő.

22 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

4.4. Ťěŋőňěŋ ęěáâłőáâĺ ĺ ĺáłńîçĺâěńìŋëě łćăďàĺłĺ. Śńãçăľ łőàăğňěàÄ ŋőáâĺ őďĺŋ őąńăďăěâ őáőąěŋŋőáâìî, łőâőàăï ďőćőńìŋő àěďłő ćáâàěçăěâáï ć ąőńěě ćëÄ áőłĺå łőàăğňěàŋőáâïå. Ňăńăï ďěäőàňăæĺï ŋěćëàőęďěŋŋőľ čĺŕěàłćăďàĺłĺ ć łńăáÄ áě čĺŕěàłćăďàĺł ďăěâ čĺŕěàłćăďàĺłã, íłćĺćăńěŋâŋãî ĺáåőďŋőľ. İâő őąáâőïâěńìáâÄ ćő ŕőğćőńïěâ ŕàĺňěŋïâì ł čĺŕěàŕőćěàåŋőáâïň âěåŋőńőčĺî İ. Łăàâăŋă ĺ ňěâőďë âěÄ őàĺĺ G-áâàãłâãà [55], [58], [21; çăáâì II], [61]. Ěáâì ěéě ďćă őáőąëå áńãçăï, őąńăÄ ďăîéĺå âěň ęě áćőľáâćőň, íâő ďćě ŕőáńěďŋĺå (ďńï ŋěćëàőęďěŋŋëå łćăďàĺł) łőàăğÄ ňěàŋőáâĺ k = n^2 − 1 ĺ k = n^2. Ŕàĺçěň íâĺ áńãçăĺ ïćńïîâáï őáőąëňĺ ěéě ć őďÄ ŋőň őâŋőèěŋĺĺ: ńîąăï âăłăï łćăďàĺłă őąńăďăěâ ŋěâàĺćĺăńìŋőľ ŋěńĺŋěľŋőľ ŕőďčàãŕÄ ŕőľ Aut_+ Q. Őłăğëćăěâáï, çâő ŕàĺ 2 ⩽ k ⩽ n^2 − 2 ã łćăďàĺłĺ őąéěčő ŕőńőęěÄ ŋĺï (â.ě. ćŋě ŋěłőâőàőčő áőąáâćěŋŋőčő ăńčěąàăĺçěáłőčő ňŋőęěáâćă) ŋěńĺŋěľŋëå ăćÄ âőňőàäĺğňőć ŋěâ. Ąőńěě âőčő, ŕàĺ 3 ⩽ k ⩽ n^2 − 3 ńĺŋěľŋăï ŕőďčàãŕŕă ăćâőňőàÄ äĺğňőć łćăďàĺłĺ őąéěčő ŕőńőęěŋĺï LAut Q âàĺćĺăńìŋă ć áńěďãîéěň áňëáńě. İâă ŕőďčàãŕŕă áőáâőĺâ ńĺèì ĺğ áłăńïàŋëå àăáâïęěŋĺľ {z → ˘z, w → |˘|^2w, ˘ ∈ C^∗ } [12], [45], [30]. Šăłĺě łćăďàĺłĺ ŋăğëćăîâáï ęěáâłĺňĺ. Ŕàĺ íâőň őâáãâáâćĺě ŋěńĺÄ ŋěľŋëå ăćâőňőàäĺğňőć ŋăğëćăěň N-ęěáâłőáâìî, ă őâáãâáâćĺě ŋěâàĺćĺăńìŋëå ńĺŋěľÄ ŋëå ăćâőňőàäĺğňőć L-ęěáâłőáâìî, â.ě. ęěáâłőáâì { íâő őďŋőćàěňěŋŋőě ŋăńĺçĺě őąőÄ ĺå ãáńőćĺľ. Ňőęŋő čőćőàĺâì őâďěńìŋő ő g_0-ęěáâłőáâĺ (dim g_0 = 2), g_1-ęěáâłőáâĺ (dim g_1 = 0) ĺ g_2-ęěáâłőáâĺ (dim g_2 = 0). Ňěęďã íâĺňĺ ãáńőćĺïňĺ ĺňěîâáï áćïğĺ, ŋăŕàĺňěà g_2-ęěáâłőáâì áńěďãěâ łăł ĺğ g_0-ęěáâłőáâĺ [12], âăł ĺ ĺğ g_1-ęěáâłőáâĺ [44]. Čàãŕŕă ăćâőňőàäĺğňőć ęěáâłőľ łćăďàĺłĺ áőáâőĺâ ĺğ ăääĺŋŋëå ŕàěőąàăğőćăŋĺľ, áőÄ áâăćńïîéĺå čàãŕŕã Aut_− Q, łőâőàăï őďĺŋăłőćă ã ćáěå łćăďàĺł ďăŋŋőčő âĺŕă, ĺ áłăÄ ńïàŋëå àăáâïęěŋĺľ. Śĺâãăæĺï k = 2, łăł ĺ k = n^2 − 2, âàěąãěâ őčőćőàőł, âăł łăł ğďěáì ŕőďčàãŕŕă ńĺŋěľŋëå ăćâőňőàäĺğňőć łćăďàĺłĺ őąéěčő ŕőńőęěŋĺï ĺňěěâ àăğňěàÄ ŋőáâì (n + 1) ĺ ŋě áćőďĺâáï, âěň áăňëň, ł áłăńïàŋëň àăáâïęěŋĺïň.

Ŋăńĺçĺě ŋěłőâőàőľ áĺňňěâàĺĺ ňěęďã łćăďàĺłăňĺ âĺŕă (n; k) ĺ (n; n^2 − k) ĺňěěâ áćőî ŕàĺçĺŋã. Łćăďàĺłă łőàăğňěàŋőáâĺ k { íâő ŋăąőà ĺğ k ńĺŋěľŋő ŋěğăćĺáĺňëå íàÄ ňĺâőćëå ňăâàĺæ. Ěáńĺ ŋě àăğńĺçăâì łćăďàĺłĺ, áćïğăŋŋëě ńĺŋěľŋőľ ğăňěŋőľ ŕěàěňěŋÄ ŋőčő w, âő íâő k-ňěàŋăï ŕńőáłőáâì ć n^2-ňěàŋőň ćěéěáâćěŋŋőň ńĺŋěľŋőň ŕàőáâàăŋáâćě íàňĺâőćëå ňăâàĺæ H . Ş íâőľ ŕńőáłőáâĺ ěáâì ďćőľáâćěŋŋőě őŕĺáăŋĺě { őŕĺáăŋĺě ć ćĺÄ ďě áőćőłãŕŋőáâĺ őąéĺå ŋãńěľ ŋěğăćĺáĺňőčő ŋăąőàă ĺğ n^2 − k ńĺŋěľŋëå äőàň ŋă H . Ťĺłáĺàãï ĺğőňőàäĺğň ňěęďã H ĺ H^∗, ňë ŕőńãçăěň áőőâćěâáâćĺě ňěęďã łćăďàĺłăÄ ňĺ âĺŕă (n; k) ĺ (n; n^2 − k). Ŕàĺ íâőň ńĺŋěľŋëě ŕőďčàãŕŕë LAut Q, áőőâćěâáâćãîéĺě ďćőľáâćěŋŋëň łćăďàĺłăň, őłăğëćăîâáï ĺğőňőàäŋëňĺ.

Ęěáâłőáâì łćăďàĺłĺ őąéěčő ŕőńőęěŋĺï ć ďĺăŕăğőŋě łőàăğňěàŋőáâěľ őâ 3 ďő n^2 − 3 őáâăćńïěâ ćőğňőęŋőáâì ďńï áãéěáâćőćăŋĺï ĺáłńîçĺâěńìŋëå łćăďàĺł á ŋěńĺŋěľŋëňĺ ăćâőňőàäĺğňăňĺ ĺ ŋěâàĺćĺăńìŋőľ ńĺŋěľŋőľ ŕőďčàãŕŕőľ. Ěáâì ŕàőáâőľ áŕőáőą áâàőÄ ĺâì âăłĺě łćăďàĺłĺ: íâő ŕàïňőě ŕàőĺğćěďěŋĺě łćăďàĺł. Ěáńĺ áőňŋőęĺâěńĺ ŋěćëàőęÄ ďěŋë, âő ăńčěąàă ŕàőĺğćěďěŋĺï ěáâì ŕàïňăï áãňňă ăńčěąà áőňŋőęĺâěńěľ ĺ čàãŕŕă áőÄ őâćěâáâćěŋŋő ěáâì ŕàïňőě ŕàőĺğćěďěŋĺě čàãŕŕ ăćâőňőàäĺğňőć áőňŋőęĺâěńěľ [12]. ĚáÄ ńĺ áőňŋőęĺâěńĺ ĺňěńĺ ŋěâàĺćĺăńìŋëě čàãŕŕë, âő ŋěâàĺćĺăńìŋă ąãďěâ ĺ čàãŕŕă ŕàőÄ ĺğćěďěŋĺï. Ć áŕĺáłě łćăďàĺł âĺŕă (3; 2) âăłĺňĺ ŕàĺćőďĺňëňĺ łćăďàĺłăňĺ ïćńïîâáï Q_3 ĺ Q_4. Řăğňěàŋőáâĺ ŕőďčàãŕŕ, áőåàăŋïîéĺå ŋăçăńő łőőàďĺŋăâ, ďńï őąěĺå łćăďàĺł àăćŋë 15. Ŕàĺçĺŋă ŕőïćńěŋĺï ąőčăâëå čàãŕŕ ăćâőňőàäĺğňőć ďńï íâĺå łćăďàĺł ïáÄ ŋă. Řăğňěàŋőáâì áłńăďëćăěâáï ĺğ àăğňěàŋőáâěľ čàãŕŕë čĺŕěàłćăďàĺłĺ âĺŕă (2; 1) { 10 ĺ âĺŕă (1; 1) { 5. Őďŋăłő ć áŕĺáłě ĺňěěâáï ŋěŕàĺćőďĺňăï łćăďàĺłă Q_7 á ŕőďčàãŕÄ

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 23

ŕőľ áâăąĺńìŋőáâĺ àăğňěàŋőáâĺ 16. Šăłĺň őąàăğőň, ğăďăçă łńăááĺäĺłăæĺĺ łćăďàĺł á ŋěńĺŋěľŋëňĺ ăćâőňőàäĺğňăňĺ ĺ ŕőĺáłă áăňőľ áĺňňěâàĺçŋőľ ŋěćëàőęďěŋŋőľ łćăďÄ àĺłĺ, â.ě. łćăďàĺłĺ, çìï čàãŕŕă ĺňěěâ ňăłáĺňăńìŋãî ďńï ďăŋŋőčő âĺŕă àăğňěàŋőáâì, ïćńïěâáï ćŕőńŋě áőďěàęăâěńìŋőľ. Ďńï łćăďàĺł łőàăğňěàŋőáâĺ ďćă íâă ğăďăçă àěèăÄ ěâáï ŋă őáŋőćě łńăááĺäĺłăæĺĺ Ÿěćçěŋłő (áň. ćëèě).

Ďńï łćăďàĺł âĺŕă (3; 3), â.ě. łćăďàĺł łőàăğňěàŋőáâĺ âàĺ ć C^6 , íâă ğăďăçă ąëńă àěèěŋă Ŋ. Ŕăńĺŋçăł [43], [44]. Ńîąăï (3; 3)-łćăďàĺłă, őąńăďăîéăï ŋěńĺŋěľŋëňĺ ăćÄ âőňőàäĺğňăňĺ, íłćĺćăńěŋâŋă őďŋőľ ĺğ áńěďãîéĺå ćőáìňĺ łćăďàĺł. Ďăŋŋëě ŕő àăğÄ ňěàŋőáâïň łőňŕőŋěŋâ ŕàĺćőďĺň ć ŕàěęŋěň äőàňăâě: dim g_0 + dim g_1 + dim g_2. ŊăÄ ŕőňŋĺň, çâő dim g_{−2} + dim g_{−1} = 3 + 6 = 9 ďńï ćáěå łćăďàĺł íâőčő âĺŕă ĺ çâő dim Q = 2n + k = 9.

Q_1 : Im w_1 = |z_1|^2; Im w_2 = |z_2|^2; Im w_3 = |z_3|^2; Q_2 : Im w_1 = |z_1|^2 − |z_2|^2; Im w_2 = 2 Re(z_1z_2); Im w_3 = |z_3|^2; Q_3 : Im w_1 = |z_1|^2; Im w_2 = 2 Re(z_1z_2); Im w_3 = |z_3|^2:

Ŕěàćëě âàĺ łćăďàĺłĺ { íâő ŕàïňőě ŕàőĺğćěďěŋĺě őďŋőľ (2; 2)-łćăďàĺłĺ (áŕĺáőł áň. ćëèě) ĺ ěďĺŋáâćěŋŋőľ (1; 1)-łćăďàĺłĺ. Ŕőáłőńìłã ŕěàćăï (2; 2)-łćăďàĺłă áŕĺáłă ěáâì ŕàïňőě ŕàőĺğćěďěŋĺě ďćãå (1; 1)-łćăďàĺł, âő Q_1 ïćńïěâáï ŕàïňëň ŕàőĺğćěďěŋĺěň âàěå (1; 1)-łćăďàĺł. Ćőâ àăğňěàŋőáâĺ čàãŕŕ: Q_1 − (6 + 6 + 3 = 15), Q_2 − (6 + 6 + 3 = 15), Q_3 − (7 + 6 + 3 = 16);

Q_4 : Im w_1 = |z_1|^2; Im w_2 = 2 Re(z_1z_2); Im w_3 = 2 Re(z_1z_3) + |z_2|^2 (8 + 6 + 3 = 17);

Q_5 : Im w_1 = 2 Re(z_1z_3); Im w_2 = 2 Re(z_2z_3); Im w_3 = 2 Im(z_1z_2) (10 + 6 + 3 = 19);

Q_6 : Im w_1 = 2 Re(z_1z_3); Im w_2 = 2 Re(z_2z_3); Im w_3 = |z_3|^2 (10 + 6 + 3 = 19);

Q_7 : Im w_1 = 2 Re(z_1z_3); Im w_2 = 2 Re(z_2z_3); Im w_3 = 2 Im(z_2z_3) (8 + 6 + 3 = 17);

Q_8 : Im w_1 = 2 Re(z_1z_2); Im w_2 = 2 Im(z_1z_2); Im w_3 = 2 Re(z_1z_3) + |z_2|^2 (7 + 2 + 1 = 10):

Ŋăŕőňŋĺň, çâő (3; 3)-łćăďàĺłă őąéěčő ŕőńőęěŋĺï ïćńïěâáï ęěáâłőľ, â.ě. (2 + 0 + 0 = 2). Ć ŕàĺćěďěŋŋőň áŕĺáłě ŋěâ łćăďàĺł, çìï čàãŕŕă ăćâőňőàäĺğňőć ńĺŋěľŋă, ŋő ŋěâàĺćĺăńìŋă (dim g_0 ¿ 2). Őďŋăłő áăňăï čàãąăï őæěŋłă ŕőłăğëćăěâ, çâő dim g_0 ⩽ 18. Ŕőíâőňã ňőęŋő ãâćěàęďăâì, çâő àăğňěàŋőáâì čàãŕŕë ńîąőľ (3; 3)-łćăďàĺłĺ ŋě ŕàěćőáåőďĺâ 19, ĺ ěáńĺ àăğňěàŋőáâì čàãŕŕë ŋěłőâőàőľ łćăďàĺłĺ àăćŋă 19, âő łćăďàĺłă íłćĺćăńěŋâŋă ńĺąő Q_5, ńĺąő Q_6. Ć àăąőâě Ă. Ăàąăâáłőčő [4] ďńï łăęďőľ ĺğ łćăďàĺł áŕĺáłă ćëçĺáńěŋă čàãŕŕă ăćâőňőàäĺğňőć. Ćáě ăćâőňőàäĺğňë àěăńĺğãîâáï ąĺàăæĺőŋăńìŋëňĺ ŕàěőąàăğőćăŋĺïňĺ C^6 , çìĺ áâěŕěŋĺ ŋě ŕàěćőáåőďïâ âàěå.

(3; 4)-łćăďàĺłă őąéěčő ŕőńőęěŋĺï ïćńïěâáï ęěáâłőľ, â.ě. ĺňěěâ áâàãłâãàã (2 + 0 + 0). Łńăááĺäĺłăæĺï łćăďàĺł âĺŕă (3; 4), â.ě. łćăďàĺł łőàăğňěàŋőáâĺ 4 ć C^7 , á ŋěńĺŋěľŋëňĺ ăćâőňőàäĺğňăňĺ ąëńă ŕőáâàőěŋă Ě. Ăŋĺáőćőľ [2], [3]. Ńîąăï âăłăï

24 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

łćăďàĺłă íłćĺćăńěŋâŋă őďŋőľ ĺğ ďěćïâĺ ŕőŕăàŋő ŋěíłćĺćăńěŋâŋëå łćăďàĺł ďăŋŋőčő áŕĺáłă:

Q_1 : Im w_1 = 2 Re(z_1z_3); Im w_2 = 2 Re(z_2z_3);

Im w_3 = 2 Im(z_1z_3); Im w_4 = 2 Im(z_2z_3) (10 + 6 + 4 = 20); Q_2 : Im w_1 = 2 Re(z_1z_3); Im w_2 = 2 Re(z_2z_3);

Im w_3 = |z_3|^2; Im w_4 = 2 Im(z_2z_3) (11 + 6 + 4 = 21); Q_3 : Im w_1 = 2 Re(z_1z_3); Im w_2 = 2 Re(z_1z_2);

Im w_3 = |z_2|^2; Im w_4 = |z_1|^2 (8 + 2 + 1 = 11); Q_4 : Im w_1 = 2 Re(z_1z_2); Im w_2 = −2 Im(z_1z_2);

Im w_3 = 2 Re(z_1z_3); Im w_4 = |z_2|^2 (8 + 2 + 1 = 11); Q_5 : Im w_1 = 2 Re(z_1z_2); Im w_2 = −2 Im(z_1z_2);

Im w_3 = 2 Re(z_1z_3); Im w_4 = |z_1|^2 + |z_2|^2 (7 + 2 + 1 = 10); Q_6 : Im w_1 = 2 Re(z_1z_2); Im w_2 = −2 Im(z_1z_2);

Im w_3 = |z_1|^2; Im w_4 = |z_3|^2 (10 + 4 + 4 = 18); Q_7 : Im w_1 = 2 Re(z_1z_2); Im w_2 = −2 Im(z_1z_2);

Im w_3 = |z_1|^2; Im w_4 = 2 Re(z_1z_3) + |z_2|^2 (8 + 4 + 2 = 14); Q_8 : Im w_1 = 2 Re(z_1z_2); Im w_2 = |z_1|^2;

Im w_3 = |z_2|^2; Im w_4 = |z_3|^2 (7 + 2 + 2 = 11); Q_9 : Im w_1 = 2 Re(z_1z_2); Im w_2 = 2 Im(z_1z_2);

Im w_3 = |z_1|^2 − |z_2|^2; Im w_4 = |z_3|^2 (7 + 2 + 1 = 10):

Śńěďãěâ őâňěâĺâì, çâő ŕěàćëě ďćě łćăďàĺłĺ ŋě ïćńïîâáï áĺńìŋő ŋěćëàőęďěŋŋëňĺ, ŕàĺ íâőň ćâőàăï ĺğ ŋĺå Q_2 ïćńïěâáï áăňőľ áĺňňěâàĺçŋőľ łćăďàĺłőľ âĺŕă (3; 4). Śàěďĺ íâĺå łćăďàĺł ŕàĺáãâáâćãîâ ŕàĺćőďĺňëě łćăďàĺłĺ { ŕàïňëě ŕàőĺğćěďěŋĺï àăğńĺçŋëå (2; 3)-łćăďàĺł ŋă ěďĺŋáâćěŋŋãî čĺŕěàłćăďàĺłã âĺŕă (1; 1), íâő Q_6, Q_8 ĺ Q_9.

Łăł łńăááĺäĺłăæĺï Ŕăńĺŋçăł, âăł ĺ łńăááĺäĺłăæĺï Ăŋĺáőćőľ ŕőáâàőěŋë ŋă őáŋőćě łńăááĺäĺłăæĺĺ Ÿěćçěŋłő ŕăà íàňĺâőćëå ňăâàĺæ âàěâìěčő ŕőàïďłă. Őąě łńăááĺäĺÄ łăæĺĺ ďńï ďőłăğăâěńìáâćă ŕőŕăàŋőľ ŋěíłćĺćăńěŋâŋőáâĺ ŕőńãçěŋŋëå łćăďàĺł łàőňě àăğňěàŋőáâěľ łőňŕőŋěŋâ ăńčěąà ĺáŕőńìğãîâ łćăďàăâĺçŋëě ĺŋćăàĺăŋâë, ŕőáâàőěŋŋëě ć [13], [14], łőâőàëě ňë őąáãďĺň ŋĺęě.

Łăł ćĺďŋő ĺğ ŕàĺćěďěŋŋëå łńăááĺäĺłăæĺľ, ćő ćáěå ŕěàěçĺáńěŋŋëå áńãçăïå ĺňěěâ ňěáâő ńîąőŕëâŋăï áĺňňěâàĺï: dim g_j ⩽ dim g_{−j}, j = 1; 2, ŕàĺçěň ćěàåŋïï čàăŋĺÄ æă ďőáâĺęĺňă. Ć áćïğĺ ć íâĺň, ć łăçěáâćě čĺŕőâěğë, ŕàěďŕőńăčăńőáì, çâő íâő ćěàÄ ŋő ďńï łćăďàĺł ćáěå âĺŕőć. Őďŋăłő ŋěďăćŋő Ŕ. Şâłĺŋëň [63] ąëńő ŕőłăğăŋő, çâő ďńï (5; 3)-łćăďàĺł íâă áĺňňěâàĺï ňőęěâ ŋăàãèăâìáï. İâőâ ŕàĺňěà őąőąéăěâáï ŋă n ⩾ 5, k ⩾ 3.

Ś ĺáłńîçĺâěńìŋëňĺ łćăďàĺłăňĺ, ĺňěîéĺňĺ ŋěńĺŋěľŋëě ăćâőňőàäĺğňë áćïğăŋ ĺŋâěàěáŋëľ ćőŕàőá őą őæěŋłě ĺå áâěŕěŋĺ. Ć áőőâćěâáâćĺĺ á âěőàěňőľ Šãňăŋőćă [60] čàãŕŕă ăćâőňőàäĺğňőć { íâő čàãŕŕă Ńĺ, ďěľáâćãîéăï ŋă łćăďàĺłě ąĺàăæĺőŋăńìŋëÄ ňĺ ŕàěőąàăğőćăŋĺïňĺ C^{n+k} őčàăŋĺçěŋŋőľ áâěŕěŋĺ. Ĺáŕőńìğãï âő, çâő ăńčěąàă ăćâőÄ ňőàäĺğňőć áőáâőĺâ ĺğ ŕőńěľ, çìĺ áâěŕěŋĺ ŋě ŕàěćőáåőďïâ ďćãå, ňőęŋő ďőłăğăâì, çâő

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 25

áâěŕěŋĺ ăćâőňőàäĺğňőć ŋě ŕàěćőáåőďïâ 4(n + k). Őďŋăłő, ŋěáňőâàï ŋă őąĺńĺě ĺğãçěŋÄ ŋëå áĺâãăæĺľ, ŋĺłâő ŋě áňőč ŕàěďêïćĺâì łćăďàĺłĺ, çìĺ ăćâőňőàäĺğňë ĺňěîâ áâěŕěŋì ąőńìèě k. Łćăďàĺł, ďńï łőâőàëå áâěŕěŋì àăćŋă łőàăğňěàŋőáâĺ, ďőáâăâőçŋő ňŋőčő: őŋĺ ěáâì ć áŕĺáłăå Ÿěćçěŋłő, Ŕăńĺŋçăł ĺ Ăŋĺáőćőľ, âăłĺě łćăďàĺłĺ ńěčłő łőŋáâàãĺàãÄ îâáï łăł ŕàïňőě ŕàőĺğćěďěŋĺě čĺŕěàłćăďàĺł, âăłãî ęě áâěŕěŋì ĺňěîâ ăćâőňőàäĺğňë őďŋőàőďŋëå őąńăáâěľ Ğĺčěńï II-čő àőďă. Ŋő őąéěě ãâćěàęďěŋĺě őáâăěâáï ŕőłă ńĺèì ć ćĺďě čĺŕőâěğë.

Čĺŕőâěğă ő áâěŕěŋĺ. Čàãŕŕă ăćâőňőàäĺğňőć ŋěćëàőęďěŋŋőľ łćăďàĺłĺ âĺŕă (n; k) ďěľáâćãěâ ąĺàăæĺőŋăńìŋëňĺ ŕàěőąàăğőćăŋĺïňĺ C^{n+k} , çìĺ áâěŕěŋĺ (çĺáńĺâěńěľ ĺ ğŋăňěŋăâěńï ć ŋěáőłàăâĺňőľ ğăŕĺáĺ) ŋě ŕàěćőáåőďïâ łőàăğňěàŋőáâĺ, â.ě. k.

Šőâ âĺŕ čàãŕŕ, łőâőàëě ćőğŋĺłăîâ ğďěáì ć łăçěáâćě čàãŕŕ ăćâőňőàäĺğňőć ŋěćëÄ àőęďěŋŋëå łćăďàĺł, ďőáâőĺŋ ćŋĺňăŋĺï. İâő ŕőďčàãŕŕë čàãŕŕë ąĺàăæĺőŋăńìŋëå ŕàěÄ őąàăğőćăŋĺľ łőňŕńěłáŋőčő ńĺŋěľŋőčő ŕàőáâàăŋáâćă (čàãŕŕë Łàěňőŋë), áőáâőïéĺě ĺğ ŕàěőąàăğőćăŋĺľ őčàăŋĺçěŋŋőľ áâěŕěŋĺ. Ěáńĺ ŕőďáâăćĺâì àăæĺőŋăńìŋőě ŕàěőąàăğőćăÄ ŋĺě ć áěąï, âő áâěŕěŋì łőňŕőğĺæĺĺ ãćěńĺçĺâáï. İâő àăááãęďěŋĺě, łőŋěçŋő, âàěąãěâ \őąéŋőáâĺ ŕőńőęěŋĺï", ĺ ŋăńĺçĺě ŋăèĺå čàãŕŕ íâő ĺ ěáâì âě ŕàĺňěàë, łőâőàëě ěčő őŕàőćěàčăîâ. Ěáâì ŕàĺňěà, čďě ŕàĺçĺŋă âőčő, çâő áâěŕěŋì ŕàĺ ŕőďáâăŋőćłě ŋě ćőğÄ àăáâăěâ, őçěćĺďŋă. İâő ŕàĺňěà ŕàőěłâĺćŋëå ŕàěőąàăğőćăŋĺľ. Ŕőíâőňã ěáâěáâćěŋŋő áâàěňńěŋĺě őąêïáŋĺâì áãéěáâćőćăŋĺě âăłĺå ŕőďčàãŕŕ á ŕőňőéìî áćěďěŋĺï ĺå ł ŕàőÄ ěłâĺćŋëň ŕàěőąàăğőćăŋĺïň. Ć íâőň őâŋőèěŋĺĺ ŕàěďáâăćńïěâ ĺŋâěàěá áńěďãîéăï âěÄ őàěňă (Ď. Ğăľæěć [66]):

Ŕãáâì G { ćěéěáâćěŋŋăï áćïğŋăï čàãŕŕă Ńĺ, ďěľáâćãîéăï ć C^n ąĺàăæĺőŋăńìŋëÄ ňĺ ŕàěőąàăğőćăŋĺïňĺ, čőńőňőàäŋëňĺ ć ŋěłőâőàőľ őąńăáâĺ (őďŋőľ ďńï ćáěľ čàãŕŕë). Šőčďă áãéěáâćãěâ ńĺŋěľŋőě ŕàěďáâăćńěŋĺě G ŋă ŋěłőâőàőň C^{N+1} ĺ ąĺàăæĺőŋăńìŋőě G-íłćĺćăàĺăŋâŋőě őâőąàăęěŋĺě ĺğ C^n ŋă C P^N .

Şáńőćĺě âőčő, çâő ăćâőňőàäĺğňë őąńăáâĺ ŕàőďőńęăîâáï ďő ąĺàăæĺőŋăńìŋëå ŕàěőąàăğőćăŋĺľ őąêěňńîéěčő ŕàőáâàăŋáâćă, ŕàĺćěďěŋő ć àăąőâě Ćěąáâěàă [65]. Ďńï čàãŕŕ ăćâőňőàäĺğňőć łćăďàĺł âěőàěňă Ğăľæěćă ŋě ŕàĺňěŋĺňă, ŋő íâő ŋě őğŋăçăěâ, áăňő ŕő áěąě, çâő ŋě áŕàăćěďńĺćő ěě ğăłńîçěŋĺě. Őâňěâĺň, ğăąěčăï ćŕěàěď, çâő čàãŕŕë ăćâőňőàäĺğňőć ňőďěńìŋëå ŕőćěàåŋőáâěľ, áâěŕěŋěľ ąőńěě ćëáőłĺå, çěň ďćă, őąńăďăîâ âěň ęě áćőľáâćőň. İâő ŕőďčàãŕŕë čàãŕŕë Łàěňőŋë őčàăŋĺçěŋŋőľ áâěŕěŋĺ.

4.5. Ćěéěáâćěŋŋëě ăááőæĺăâĺćŋëě łćăďàĺłĺ. Ěęőć ĺ Ÿňăńìæ [28] őŕĺáăńĺ őçěŋì ńîąőŕëâŋëľ łńăáá łćăďàĺł âĺŕă (k; k). Ŕãáâì A { ćěéěáâćěŋŋăï k-ňěàŋăï łőňÄ ňãâăâĺćŋăï ăááőæĺăâĺćŋăï ăńčěąàă, A_C = A ⊗ C { ěě łőňŕńěłáĺäĺłăæĺï. Šőčďă íâőľ ăńčěąàě ňőęŋő áőŕőáâăćĺâì łćăďàĺłã Q = { (z; w) ∈ A_C ⊗ A_C : 1 2i (w − w) = zz } ; â.ě. R^k -ğŋăçŋăï íàňĺâőćă äőàňă { íâő ŕàőĺğćěďěŋĺě zz ć ăńčěąàě A_C . Őąàăâŋő, łćăďÄ àĺłă âĺŕă (k; k) ďőŕãáłăěâ âăłőě ŕàěďáâăćńěŋĺě âőčďă ĺ âőńìłő âőčďă, łőčďă ć ŕőďåőďïÄ éĺå łőőàďĺŋăâăå äőàňă ⟨ · ; · ⟩ őŕàěďěńïěâ ćěéěáâćěŋŋőě ăááőæĺăâĺćŋőě ŕàőĺğćěďěŋĺě ć R^k . Łőňňãâăâĺćŋőáâì íâőčő ŕàőĺğćěďěŋĺï áńěďãěâ ĺğ íàňĺâőćőáâĺ.

İâĺ łćăďàĺłĺ ăćâőàë ŋăğëćăîâ RAQ-łćăďàĺłăňĺ (Real Associative Quadrics), ŕőÄ íâőňã ňë ĺå ąãďěň ŋăğëćăâì ĆĂŁ-łćăďàĺłăňĺ (Ćěéěáâćěŋŋëě Ăááőæĺăâĺćŋëě ŁćăďÄ àĺłĺ).

26 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

Şáńőćĺě ăááőæĺăâĺćŋőáâĺ íłćĺćăńěŋâŋő âőňã, çâő áőőâćěâáâćĺě

ø : A → gl(R; k); x → ⟨ · ; x⟩

ïćńïěâáï čőňőňőàäĺğňőň ăńčěąà. Ŋěćëàőęďěŋŋőáâì ĆĂŁ-łćăďàĺłĺ íłćĺćăńěŋâŋă âőňã, çâő A őąńăďăěâ ěďĺŋĺæěľ. Řăáŕăďěŋĺě łćăďàĺłĺ ć ŕàïňőě ŕàőĺğćěďěŋĺě áőőâÄ ćěâáâćãěâ àăğńőęěŋĺî ăńčěąàë ć ŕàïňãî áãňňã.

Ěďĺŋáâćěŋŋăï ŋěćëàőęďěŋŋăï (1; 1)-łćăďàĺłă ïćńïěâáï ĆĂŁ-łćăďàĺłőľ. Ăńčěąàă, ěľ áőőâćěâáâćãîéăï, íâő R.

Ćáě âàĺ ŋěćëàőęďěŋŋëě (2; 2)-łćăďàĺłĺ Q_1, Q_0 ĺ Q_{−1} âăłęě ïćńïîâáï ĆĂŁ-łćăď-àĺłăňĺ. Ĺň áőőâćěâáâćãîâ áńěďãîéĺě ăńčěąàë: R ⊗ R, C , R ⊗ nR (n { íâő ŋĺńìŕőÄ âěŋâŋëľ íńěňěŋâ, n^2 = 0).

Ś (3; 3)-łćăďàĺłăňĺ ĺğ áŕĺáłă Ŕăńĺŋçăł áĺâãăæĺï áńěďãîéăï. Łćăďàĺłĺ Q_1, Q_2, Q_3 ŕàĺćőďĺňë (íłćĺćăńěŋâŋë ŕàïňőňã ŕàőĺğćěďěŋĺî) ĺ, ŕőíâőňã, ïćńïîâáï ĆĂŁłćăďàĺłăňĺ. Ĺğ ŕïâĺ ŋěŕàĺćőďĺňëå łćăďàĺł ĆĂŁ-łćăďàĺłăňĺ ïćńïîâáï ńĺèì ďćě: Q_4 ĺ Q_6. Ĺň áőőâćěâáâćãîâ R ⊗ n_1R ⊗ n_2R, čďě n^2_1 = n^2 = n_1n_2 = 0 ĺ R ⊗ nR ⊗ n^2R, čďě n^3 = 0.

Čàãŕŕă ŋěńĺŋěľŋëå ăćâőňőàäĺğňőć Aut_+ Q ĆĂŁ-łćăďàĺłĺ Q őŕàěďěńïěâáï äőàÄ ňãńőľ, ŕőńŋőáâìî ăŋăńőčĺçŋőľ äőàňãńě ďńï ăćâőňőàäĺğňőć (1; 1)-łćăďàĺłĺ:

z → (Id_k −2iaz − (r + iaa)w)^{−1}(z + aw);

w → (Id_k −2iaz − (r + iaa)w)^{−1}w;

čďě a ∈ A_C ĺ r ∈ A. Šăłĺň őąàăğőň, ďńï ĆĂŁ-łćăďàĺłĺ dim Aut_+ Q = 3k, ŕàĺ íâőň dim g_1 = 2k ĺ dim g_2 = k. İâő, ć çăáâŋőáâĺ, őğŋăçăěâ, çâő ć áŕĺáłě Ŕăńĺŋçăł ŕàĺáãâÄ áâćãîâ ćáě (3; 3)-ĆĂŁ-łćăďàĺłĺ. Ŕàĺçĺŋă ŕőïćńěŋĺï ŋěńĺŋěľŋëå ăćâőňőàäĺğňőć ã őáâăćèĺåáï âàěå łćăďàĺł ŋě ïáŋă. Ďăęě áàěďĺ ďćãå łćăďàĺł á áăňëňĺ ąőčăâëňĺ čàãŕÄ ŕăňĺ { Q_5 ĺ Q_6 { őďŋă (Q_5) ĆĂŁ-łćăďàĺłőľ ŋě ïćńïěâáï. Ćőğňőęŋő, ğă íâĺňĺ łćăďÄ àĺłăňĺ áłàëćăîâáï łăłĺě-âő ďàãčĺě ăńčěąàăĺçěáłĺě áâàãłâãàë.

4.6. Ňăâàĺçŋăï ăàĺäňěâĺłă Ěęőćă{Ÿňăńìæă. Řěğãńìâăâë íâőčő àăğďěńă âăłęě ŕőńãçěŋë Ěęőćëň ĺ Ÿňăńìæőň [26]{[29], [31].

Łăł íâő ćĺďŋő ĺğ łńăááĺäĺłăæĺĺ Ÿěćçěŋłő, (n; 2)-łćăďàĺłĺ, őąńăďăîéĺě ŋěńĺÄ ŋěľŋëňĺ ăćâőňőàäĺğňăňĺ, ŕő ăŋăńőčĺĺ á łńăááĺäĺłăæĺěľ (2; 2)-łćăďàĺł ňőęŋő ŕőďěÄ ńĺâì ŋă čĺŕěàąőńĺçěáłĺě, íńńĺŕâĺçěáłĺě, ŕăàăąőńĺçěáłĺě ĺ ŋãńì-łćăďàĺłĺ. ČĺŕěàÄ ąőńĺçěáłĺě łćăďàĺłĺ { íâő ŕàïňőě ŕàőĺğćěďěŋĺě ďćãå čĺŕěàłćăďàĺł, ĺå ňőęŋő ğăďăâì áőőâŋőèěŋĺïňĺ:

v_1 = r∑ 1 ”_i|z_i|^2; v_2 = n∑ r+1 ”_i|z_i|^2;

íńńĺŕâĺçěáłĺě łćăďàĺłĺ ĺňěîâáï âőńìłő ć çěâŋőľ àăğňěàŋőáâĺ, őŋĺ ğăďăîâáï áőőâÄ ŋőèěŋĺïňĺ:

v_1 = n=2∑ 1 Re(z_{2i−1}z_{2i}); v_2 = n=2∑ 1 Im(z_{2i−1}z_{2i});

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 27

ŕăàăąőńĺçěáłĺě:

v_1 = s∑ 1 ”_i|z_{2i}|^2; v_2 = s∑ 1 2 Re(z_{2i−1}z_{2i}) + n∑ 2s+1

”_i|z_i|^2;

čďě ”_i = ±1.

Ąãďěň ŕàěďáâăćńïâì ŕěàěňěŋŋőě z ňăâàĺæěľ Z ĺ ŕěàěňěŋŋőě w ňăâàĺæěľ W . İâő áőÄ őâćěâáâćĺě őŕàěďěńĺň ďńï łăęďőčő âĺŕă őáőąő. Ć čĺŕěàąőńĺçěáłőň áńãçăě ŕőńăčăěň:

Z = z_1 0 . . . . z_r 0 0 z_{r+1} . . . . 0 z_n

;

Z = ( ”_1z_1 : : : ”_rz_r 0 : : : 0 0 : : : 0 ”_{r+1}z_{z+1} : : : ”_nz_n ) ; W = ( w_1 0 0 w_2 ) ; W = ( w_1 0 0 w_2 ) : Ďńï íńńĺŕâĺçěáłĺå łćăďàĺł

Z = z_1 −z_2 z_2 z_1 . . . . z_{n=2−1} −z_{n=2} z_{n=2} z_{n=2−1} ;

Z = ( z_1 −z_2 : : : z_{n=2−1} −z_{n=2} z_2 z_1 : : : z_{n=2} z_{n=2−1} ) ; W = ( w_1 −w_2 w_2 w_1 ) ; W = ( w_1 −w_2 w_2 w_1 )

ĺ ďńï ŕăàăąőńĺçěáłĺå

Z = z_1 0 z_2 z_1 . . . . z_{2s−1} 0 z_{2s} z_{2s−1} z_{2s+1} 0 z_n 0

;

Z = ( ”_1z_1 0 : : : ”_sz_{2s−1} 0 0 : : : 0 z_2 z_1 : : : z_{2s} z_{2s−1} ”_{2s+1}z_{2s+1} : : : ”_nz_n ) ; W = ( w_1 0 w_2 w_1 ) ; W = ( w_1 0 w_2 w_1 ) :

28 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

Ćő ćáěå âàěå áńãçăïå łćăďàĺłă Q ğăďăěâáï őďŋĺň ĺ âěň ęě ňăâàĺçŋëň ãàăćŋěŋĺěň 1 2i (W − W ) = ZZ;

ă ěě ăćâőňőàäĺğňë ĺğ Aut_+ Q ğăďăîâáï ěďĺŋőľ äőàňãńőľ, ćŕőńŋě ăŋăńőčĺçŋőľ äőàÄ ňãńě ďńï ďàőąŋő-ńĺŋěľŋëå ăćâőňőàäĺğňőć (1; 1)-łćăďàĺłĺ:

Z → (Z + AW )(Id −2iAZ − (R + iAA)W )^{−1};

W → W (Id −2iAZ − (R + iAA)W )^{−1}:

Ŕăàăňěâàë a ∈ C^n ĺ r ∈ R^2 ŕàěďáâăćńěŋë ňăâàĺæăňĺ A ĺ R ć áőőâćěâáâćĺĺ c âěňĺ ęě ŕàăćĺńăňĺ, çâő z ĺ w. Ŕàĺ íâőň ďńï ćáěå âàěå łńăááőć dim Aut_+ Q = 2n + k, ŕàĺçěň dim g_1 = 2n, dim g_2 = 2. Ťőàňãńă ŕàěďáâăćńïěâ áőąőľ ňăâàĺçŋő ďàőąŋő-ńĺŋěľŋőě ćëàăęěŋĺě, ŕőíâőňã áâěŕěŋì ăćâőňőàäĺğňőć, ğăďăŋŋëå íâőľ äőàňãńőľ, àăćŋă ďćãň, çâő ŕőďâćěàęďăěâ čĺŕőâěğã ő áâěŕěŋĺ (áâěŕěŋì ŋě ŕàěćőáåőďĺâ łőàăğňěàŋőáâĺ).

İâĺňĺ âàěňï łńăááăňĺ ŋě ĺáçěàŕëćăîâáï ćáě łćăďàĺłĺ łőàăğňěàŋőáâĺ ďćă á ŋěÄ ńĺŋěľŋëňĺ ăćâőňőàäĺğňăňĺ. Ŕőáńěďŋĺľ, çěâćěàâëľ łńăáá, łőâőàëľ őâáãâáâćãěâ ć áĺâãăæĺĺ (2; 2), íâő âăł ŋăğëćăěňëě ŋãńì-łćăďàĺłĺ. İâő ŋěćëàőęďěŋŋëě łćăďàĺłĺ, ğăďăŋŋëě âăłőľ ŕăàőľ ňăâàĺæ H_1 ĺ H_2, çâő ńîąăï ĺå ńĺŋěľŋăï łőňąĺŋăæĺï ćëàőęÄ ďěŋă, â.ě. ĺå åăàăłâěàĺáâĺçěáłĺľ ňŋőčőçńěŋ P (t) = det(t_1H_1 + t_2H_2) àăćěŋ ŋãńî âőęďěáâćěŋŋő. Ć łăŋőŋĺçěáłőň ćĺďě íâő őğŋăçăěâ ŕàĺáãâáâćĺě łńěâőł âàěâìěčő âĺÄ ŕă. Ăćâőňőàäĺğňë ŋãńì-łćăďàĺł { íâő ŕàőěłâĺćŋëě ŕàěőąàăğőćăŋĺï C P^{n+k}.

İâĺ ŕőáâàőěŋĺï ŋăèńĺ áćőě ğăćěàèěŋĺě ć äőàňãńě, ďăîéěľ őąéĺľ ćĺď ňăâàĺçŋő ďàőąŋő-ńĺŋěľŋëå ăćâőňőàäĺğňőć ŕàőĺğćőńìŋőľ łćăďàĺłĺ.

Ŕãáâì A { ňăâàĺçŋăï ăńčěąàă ćĺďă A = { (D; d) ∈ gl(C ; n) × gl(C ; k) : ⟨Dz; z⟩ = d⟨z; z⟩ ďńï ćáěå z ∈ C^n } : Řăááňőâàĺň ŋăąőà ŕőńĺńĺŋěľŋëå őâőąàăęěŋĺľ:

^A: C^n ⊗ C^n → C^n ŋě őąïğăâěńìŋő áĺňňěâàĺçŋëľ;

a: C^k → C^n ;

B : C^n ⊗ C^k → C^n ;

^r : C^k ⊗ C^k → C^k íàňĺâőć;

łőâőàëě ãďőćńěâćőàïîâ áőőâŋőèěŋĺïň:

⟨ ^A(z; ı); ¸⟩ = 2i⟨z; a⟨¸; ı⟩⟩; ⟨B(z; w); ı⟩ = ^r(w; ⟨ı; z⟩):

Šőčďă ŋăąőà (A; a; B; r), čďě A(z; z) = ^A(z; z), r(u; u) = ^r(u; u) ãďőćńěâćőàïěâ áőőâÄ ŋőèěŋĺïň, őŕàěďěńïîéĺň íńěňěŋâ Aut_+ Q (áň. ŕ. 4.1). Őąàăâŋőě, ćőőąéě čőćőàï, ŋě ćěàŋő.

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 29

Śőőâŋőèěŋĺï, őŕàěďěńïîéĺě ŋăąőà ( ^A; a; B; ^r ), íłćĺćăńěŋâŋë âőňã, çâő ďńï ćáěå z ĺ w ( A(z; · ); 2i⟨z; a · ⟩ ) ∈ A; ( B( · ; w); r(w; · ) ) ∈ A:

Ŕőńìğãïáì íâĺň, ňőęŋő ŕőłăğăâì, çâő őâőąàăęěŋĺě z → ( Id_n −A(z; · ) − B( · ; w) −^1_2 A(aw; · ) )_{−1} (z + aw); w → ( Id_k −2i⟨z; a · ⟩ − r(w; · ) − i⟨aw; a · ⟩ )_{−1} w ïćńïěâáï ăćâőňőàäĺğňőň Q. Ĺğ-ğă ăŋăńőčĺĺ ňěęďã íâőľ äőàňãńőľ ĺ ăćâőňőàäĺğňăÄ ňĺ âàěåňěàŋőľ áäěàë ć C^2 , ĺğćěáâŋëňĺ ěéě Ŕãăŋłăàě, ŕőńãçěŋŋãî äőàňãńã ăćâőàë ŋăğćăńĺ äőàňãńőľ Ŕãăŋłăàě. Ăćâőňőàäĺğňë íâőčő âĺŕă őąàăğãîâ ŕőďčàãŕŕã čàãŕŕë ăćâőňőàäĺğňőć łćăďàĺłĺ. Ăćâőňőàäĺğňë ŋãńì-łćăďàĺłĺ łőàăğňěàŋőáâĺ ďćă ïćńïÄ îâáï ďàőąŋő-ńĺŋěľŋëňĺ ĺ, ŕőíâőňã, ğăďăîâáï äőàňãńőľ íâőčő âĺŕă. Ĺâăł, ćáě ăćâőÄ ňőàäĺğňë ŋěćëàőęďěŋŋëå łćăďàĺł łőàăğňěàŋőáâĺ ďćă őŕĺáëćăîâáï äőàňãńőľ ŔãÄ ăŋłăàě.

Ŕěàćëě ŋěńĺŋěľŋëě ăćâőňőàäĺğňë, ŋě őŕĺáëćăěňëě íâőľ äőàňãńőľ, ąëńĺ őąŋăÄ àãęěŋë ć áĺâãăæĺĺ (3; 3). Śàěďĺ ćőáìňĺ łćăďàĺł á ŋěńĺŋěľŋëňĺ ăćâőňőàäĺğňăňĺ, ŋăľďěŋŋëå Ŕăńĺŋçăł, łăł ãęě ąëńő őâňěçěŋő, ŕïâì (Q_1; Q_2; Q_3; Q_4; Q_6) ïćńïîâáï ĆĂŁ-łćăďàĺłăňĺ ĺ ĺå ăćâőňőàäĺğňë, âěň áăňëň, ğăďăîâáï äőàňãńőľ Ŕãăŋłăàě. Ťőàňãńőľ Ŕãăŋłăàě őŕĺáëćăîâáï âăłęě ăćâőňőàäĺğňë Q_5 ĺ Q_8. Łćăďàĺłă Q_7 őąńăďăěâ 9-ňěàŋőľ čàãŕŕőľ Aut_+ Q_7, âőčďă łăł ŕőďčàãŕŕă ăćâőňőàäĺğňőć Ŕãăŋłăàě ã ŋěě âàĺćĺăńìŋă.

Łőčďă íâő ąëńő őąŋăàãęěŋő, Ěęőć ĺ Ÿňăńìæ ŕőáâàőĺńĺ äőàňãńã ąőńěě őąéěčő ćĺÄ ďă, łőâőàăï őŕĺáëćăěâ ăćâőňőàäĺğňë ńîąőľ ŋěćëàőęďěŋŋőľ łćăďàĺłĺ. Ňë ŋě ŕàĺÄ ćőďĺň ğďěáì íâőčő ćěáìňă áńőęŋőčő ćëàăęěŋĺï. Őâňěâĺň ńĺèì âő, çâő őŋő ïćńïěâáï ňăâàĺçŋő-ďàőąŋő-łćăďàăâĺçŋëň, â.ě. łàőňě ńĺŋěľŋëå őŕěàăæĺľ ĺ ćğïâĺï őąàăâŋőčő àăğàěèăîâáï ŕàőĺğćěďěŋĺï ďćãå ňăâàĺçŋëå ćëàăęěŋĺľ [31].

5. Łćăďàăâĺçŋëě ĺŋćăàĺăŋâë CR-ňŋőčőőąàăğĺľ: âàĺ äńăčőćëå łőŋáâàãłæĺĺ

Őâáãâáâćĺě ã łćăďàĺłĺ őąéěčő ŕőńőęěŋĺï ŋěâàĺćĺăńìŋëå ăćâőňőàäĺğňőć, áőåàăÄ ŋïîéĺå âőçłã, ŋěíłćĺćăńěŋâŋőáâì ďćãå áńãçăľŋő ćëąàăŋŋëå łćăďàĺł { ćáě íâő ňőęŋő àăááňăâàĺćăâì łăł ŕàőïćńěŋĺě őďŋőčő äěŋőňěŋă: ŋăńĺçĺï ã łćăďàĺł ąőčăâőľ áĺáâěňë ĺŋćăàĺăŋâőć őâŋőáĺâěńìŋő ďěľáâćĺï čàãŕŕë GL(n; C )⊕GL(k; R). İâĺ ęě ĺŋćăàĺăŋâë ïćńïîâáï čőńőňőàäŋëňĺ ĺŋćăàĺăŋâăňĺ ďćăęďë čńăďłőľ ŕőćěàåŋőáâĺ ć łőňŕńěłáŋőň ŕàőáâàăŋáâćě ĺńĺ ďăęě ăąáâàăłâŋőľ, ŋě őąïğăâěńìŋő ĺŋâěčàĺàãěňőľ, CR-áâàãłâãàë. Ŕěàćăï ĺŋćăàĺăŋâŋăï łőŋáâàãłæĺï (åăàăłâěàĺáâĺçěáłĺľ ňŋőčőçńěŋ) ŕőïćĺńăáì ć àăÄ ąőâě Ř. Ňĺğŋěàă [41], ŕőáćïéěŋŋőľ ĺğãçěŋĺî CR-ňŋőčőőąàăğĺľ łőàăğňěàŋőáâĺ ďćă. Šěňă CR-ĺŋćăàĺăŋâőć ąëńă àăğćĺâă ć áěàĺĺ ğăňěâőł [13]{[16]. Ć àăąőâě Š. ČíààĺÄ âĺ ĺ Ř. Ňĺğŋěàă [33] ąëńă őŕĺáăŋă áĺáâěňă őąàăğãîéĺå àăæĺőŋăńìŋëå ĺŋćăàĺăŋâŋëå äãŋłæĺľ. Śőďěàęăŋĺě ďăŋŋőčő àăğďěńă áőőâćěâáâćãěâ ŕőďåőďã ăćâőàă [13]{[16].

30 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

Ŕěàćăï áěàĺï ĺŋćăàĺăŋâŋëå ňŋőęěáâć `(p) ŕàěďáâăćńïěâ áőąőľ áĺáâěňã ćńőęěŋÄ ŋëå ŕőďňŋőęěáâć ŕàőáâàăŋáâćă C^n , ğăďăŋŋëå őďŋőàőďŋëňĺ ŕőńĺŋőňĺăńìŋëňĺ ãáńőÄ ćĺïňĺ. Šăłĺě ňŋőęěáâćă ěáâěáâćěŋŋő àăááňăâàĺćăâì łăł ăńčěąàăĺçěáłĺě ŕőďňŋőčőőąÄ àăğĺï C P^{n−1}. Ŕãáâì (H_1; : : : ; H_k) { ŋăąőà íàňĺâőćëå ňăâàĺæ, ğăďăîéĺå (n; k)-łćăďàĺłã. Šőčďă `(p) = { z ∈ C P^{n−1} : rank_C (H_1z; : : : ; H_kz) ⩽ p } : Šő ěáâì ňŋőęěáâćő `(p) áőáâőĺâ ĺğ âěå ŋěŋãńěćëå ćěłâőàőć z, ďńï łőâőàëå áĺáâěňă ĺğ k ćěłâőàőć (H_1z; : : : ; H_kz) ĺňěěâ àăğňěàŋőáâì, ŋě ŕàěćőáåőďïéãî p. Ŕàĺ íâőň

∅ = `(0) ⊆ `(1) ⊆ · · · ⊆ `(k − 1) ⊆ `(k) = C P^{n−1};

â.ě. ` { íâő áĺáâěňă ćńőęěŋŋëå ăńčěąàăĺçěáłĺå ňŋőčőőąàăğĺľ (äńăčőćăï łőŋáâàãłÄ æĺï), ğăŋãňěàőćăŋŋëå æěńëňĺ çĺáńăňĺ 0 ⩽ p ⩽ k.

Ćâőàăï áěàĺï ňŋőęěáâć fl(q), 0 ⩽ q ⩽ n, őŕàěďěńïěâáï âăł:

fl(q) = { w ∈ C P^{k−1} : rank(w_1H_1 + · · · + w_kH_k) ⩽ q } : Šő ěáâì ňŋőęěáâćő fl(q) áőáâőĺâ ĺğ âěå ŋěŋãńěćëå ćěłâőàőć w, ďńï łőâőàëå ňăâàĺæă (w_1H_1 + · · · + w_kH_k) ĺňěěâ àăŋč, ŋě ŕàěćőáåőďïéĺľ q. Ŋăŕàĺňěà, fl(n − 1) { íâő ŋãÄ ńěćőě ňŋőęěáâćő åăàăłâěàĺáâĺçěáłőčő ňŋőčőçńěŋă ŕãçłă {P (w) = det(w_1H_1 + · · · + w_kH_k) = 0}. Ŕàĺ íâőň őŕïâì ćőğŋĺłăěâ äńăčőćăï łőŋáâàãłæĺï ĺğ ăńčěąàăĺçěáłĺå ŕőďňŋőčőőąàăğĺľ ŕàőěłâĺćŋőčő ŕàőáâàăŋáâćă

∅ = fl(0) ⊆ fl(1) ⊆ · · · ⊆ fl(n − 1) ⊆ fl(n) = C P^{k−1}:

Ěáńĺ n = 2, âő fl(n − 1) ∈ C P^1 íâő ňŋőęěáâćő áőąáâćěŋŋëå ğŋăçěŋĺľ ŕãçłă w_1H_1 + w_2H_2, ă `(2) ∈ C P^{n−1} íâő ňŋőęěáâćő áőąáâćěŋŋëå ćěłâőàőć, őâćěçăîéĺå áőąáâćěŋŋëň ğŋăçěŋĺïň ĺğ fl(n − 1). Ŕőíâőňã ć őąéěň áńãçăě ŕőńãçěŋŋëě äńăčőćëě łőŋáâàãłæĺĺ ïćńïîâáï ěáâěáâćěŋŋëň őąőąéěŋĺěň íâĺå ğăďăç: áěàĺï fl { ğăďăçĺ ŋă áőąáâćěŋŋëě ğŋăçěŋĺï, ă áěàĺï ` { ŋă áőąáâćěŋŋëě ćěłâőàë.

Šàěâìï äńăčőćăï łőŋáâàãłæĺï ffi ćőğŋĺłăěâ ŕàĺ àăááňőâàěŋĺĺ őáőąěŋŋőáâěľ ŕàőěłÄ âĺćĺğăæĺĺ łćăďàĺłĺ. Ěáńĺ őâ ăääĺŋŋëå łőőàďĺŋăâ (z; w), z ∈ C^n , w ∈ C^k , ŕěàěľâĺ ł ŕàőěłâĺćŋëň łőőàďĺŋăâăň (T; Z; W ), T ∈ C^1 , Z ∈ C^n , W ∈ C^k , á ŕőňőéìî ğăňěŋ z = Z=T , w = W=T , âő ãàăćŋěŋĺě Q ğăňëłăŋĺï łćăďàĺłĺ Q ąãďěâ ĺňěâì ćĺď

Im W T = ⟨Z; Z⟩:

Ŕàőěłâĺćĺğăæĺï čĺŕěàłćăďàĺłĺ ïćńïěâáï ŕàőěłâĺćŋő őďŋőàőďŋőľ, ŕàőěłâĺćŋëě ăćÄ âőňőàäĺğňë ďěľáâćãîâ ŋă ŋěľ âàăŋğĺâĺćŋő, čĺŕěàłćăďàĺłă ŋě ĺňěěâ őáőąěŋŋőáâěľ ŋă ąěáłőŋěçŋőáâĺ. Őďŋăłő ŕàĺ k ⩾ 2 íâő ŋě âăł. Čĺŕěàŕőćěàåŋőáâĺ, ŕěàěáěçěŋĺě łőâőàëå őąàăğãěâ łćăďàĺłã, ňőčãâ ŕěàěáěłăâìáï ŋă ąěáłőŋěçŋőáâĺ {T = 0} ŋě âàăŋáćěàáăńìÄ ŋő. Śăňăï čàãąăï åăàăłâěàĺáâĺłă ćőğŋĺłăîéĺå ğďěáì őáőąěŋŋőáâěľ íâő àăğňěàŋőáâì łăáăâěńìŋőčő ŕàőáâàăŋáâćă T (Q), łőâőàăï ďăěâ áâàăâĺäĺłăæĺî âőçěł Q^∞ = Q \ Q. İâă àăğňěàŋőáâì őŕàěďěńïěâáï àăŋčőň áĺáâěňë čàăďĺěŋâőć, őŕàěďěńïîéĺå łćăďàĺłã äãŋłæĺľ. Ŕãáâì e_j(T; Z; W ) = grad(− Im W_j T + ⟨Z; Z⟩), âőčďă

ffi(r) = { (T; Z; W ) ∈ C P^{n+k} : rank_C (e_1(T; Z; W ); : : : ; e_k(T; Z; W )) ⩽ r } :

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 31

Śĺáâěňă ffi âăłęě ïćńïěâáï äńăčőćőľ łőŋáâàãłæĺěľ ăńčěąàăĺçěáłĺå ŕőďňŋőęěáâć

∅ = ffi(0) ⊆ ffi(1) ⊆ · · · ⊆ ffi(n − 1) ⊆ ffi(k) = C P^{n+k}:

Ćáě âàĺ áěàĺĺ őŕàěďěńïńĺáì ŋěàăćěŋáâćăňĺ ŋă àăŋčĺ ć łőňŕńěłáŋőň ŕàőáâàăŋáâćě. Ňőęŋő ŕőńãçĺâì ąőńěě âőŋłãî áâàăâĺäĺłăæĺî Q^∞, àăááňőâàěć ćěéěáâćěŋŋëě ăŋăÄ ńőčĺ íâĺå äńăčőćëå łőŋáâàãłæĺľ:

`R(p) = { z ∈ RP^{2n−1} : rank_R (H_1z; : : : ; H_kz) ⩽ p } ; flR(q) = { u ∈ RP^{k−1} : rank(u_1H_1 + · · · + u_kH_k) ⩽ q } ; ffiR(r) = { (T; Z; W ) ∈ RP^{2n+2k} : rank_R (e_1(T; Z; W ); : : : ; e_k(T; Z; W )) ⩽ r } :

Őâňěâĺň âăłęě ěéě ďćă ĺŋćăàĺăŋâŋëå ňŋőęěáâćă: íàňĺâőć áćěâőćőľ łőŋãá S = {z ∈ RP^{2n−1} : ⟨z; z⟩ = 0} ĺ ŋãńì ąĺńĺŋěľŋőľ äőàňë S^′ = {(z; ı) ∈ C P^{2n−1} : ⟨z; ı⟩ = 0}.

Ěáńĺ ĺňěîâáï ďćă àőáâłă, íłćĺćăńěŋâŋëě ŕőáàěďáâćőň čőńőňőàäŋőčő ĺńĺ CR-őâőą-àăęěŋĺï, âő ĺå łăáăâěńìŋëě łćăďàĺłĺ íłćĺćăńěŋâŋë, ŕàĺçěň íłćĺćăńěŋâŋőáâì ãáâăÄ ŋăćńĺćăěâ ńĺŋěľŋőě őâőąàăęěŋĺě ćĺďă z → Cz, w → æw. İâő ĺ ěáâì ŕàĺçĺŋă âőčő, çâő ćáï áőćőłãŕŋőáâì ŕěàěçĺáńěŋŋëå ňŋőęěáâć ŕěàćőľ łćăďàĺłĺ őłăğëćăěâáï ńĺŋěľÄ ŋő íłćĺćăńěŋâŋőľ áőőâćěâáâćãîéĺň ňŋőęěáâćăň ćâőàőľ. Ŕàĺçěň íłćĺćăńěŋâŋőáâì ãáâăŋăćńĺćăěâáï:

ďńï äńăčőć ` ĺ `R, ă âăłęě S_1, S_2, S_3 ŕőáàěďáâćőň ĺŋďãæĺàőćăŋŋőčő ďěľáâćĺï C ŋă C P^{n−1} ĺ RP^{2n−1},

ďńï äńăčőć fl ĺ flR ŕőáàěďáâćőň ĺŋďãæĺàőćăŋŋőčő ďěľáâćĺï æ^′ { ňăâàĺæë, ŕőńãçěŋÄ ŋőľ âàăŋáŕőŋĺàőćăŋĺěň ĺğ æ ŋă C P^{k−1} ĺ RP^{k−1},

ďńï äńăčőć ffi ĺ ffiR ŕőáàěďáâćőň ĺŋďãæĺàőćăŋŋőčő ďěľáâćĺï ŕăàë (C; æ) ŋă C P^{n+k} ĺ RP^{2n+2k}.

Šő, çâő ŋă ŕěàěňěŋŋãî w ďěľáâćãîâ ćěéěáâćěŋŋëě ğăňěŋë, őğŋăçăěâ, çâő ćěéěáâÄ ćěŋŋőě ŕőďŕàőáâàăŋáâćő R^k = {Im w = 0} őáâăěâáï ĺŋćăàĺăŋâŋëň ĺ flR { íâő ŋě çâő ĺŋőě, łăł fl ∩ R^k .

Ţăàăłâěàĺáâĺçěáłĺľ ňŋőčőçńěŋ P (w) = det(w_1H_1 + · · · + w_kH_k) ŕàěőąàăğãěâáï áńěďãîéĺň őąàăğőň: P (w) → |det ~|^{−2} P (æ^′w).

Šăłĺň őąàăğőň, ćáě ńĺŋěľŋëě ĺŋćăàĺăŋâë ćáěå ŕěàěçĺáńěŋŋëå ňŋőęěáâć, ŕőáâàőÄ ěŋŋëå ŕő ŋěłőâőàőľ äőàňě ⟨z; z⟩, ïćńïîâáï ąĺčőńőňőàäŋëňĺ ĺŋćăàĺăŋâăňĺ łćăďàĺłĺ ĺ àőáâłă ŕőćěàåŋőáâĺ, ă âăłęě CR-ĺŋćăàĺăŋâăňĺ àőáâłă CR-ňŋőčőőąàăğĺï á ďăŋŋőľ äőàňőľ Ńěćĺ. Śàěďĺ íâĺå ĺŋćăàĺăŋâőć, ć ŕěàćãî őçěàěďì, áńěďãěâ őâňěâĺâì ŋăąőàë àăğňěàŋőáâěľ ĺ áâěŕěŋěľ. Ć íâőâ áŕĺáőł æěńőçĺáńěŋŋëå ĺŋćăàĺăŋâőć áńěďãěâ âăłęě ćłńîçĺâì ŋăąőà àăğňěàŋőáâěľ čàăďãĺàőćăŋŋëå łőňŕőŋěŋâ (dim g_0; dim g_1; dim g_2). Ąĺčőńőňőàäŋăï (ĺńĺ CR) íłćĺćăńěŋâŋőáâì ďćãå ćěéěáâćěŋŋëå ňŋőčőőąàăğĺľ őğŋăÄ çăěâ ńĺŋěľŋãî íłćĺćăńěŋâŋőáâì ćáěå ŕőáâàőěŋŋëå ňŋőęěáâć ĺ àăćěŋáâćő ćáěå ĺå ńĺÄ ŋěľŋëå ĺŋćăàĺăŋâőć ć łăęďőľ ŕăàě áőőâćěâáâćãîéĺå âőçěł.

32 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

Ďńï (2; 2)-łćăďàĺł ćáě äńăčĺ `; `R; fl; flR; ffi; ffiR ĺňěîâ ńĺèì őďŋã áőďěàęăâěńìŋãî ŕőğĺæĺî { ŕěàćãî. Ďńï âàěå áâăŋďăàâŋëå (2; 2)-łćăďàĺł łăàâĺŋă áńěďãîéăï:

Q_1 : `(1) { ďćě âőçłĺ; `R(1) { ďćě âőçłĺ;

fl(1) { ďćě âőçłĺ; flR(1) { ďćě âőçłĺ; ffi(1) { őďŋă âőçłă; ffiR(1) { őďŋă âőçłă;

Q_0 : `(1) { őďŋă âőçłă; `R(1) { ďćě ŕàïňëå;

fl(1) { őďŋă âőçłă; flR(1) { őďŋă âőçłă;

ffi(1) { ďćě âőçłĺ; ffiR(1) { őďŋă âőçłă ĺ őďŋă ŕàïňăï;

Q_{−1} : `(1) { ďćě âőçłĺ; `R(1) { ∅;

fl(1) { ďćě âőçłĺ; flR(1) { ∅; ffi(1) { âàĺ âőçłĺ; ffiR(1) { őďŋă âőçłă:

Ďńï àăğńĺçěŋĺï (3; 3) ĺ (3; 4)-łćăďàĺł ĺğ áŕĺáłőć Ŕăńĺŋçăł ĺ Ăŋĺáőćőľ ďőáâăâőçÄ ŋő åăàăłâěàĺáâĺçěáłőčő ňŋőčőçńěŋă P (w) ĺ áćěâőćőčő łőŋãáă S. Ŋăçŋěň áő áŕĺáłă Ŕăńĺŋçăł.

Q_1 : P (w) = w_1w_2w_3; flR(2) { âàĺ ŕàïňëě;

Q_2 : P (w) = −w_3(w_1 + iw_2)(w_1 − iw_2); flR(2) { őďŋă ŕàïňăï;

Q_3 : P (w) = −(w_2)^2w_3; flR(2) { ďćě ŕàïňëě;

Q_4 : P (w) = −(w_3)^3; flR(2) { őďŋă ŕàïňăï;

S { őďŋă ŕàïňăï;

Q_5 : P (w) = 0; flR(2) { ćáě ŕàőáâàăŋáâćő;

S { łőŋãá áâěŕěŋĺ çěâëàě;

Q_6 : P (w) = 0; flR(2) { ćáě ŕàőáâàăŋáâćő;

S { âàěåňěàŋőě ŕőďŕàőáâàăŋáâćő;

Q_7 : P (w) = 0; flR(2) { ćáě ŕàőáâàăŋáâćő;

S { âàěåňěàŋőě ŕőďŕàőáâàăŋáâćő ĺ łćăďàăâĺçŋëľ łőŋãá;

Q_8 : P (w) = −(w_3)^3; flR(2) { őďŋă ŕàïňăï;

S { łćăďàăâĺçŋëľ łőŋãá:

İâőčő ďőáâăâőçŋő, çâőąë ãąěďĺâìáï ć ŕőŕăàŋőľ ŋěíłćĺćăńěŋâŋőáâĺ íâĺå łćăďàĺł. Ěáńĺ ďńï ďőłăğăâěńìáâćă ŋěíłćĺćăńěŋâŋőáâĺ ŕàĺćńěçì àăğňěàŋőáâĺ łőňŕőŋěŋâ ăńčěąÄ àë, âő ć áŕĺáłě Ăŋĺáőćőľ őâńĺçĺâì őáâăěâáï ńĺèì Q_3 őâ Q_4 ĺ Q_5 őâ Q_9. Ŕěàćăï ŕăàă àăğńĺçăěâáï áâàőěŋĺěň łőŋãáă S. Ş Q_3 őŋ ŕńőáłĺľ, ă ã Q_4 { ŋěâ. Ćâőàăï { åăàăłâěÄ àĺáâĺçěáłĺň ňŋőčőçńěŋőň. Ş Q_3 àăğńőęěŋĺě ŋă ŋěŕàĺćőďĺňëě łőňŕőŋěŋâë áőďěàęĺâ

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 33

2 ŞŇŊ, â. 57, ćëŕ. 1 łàăâŋëľ ńĺŋěľŋëľ ňŋőęĺâěńì (P (w) = w_1^2(w_1 + w_2)), ă ã Q_4 ćáě âàĺ ńĺŋěľŋëå ňŋőÄ ęĺâěńï àăğńĺçŋë (P (w) = w_4(w_1 + iw_2)(w_1 − iw_2)).

Ďńï (3; 3)-łćăďàĺłĺ őąéěčő ŕőńőęěŋĺï łăł `(2), âăł ĺ fl(2) ïćńïîâáï ŋěőáőąëňĺ łãąĺçěáłĺňĺ łàĺćëňĺ ć C P^2. Łăł ĺğćěáâŋő, âăłăï łàĺćăï ĺňěěâ 9 âőçěł ŕěàěčĺąă, ŕàĺçěň íâă ďěćïâłă âőçěł ŋě őąńăďăěâ ŕàőěłâĺćŋëňĺ áĺňňěâàĺïňĺ (ďćőľŋëě őâŋőÄ èěŋĺï ćáěå çěâćěàőł ŕőŕăàŋő àăğńĺçŋë). Ŕőńìğãïáì íâőľ ăáĺňňěâàĺěľ, âőçłĺ ňőęŋő ãŕőàïďőçĺâì, âăł çâő ěáńĺ ĺňěěâáï ŕàőěłâĺćŋőě őâőąàăęěŋĺě őďŋőľ łãąĺłĺ ŋă ďàãÄ čãî, âő őŋő ŕěàěćěďěâ âőçłĺ ŕěàěčĺąă ŕěàćőľ łãąĺłĺ ć âőçłĺ ŕěàěčĺąă ćâőàőľ á áőåàăÄ ŋěŋĺěň ŕőàïďłă (ŕěàćãî ć ŕěàćãî, ĺ â. ď.). Ŕàĺ őâőąàăęěŋĺĺ łćăďàĺłĺ ŋă áěąï ďěľáâÄ ćĺě ŋă łőňŕńěłáŋőľ łăáăâěńìŋőľ áćőďĺâáï, âăłĺň őąàăğőň, ł áłăńïàŋëň àăáâïęěŋĺïň {z → ˘z}, čďě ˘ { ŋěŋãńěćőľ łőňŕńěłáŋëľ ňŋőęĺâěńì. İâő ĺ ïćńïěâáï čěőňěâàĺçěáłőľ ŕàĺçĺŋőľ ęěáâłőáâĺ łćăďàĺłĺ.

Ďńï ňŋőčőőąàăğĺľ á ęěáâłĺňĺ łăáăâěńìŋëňĺ łćăďàĺłăňĺ ćőŕàőáë łńăááĺäĺłăæĺĺ àěèăîâáï ćěáìňă ŕàőáâő [13], [16]. Ć çăáâŋőáâĺ, ŕàĺćěďěŋĺě ńőłăńìŋőčő ãàăćŋěŋĺï âăłőčő ňŋőčőőąàăğĺï ł ŋěłőâőàőľ ŋőàňăńìŋőľ äőàňě ŕőğćőńïěâ ćëŕĺáăâì ŕőńŋãî áĺáÄ âěňã ńőłăńìŋëå ĺŋćăàĺăŋâőć àőáâłă.

Őŕĺáăŋŋëě ĺŋćăàĺăŋâŋëě łőŋáâàãłæĺĺ ŋě âőńìłő ŕőğćőńïîâ ŕőńãçăâì ğăŕàěâë ŋă íłćĺćăńěŋâŋőáâì àőáâłőć, ŋő ĺ äőàňãńĺàőćăâì ğăŕàěâë ŋă áãéěáâćőćăŋĺě ŋěőąàăâĺÄ ňëå čőńőňőàäŋëå őâőąàăęěŋĺľ őďŋőčő àőáâłă ć ďàãčőľ. Łőŋěçŋő, ćáěčďă ěáâì ćőğÄ ňőęŋőáâì ŕőáâőïŋŋőčő őâőąàăęěŋĺï ć ńîąőľ àőáâőł, ŕőíâőňã âăłĺě ğăŕàěâë ĺňěîâ åăàăłâěà őæěŋőł ŋă áâěŕěŋì ćëàőęďěŋĺï (àăŋč łăáăâěńìŋőčő őâőąàăęěŋĺï). Ŕàĺçěň íâő łăáăěâáï ŋě âőńìłő őâőąàăęěŋĺľ łćăďàĺł, ŋő ĺ őâőąàăęěŋĺľ àőáâłőć čńăďłĺå ňŋőÄ čőőąàăğĺľ àăğŋëå âĺŕőć [15]. Ğăŕàěâë ďńï łćăďàĺł, łőŋěçŋő, őğŋăçăîâ ğăŕàěâë ĺ ďńï àőáâłőć á ďăŋŋëňĺ łăáăâěńìŋëňĺ łćăďàĺłăňĺ.

Ŕàĺćőďĺňëě ŋĺęě ãâćěàęďěŋĺï ďěńăîâáï ďńï łćăďàĺł őąéěčő ŕőńőęěŋĺï ŋă őáÄ ŋőćě ďăŋŋëå ő àăğňěàŋőáâïå ĺŋćăàĺăŋâŋëå ňŋőęěáâć, őďŋăłő âăł ęě ňőęŋő ĺááńěďőÄ ćăâì ĺ őáőąëě łćăďàĺłĺ. Ĺâăł, ďńï ćáěå ŕěàěçĺáńěŋŋëå ŋĺęě ŕăà ňőęŋő ãâćěàęďăâì, çâő ěáńĺ ĺňěěâáï őâőąàăęěŋĺě ŕěàćőľ łćăďàĺłĺ ćő ćâőàãî, âő àăŋč ěčő łăáăâěńìŋőčő őâőąàăęěŋĺï ňěŋìèě ňăłáĺňăńìŋő ćőğňőęŋőčő ŕő łàăľŋěľ ňěàě ŋă ďćě ěďĺŋĺæë. Ćőâ áŕĺáőł ŕăà:

1. čĺŕěàłćăďàĺłă âĺŕă (3; 1) ć (3; 3)-łćăďàĺłã; 2. čĺŕěàłćăďàĺłă âĺŕă (4; 1) ć (4; 3)-łćăďàĺłã; 3. (3; 2)-łćăďàĺłă ć (3; 3)-łćăďàĺłã; 4. (3; 3)-łćăďàĺłă ć (4; 4)-łćăďàĺłã; 5. (3; 3)-łćăďàĺłă ć (3; 5)-łćăďàĺłã.

6. Ňőďěńĺ ćëáèĺå ŕőàïďłőć

Ć ŕàěďëďãéĺå àăğďěńăå ňë ŕőŕëâăńĺáì ŕàőďěňőŋáâàĺàőćăâì, çâő ŋěćëàőęďěŋŋăï ćěéěáâćěŋŋăï łćăďàĺłă ć łőňŕńěłáŋőň ŕàőáâàăŋáâćě ïćńïěâáï őąêěłâőň, ğăňěçăâěńìÄ ŋëň ćő ňŋőčĺå őâŋőèěŋĺïå, ĺ çâő őŕĺáăŋĺě ăćâőňőàäĺğňőć, ŕőáâàőěŋĺě áĺáâěňë ĺŋćăÄ àĺăŋâőć ĺ łńăááĺäĺłăæĺï ďńï àőáâłőć ŕőćěàåŋőáâěľ (àőáâłőć CR-ňŋőčőőąàăğĺľ) ňőÄ čãâ őŕĺàăâìáï ŋă àěèěŋĺě íâĺå ğăďăç ďńï łăáăâěńìŋőľ łćăďàĺłĺ. Šő, çâő âăłőľ őąêÄ ěłâ áãéěáâćãěâ, ïćńïěâáï ąőńìèőľ ãďăçěľ. İâő äăłâ, ďőáâőľŋëľ ãďĺćńěŋĺï. Ŕőłăęěň

34 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

íâő ŋă ŕàőąńěňě ćëąőàă áâěŕěŋĺ ňőďěńĺ (íâő âă áâěŕěŋì d, łőâőàăï ďńï łćăďàĺłĺ àăćÄ ŋă ďćãň). Őâďěńìŋő ćğïâëě âàěąőćăŋĺě ãŋĺćěàáăńìŋőáâĺ ĺ őďŋőàőďŋőáâĺ őąă \àăąőâăÄ îâ" ŋă áŋĺęěŋĺě d. Ďěľáâćĺâěńìŋő, ňőďěńì áâěŕěŋĺ őďĺŋ ćěéěáâćěŋŋőčő ňŋőčőőąàăğĺï {Im w = 0} ĺ ãŋĺćěàáăńìŋă, ĺ őďŋőàőďŋă. Šàěąőćăŋĺě łőŋěçŋőňěàŋőáâĺ (čàãŕŕë ăćÄ âőňőàäĺğňőć) \àăąőâăěâ" ŋă ŕőćëèěŋĺě d: àőáâőł ŕőćěàåŋőáâĺ áâěŕěŋĺ ąőńìèě, çěň ďćă, őąéěčő ŕőńőęěŋĺï (ŋěłăï ŋěćëàőęďěŋŋőáâì) ĺňěěâ łőŋěçŋőňěàŋãî čàãŕŕã. Šő, çâő íâĺ ďćě ŕàőâĺćőąőàáâćãîéĺě âěŋďěŋæĺĺ áňőčńĺ \áőčńăáĺâìáï" ŋă d = 2 { íâő ãďăçă. Ĺ őáâăńìŋëě âàěąőćăŋĺï ĺğ áŕĺáłă âàěąőćăŋĺľ ł åőàőèěľ ňőďěńĺ ňőęŋő àăáÄ áňăâàĺćăâì łăł ąěáŕńăâŋőě ŕàĺńőęěŋĺě.

Őďŋăłő ŕàĺ àőáâě łőàăğňěàŋőáâĺ ćőğŋĺłăěâ ŋěłőâőàőě őáńőęŋěŋĺě. Ďěńő ć âőň, çâő àăğňěàŋőáâì ŕàőáâàăŋáâćă íàňĺâőćëå ňăâàĺæ ŕőàïďłă n łőŋěçŋă ĺ àăćŋă n^2. Ěáńĺ łőÄ àăğňěàŋőáâì ŕàěćğőľďěâ íâőâ àãąěę, âő ŕěàćăï çăáâì ãáńőćĺï łőŋěçŋőňěàŋőáâĺ áâăÄ ŋőćĺâáï ŋěćëŕőńŋĺňőľ. İâő ŕàĺćőďĺâ ł âőňã, çâő ćáě łćăďàĺłĺ âăłőčő âĺŕă őłăğëćăÄ îâáï ćëàőęďěŋŋëňĺ, ă ĺå čàãŕŕë ąěáłőŋěçŋőňěàŋëňĺ. Šăłĺň őąàăğőň, ŕàĺ k ¿ n^2 ŋěćőğňőęŋő áäőàňãńĺàőćăâì łàĺâěàĺľ łőŋěçŋőňěàŋőáâĺ čàãŕŕë àőáâłă âĺŕă (n; k) ć âěàňĺŋăå 2-áâàãĺ, ĺ ćőğŋĺłăěâ ŋěőąåőďĺňőáâì ć ŕőáâàőěŋĺĺ ŋőćőľ åőàőèěľ ňőďěńĺ.

Ŋă íâő ïćńěŋĺě ňőęŋő ŕőáňőâàěâì á ďàãčőľ áâőàőŋë. Ěáńĺ T^c(M) { àăááńőěŋĺě ćěéěáâćěŋŋëå ćěłâőàŋëå ŕőńěľ ŋă M, ŕàĺŋăďńěęăéĺå ć łăęďőľ âőçłě łőňŕńěłáŋőľ çăáâĺ łăáăâěńìŋőľ ŕńőáłőáâĺ, âő čàăďãĺàőćăŋŋăï ăńčěąàă Ńěćĺ{Šăŋăłĺ, ĺŋďãłâĺćŋő őŕàěďěńïěâáï áőőâŋőèěŋĺïňĺ

D^1 = T^c(M); D^{j+1} = [D^j; D^1] + D^j

(áłőąłă { íâő łőňňãâăâőà ŕőńěľ). Ěáńĺ íâă ŕőáńěďőćăâěńìŋőáâì áâăąĺńĺğĺàãěâáï ŋă l-ň èăčě D^{l−1} ≠ D^l = D^{l+1} = · · · = D^∞, čőćőàĺň, çâő ďńĺŋă ăńčěąàë àăćŋă l. ŊěÄ ćëàőęďěŋŋőáâì äőàňë Ńěćĺ őğŋăçăěâ âőčďă ć âőçŋőáâĺ âő, çâő ďńĺŋă ăńčěąàë àăćŋă ďćãň, ŕàĺçěň D^∞ = T (M). §áŋő, çâő ŕàĺ k ¿ n^2 íâő ŋěćőğňőęŋő. Ćëáèĺě łőàăğňěàÄ ŋőáâĺ âàěąãîâ ŕàĺćńěçěŋĺï łőňňãâăâőàőć ąőńěě ćëáőłĺå ŕőàïďłőć, çâő ć łőőàďĺŋăâÄ ŋëå âěàňĺŋăå őğŋăçăěâ ŕěàěåőď ł àăááňőâàěŋĺî áâàãľ ŕőàïďłă ćëèě, çěň ďćă.

Ěáâì ěéě őďŋő őąáâőïâěńìáâćő, ŕőąãęďăîéěě ŕěàěľâĺ ł àăááňőâàěŋĺî ąőńěě ćëáőÄ łĺå áâěŕěŋěľ. Ćáě àăąőâë ŕő łćăďàăâĺçŋëň ňőďěńïň ąëńĺ ćëŕőńŋěŋë ćő II-ň âëáïçěÄ ńěâĺĺ, ĺ ŋăáâãŕńěŋĺě III-čő âëáïçěńěâĺï ŕőąãęďăěâ ŕěàěľâĺ ł àăááňőâàěŋĺî ňőďěńěľ áâěŕěŋĺ âàĺ ĺ ćëèě.

6.1. Łãąĺçěáłăï ňőďěńì. Śãéěáâćãěâ, á âőçŋőáâìî ďő íłćĺćăńěŋâŋőáâĺ, ćáěÄ čő őďŋă ŋěćëàőęďěŋŋăï íàňĺâőćă äőàňă âĺŕă (n; n^2). İâő äőàňă, łőňŕőŋěŋâăňĺ łőÄ âőàőľ ïćńïěâáï ŕàőĺğćőńìŋëľ ŋăąőà ĺğ n^2 áłăńïàŋëå ńĺŋěľŋő ŋěğăćĺáĺňëå íàňĺâőÄ ćëå äőàň. Őąőğŋăçĺň íâã äőàňã çěàěğ ⟨z; z⟩. Ŕőćěàåŋőáâìî âĺŕă (n; K = n^2 + k), k ¿ 0, łőâőàăï ïćńïěâáï ŕőńŋëň ăŋăńőčőň ŋěćëàőęďěŋŋőľ łćăďàĺłĺ, â.ě. ŕőćěàåŋőáÄ âìî, ďńï łőâőàőľ ćëŕőńŋěŋ ŕőńŋëľ áŕĺáőł âàěąőćăŋĺľ, ŕàěďêïćńïěňëå ł åőàőèěľ ňőÄ ďěńĺ, ïćńïěâáï ŕőćěàåŋőáâì Q_3, ğăďăŋŋăï ć ŕàőáâàăŋáâćě C^n ⊕ C^{n2} ⊕ C^k c łőőàďĺŋăÄ âăňĺ (z ∈ C^n ; w_2 ∈ C^{n2} ; w_3 ∈ C^k ), n ¿ 0, k ¿ 0, ãàăćŋěŋĺïňĺ

Im w_2 = ⟨z; z⟩; Im w_3 = 2 Re ˘(z; z; z); (14)

čďě ˘(z; z; z) { őďŋőàőďŋăï äőàňă áâěŕěŋĺ ďćă ŕő z ĺ áâěŕěŋĺ őďĺŋ ŕő z áő ğŋăçěŋĺïňĺ ć C^k .

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 35 2* Čőćőàĺň, çâő ŕőćěàåŋőáâì Q_3 ïćńïěâáï łăáăâěńìŋőľ łãąĺłőľ àőáâłă âőčő ęě âĺŕă, ěáńĺ ěčő ńőłăńìŋëě ãàăćŋěŋĺï ňőęŋő ğăŕĺáăâì ć ćĺďě

Im w_2 = ⟨z; z⟩ + F_3 + · · · ; Im w_3 = 2 Re ˘(z; z; z ) + G_4 + · · · (15)

(ŕàĺ ŕőďáçěâě ćěáőć ŕőńìğãěňáï ŕàăćĺńőň: [z] = 1, [Re w_2] = 2, [Re w_3] = 3).

Őŕàěďěńěŋĺě. Ŕőćěàåŋőáâì (15) ŋăğëćăěâáï ŋěćëàőęďěŋŋőľ, ěáńĺ ⟨z; z⟩ { íâő ŋěćëàőęďěŋŋăï íàňĺâőćă äőàňă âĺŕă (n; n^2), ă łőőàďĺŋăâë äőàňë ˘(z; z; z) ńĺŋěľŋő ŋěğăćĺáĺňë.

Ŕőďőąŋő âőňã, łăł äőàňě Ńěćĺ ňőęŋő ďăâì ĺŋćăàĺăŋâŋőě őŕàěďěńěŋĺě, âăłőě őŕàěÄ ďěńěŋĺě ňőęŋő ďăâì ĺ łãąĺçěáłőľ äőàňě ˘. Ďńï íâőčő áńěďãěâ àăááňőâàěâì ŕőćâőàÄ ŋëľ łőňňãâăâőà (1; 0)-ŕőńěľ [17]. Ďńĺŋă ăńčěąàë Ńěćĺ{Šăŋăłĺ ŕőćěàåŋőáâĺ Q_3 àăćÄ ŋă 3.

Ĺáŕőńìğőćăŋĺě âăłĺå ŕőćěàåŋőáâěľ ĺňěěâ áćőĺ őčàăŋĺçěŋĺï, ćëâěłăîéĺě ĺğ âőčő, çâő àăğňěàŋőáâì ŕàőáâàăŋáâćă łãąĺçěáłĺå äőàň łőŋěçŋă ĺ àăćŋă n^2(n + 1). Ĺâăł, âő, çâő ŋěćëàőęďěŋŋăï ŕőćěàåŋőáâì Q_3 âĺŕă (n; K = n^2 + k) ŕàĺ k ⩽ n^2(n + 1) ïćńïÄ ěâáï åőàőèěľ ňőďěńìŋőľ ŕőćěàåŋőáâìî ŋěćëàőęďěŋŋëå àőáâłőć âőčő ęě âĺŕă, ňőęŋő ćëàăğĺâì âěň ęě áŕĺáłőň áćőľáâć [17], łőâőàëľ ŕàĺ d = 3 ŕőńãçăěâ áńěďãîéãî àěÄ ďăłæĺî.

1. Şŋĺćěàáăńìŋőáâì: ńîąőľ ŕőàőęďăîéĺľ Ńěćĺ-ŋěćëàőęďěŋŋëľ àőáâőł ňŋőčőőąÄ àăğĺï âĺŕă (n; K = n^2 + k) ć C^{n+K} íłćĺćăńěŋâěŋ àőáâłã ćĺďă (15);

2. Łőŋěçŋőňěàŋőáâì: (a) čàãŕŕă čőńőňőàäŋëå ăćâőňőàäĺğňőć ŕőćěàåŋőáâĺ Q_3 őąÄ éěčő ŕőńőęěŋĺï ïćńïěâáï łőŋěçŋőňěàŋőľ čàãŕŕőľ Ńĺ; (b) łàĺâěàĺěň łőŋěçŋőňěàŋőáÄ âĺ čàãŕŕë čőńőňőàäŋëå ăćâőňőàäĺğňőć Q_3 ïćńïěâáï ŋěćëàőęďěŋŋőáâì, â.ě. ńĺŋěľŋăï ŋěğăćĺáĺňőáâì ćáěå łőőàďĺŋăâŋëå äőàň; (c) ńîąăï ŕőćěàåŋőáâì ďăŋŋőčő âĺŕă, ğăďăŋÄ ŋăï ãàăćŋěŋĺïňĺ áâěŕěŋĺ ňěŋìèěľ, çěň âàĺ, ĺňěěâ ąěáłőŋěçŋőňěàŋãî čàãŕŕã;

3. Őďŋőàőďŋőáâì: Q_3 őďŋőàőďŋă, â.ě. ěě čőńőňőàäŋëě ăćâőňőàäĺğňë ďěľáâćãîâ ŋă ŋěľ âàăŋğĺâĺćŋő, őďŋőàőďŋőáâì őąěáŕěçĺćăěâáï łćăďàăâĺçŋő-âàěãčőńìŋëňĺ ŕàěőąàăÄ ğőćăŋĺïňĺ;

4. Śĺňňěâàĺçŋőáâì: (a) łãąĺłă ïćńïěâáï áăňőľ áĺňňěâàĺçŋőľ ŋěćëàőęďěŋŋőľ ŕőÄ ćěàåŋőáâìî, â.ě. àăğňěàŋőáâì čàãŕŕë àőáâłă ŋěćëàőęďěŋŋőľ ŕőćěàåŋőáâĺ ŋě ŕàěćőáÄ åőďĺâ àăğňěàŋőáâĺ čàãŕŕë ěě łăáăâěńìŋőľ łãąĺłĺ; (b) ăńčěąàă ăćâőňőàäĺğňőć łãąĺłĺ ŕăàăňěâàĺğãěâ áěňěľáâćő őâőąàăęěŋĺľ őďŋőčő ŋěćëàőęďěŋŋőčő àőáâłă ć ďàãčőľ;

5. Ăńčěąàăĺçěáłĺě áćőľáâćă: (a) ăńčěąàă Ńĺ čőńőňőàäŋëå ćěłâőàŋëå ŕőńěľ ŋă ŋěćëàőęďěŋŋőľ łãąĺłě { íâő ŋěłőâőàăï ăńčěąàă ŕőńĺŋőňĺăńìŋëå ćěłâőàŋëå ŕőńěľ őčàăŋĺçěŋŋőľ áâěŕěŋĺ, áâěŕěŋĺ łőíääĺæĺěŋâőć ŋě ŕàěćőáåőďïâ ŕïâĺ; (b) čàãŕŕă ăćâőÄ ňőàäĺğňőć ŋěćëàőęďěŋŋőľ łãąĺłĺ { íâő čàãŕŕă Ńĺ, ïćńïîéăïáï ŕőďčàãŕŕőľ čàãŕÄ ŕë ąĺàăæĺőŋăńìŋëå ŕàěőąàăğőćăŋĺľ C^{n+K} őčàăŋĺçěŋŋőľ áâěŕěŋĺ, ć łăçěáâćě őæěŋÄ łĺ áâěŕěŋĺ çĺáńĺâěńěľ ĺ ğŋăňěŋăâěńěľ ć ŋěáőłàăâĺňőň ŕàěďáâăćńěŋĺĺ ňőęŋő ćğïâì 15(n + K); (c) ďćă àőáâłă íłćĺćăńěŋâŋë ńĺèì ć âőň áńãçăě, ěáńĺ íłćĺćăńěŋâŋë ĺå łăÄ áăâěńìŋëě łãąĺłĺ, ďćě łãąĺłĺ čőńőňőàäŋő íłćĺćăńěŋâŋë ć âőň ĺ âőńìłő âőň áńãçăě, łőčďă őŋĺ íłćĺćăńěŋâŋë ńĺŋěľŋő.

36 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

Őâŋőáĺâěńìŋő áâàőěŋĺï ăńčěąàë ăćâőňőàäĺğňőć łãąĺłĺ AutQ_3 ňőęŋő áłăğăâì áńěÄ ďãîéěě. Ććěďěň čàăďãĺàőćłã ć ŕàőáâàăŋáâćě ćěłâőàŋëå ŕőńěľ á łőíääĺæĺěŋâăňĺ, ğăÄ ćĺáïéĺňĺ őâ (z; w_2; w_3), ŕőńăčăï

[z] = 1; [w_2] = 2; [w_3] = 3 [ @ @z ] = −1; [ @ @w_2 ] = −2; [ @ @w_3 ] = −3;

âőčďă ăńčěąàă Aut Q_3 áâăŋőćĺâáï čàăďãĺàőćăŋŋőľ ăńčěąàőľ Ńĺ ćĺďă

g_{−3} + g_{−2} + g_{−1} + g_0 + g_1 + g_2 + g_3 + g_4 + g_5 + g_6:

Ŕàĺ íâőň ŕőďăńčěąàă g_− = g_{−3} + g_{−2} + g_{−1} { íâő ăńčěąàă Ńĺ čàãŕŕë âàěãčőńìÄ ŋő-łćăďàăâĺçŋëå ŕàěőąàăğőćăŋĺľ Aut_− Q_3 ćĺďă

z → p + z;

w_2 → (q + i⟨p; p⟩) + 2i⟨z; p⟩ + w_2;

w_3 → (r + 2i Re ˘(p; p; p )) + 4i˘(z; p; p ) + 2i˘(z; z; p) + 2i˘(p; p; z) + sw_2 + w_3;

ŕàĺçěň (p; q; r) ŕàőĺğćőńìŋăï âőçłă Q_3 ĺ

Re ˘(z; p; z) = s⟨z; z⟩:

Šő ěáâì Aut_− Q_3 { íâő âă ŕőďčàãŕŕă, łőâőàăï őąěáŕěçĺćăěâ őďŋőàőďŋőáâì Q_3, áőőâćěâÄ áâćěŋŋő dim Aut_− Q_3 = dim Q_3 = 2n + n^2 + k.

Ŕőďăńčěąàă g_0 áőőâćěâáâćãěâ ńĺŋěľŋëň ăćâőňőàäĺğňăň łãąĺłĺ

z → ~z; ı → æı; w → ˚w; čďě ⟨~z; ~z⟩ = æ⟨z; z⟩; ˘(~z; ~z; ~z ) = ˚˘(z; z; z ):

Řăğňěàŋőáâì íâőľ čàãŕŕë ňőęěâ ňěŋïâìáï ć ğăćĺáĺňőáâĺ őâ łãąĺçěáłőľ äőàňë ˘. Ŋő, łăł ćĺďŋő ĺğ őŕàěďěńïîéĺå áőőâŋőèěŋĺľ, ěáńĺ äĺłáĺàőćăâì ğŋăçěŋĺě ŋěćëàőęďěŋŋőľ ňăâàĺæë ~, âő ğŋăçěŋĺï æ ĺ ˚ őŕàěďěńïîâáï őďŋőğŋăçŋő. Ŕőíâőňã áŕàăćěďńĺćă őæěŋłă dim Aut_0 Q ⩽ 2n^2. İâã ŕőďčàãŕŕã ăćâőňőàäĺğňőć łãąĺłĺ őąőğŋăçĺň Aut_0 Q.

Ďěľáâćĺě čőńőňőàäŋëå ğăňěŋ ŋă àőáâłĺ ŕőàőęďăěâ ńĺŋěľŋőě ďěľáâćĺě ŋă łăáăâěńìÄ ŋëě łãąĺłĺ čàãŕŕë GL(n; C ) ⊕ GL(k; R) ćĺďă

˘(z; z; z) → ˚˘(~^{−1}z; ~^{−1}z; ~^{−1}z):

Ŕőďăńčěąàă g_+ = g_1 + g_2 + g_3 + g_4 + g_5 + g_6 íâő ŋĺńìŕőâěŋâŋăï ăńčěąàă Ńĺ. Ěľ áőőâćěâáâćãěâ ŕőďčàãŕŕă ŋěńĺŋěľŋëå ăćâőňőàäĺğňőć łãąĺłĺ, áőåàăŋïîéĺå ŋăçăńő łőőàďĺŋăâ. Ŕàĺçěň âăłĺå, çâő ~ = E_n, æ = E_n2 , ˚ = E_k. İâã čàãŕŕã ňë őąőğŋăÄ çĺň çěàěğ Aut_+ Q. Ć àăğőąàăŋŋëå ŕàĺňěàăå: (1; 2) [19], (1; 3), (1; 4), (1; 5), (1; 6) [51], (n; n^2 + 1) [49] íâőľ ŕőďăńčěąàë ŕàőáâő ŋěâ (= 0) ĺ ćáě ăćâőňőàäĺğňë, áőåàăŋïîéĺě âőçłã, ńĺŋěľŋëě. Šăłĺň őąàăğőň, ćőŕàőá ő áãéěáâćőćăŋĺĺ łãąĺłĺ á ŋěâàĺćĺăńìŋőľ ŕőďčàãŕŕőľ Aut Q_3 őâłàëâ. Ŕàĺ íâőň, ŕő-ćĺďĺňőňã, łăł ĺ ć áńãçăě á łćăďàĺłăňĺ (ęěáâłőáâì), ďńï łãąĺłĺ őąéěčő ŕőńőęěŋĺï âăłĺå ăćâőňőàäĺğňőć ŋěâ, ĺ àěçì ĺďěâ ő ŕőĺáłě ĺáłńîçĺâěńìŋëå łãąĺł.

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 37

6.2. Łćăğĺŕěàĺőďĺçěáłăï áĺáâěňă ňőďěńìŋëå ŕőćěàåŋőáâěľ. Ŕàĺćěďěŋŋăï ďńï d = 2; 3 łőŋáâàãłæĺï ĺňěěâ őąőąéěŋĺě ďńï ňŋőčőőąàăğĺľ á ŕàőĺğćőńìŋő ąőńìèőľ ďńĺŋőľ ăńčěąàë Ńěćĺ{Šăŋăłĺ [18]. Ŕàőæěáá ŕőàőęďěŋĺï ňőďěńìŋëå ŕőćěàåŋőáâěľ ćáě ąőńěě ćëáőłĺå áâěŕěŋěľ ŋăŕőňĺŋăěâ ŕàőæěáá ğăŕőńŋěŋĺï íńěłâàőŋăňĺ àăğàěèěŋŋëå íŋěàčěâĺçěáłĺå ãàőćŋěľ ć ăâőňě [38]. Ŕàĺ íâőň ćáï áěàĺï ŋăŕőňĺŋăěâ ŕěàĺőďĺçěáłãî áĺáâěňã íńěňěŋâőć Ď. Ĺ. Ňěŋďěńěěćă.

Ŕãáâì F_{m;n} { ŕàőáâàăŋáâćő ćěéěáâćěŋŋëå ňŋőčőçńěŋőć őâ (z_1; : : : ; z_n; z_1; : : : ; z_n) áâěŕěŋĺ m, çìě àăğńőęěŋĺě ŕő ąĺáâěŕěŋïň ŋě áőďěàęĺâ łőňŕőŋěŋâ (m; 0) ĺ (0; m). ŠőčÄ ďă ěáńĺ k_{m;n} = dim F_{n;m}, âő k_{m;n} = C^m_{2n+m−1} − 2C^m_{n+m−1}, ěáńĺ K_{m;n} = k_{2;n} + k_{3;n} + · · · + k_{m;n}, âő K_{m;n} = C^m_{2n+m} − 2C^m_{n+m} + 1. Ć çăáâŋőáâĺ,

k_{2;n} = n^2; k_{3;n} = n^2(n + 1); k_{4;n} = n^2(n + 1)(7n + 1)=12:

Ňőďěńìŋăï ŕőćěàåŋőáâì Q_d âĺŕă (n; K) áâěŕěŋĺ d, čďě K_{d−1;n} ¡ K ⩽ K_{d;n}, íâő ŕőćěàåŋőáâì, ğăďăŋŋăï ć ŕàőáâàăŋáâćě

C^n ⊕ C^{k2;n} ⊕ · · · ⊕ C^{kd−1;n} ⊕ C^k ;

k = K − K_{d−1;n}, á łőőàďĺŋăâăňĺ (z; w_2; : : : ; w_d) áőőâŋőèěŋĺïňĺ

Im w_m = ˘_m(z; z); m = 2; : : : ; d; (16)

ŕàĺçěň ˘_m ďńï m = 2; : : : ; d − 1 { íâő ćěłâőà, áőáâăćńěŋŋëľ ĺğ ąăğĺáŋëå íńěňěŋâőć ŕàőáâàăŋáâćă F_m, ă ˘_d { ćěłâőà ĺğ ńĺŋěľŋő ŋěğăćĺáĺňëå íńěňěŋâőć F_d. Ŕàĺ d = 2 ňë ŕőńãçăěň ŋěćëàőęďěŋŋãî łćăďàĺłã, ă ŕàĺ d = 3 { ŋěćëàőęďěŋŋãî łãąĺłã. ŔőďÄ çěàłŋěň, çâő áâěŕěŋì d ŋě ïćńïěâáï ŋěğăćĺáĺňëň ŕăàăňěâàőň ć őâńĺçĺě őâ n ĺ K, ă őŕàěďěńïěâáï ãáńőćĺěň ŕőŕăďăŋĺï ć őŕàěďěńěŋŋëľ ĺŋâěàćăń ğŋăçěŋĺľ.

Ŕőćěàåŋőáâì Q_d ąãďěň ŋăğëćăâì łăáăâěńìŋőľ ňőďěńìŋőľ ŕőćěàåŋőáâìî ďńï àőáâłă ćĺďă Im w_2 = ˘_2 + çńěŋë ćěáă âàĺ ĺ ąőńěě;

: : :

Im w_d = ˘_d + çńěŋë ćěáă (d + 1) ĺ ąőńěě:

(17)

Ŕàĺ ŕőďáçěâě ćěáőć ŕàĺŋïâő őçěćĺďŋőě áőčńăèěŋĺě [Re w_j ] = j. Ćěéěáâćěŋŋő ăńÄ čěąàăĺçěáłãî ŕőćěàåŋőáâì Q_d ćĺďă (15) ąãďěň ŋăğëćăâì łăáăâěńìŋőľ ňőďěńìŋőľ ŕőÄ ćěàåŋőáâìî àőáâłă M_0 ćĺďă (16). Ŕőćěàåŋőáâì ĺ àőáâőł ąãďěň ŋăğëćăâì ŋěćëàőęďěŋÄ ŋëňĺ, ěáńĺ ćáě łőőàďĺŋăâŋëě äőàňë ˘ ńĺŋěľŋő ŋěğăćĺáĺňë.

Ŕőćěàåŋőáâĺ áěàĺĺ Q_d ãďőćńěâćőàïîâ ćáěň âàěąőćăŋĺïň, ŕàěďêïćńïěňëň ł åőàőÄ èĺň ňőďěńïň, ğă őďŋĺň, ŋő áãéěáâćěŋŋëň, ĺáłńîçěŋĺěň. Řěçì ĺďěâ ő âàěąőćăŋĺĺ ãŋĺÄ ćěàáăńìŋőáâĺ. İâőňã âàěąőćăŋĺî Q_d ãďőćńěâćőàïěâ ŕàĺ d = 2 ĺ 3. Ĺáŕőńìğãï ŕàőáÄ âěľèĺě ğăňěŋë, ŋěâàãďŋő ŕőłăğăâì, çâő ńîąőľ àőáâőł âĺŕă (n; K), čďě K_3 ¡ K ⩽ K_4, á ŋěćëàőęďěŋŋőľ 3-áâàãěľ ňőęŋő ğăŕĺáăâì ć ćĺďě

Im w_2 = ˘_2(z; z ) + çńěŋë ćěáă âàĺ ĺ ąőńěě; Im w_3 = ˘_3(z; z ) + çńěŋë ćěáă çěâëàě ĺ ąőńěě; Im w_4 = ˘_4(z; z ) + çńěŋë ćěáă ŕïâì ĺ ąőńěě;

(18)

38 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

çâő ďőłăğëćăěâ ãŋĺćěàáăńìŋőáâì ďăŋŋőľ ňőďěńĺ ŕàĺ d = 4. Ŕàĺ d ⩾ 5 íâő ãęě ŋě âăł. Ŕàĺçĺŋă ć âőň, çâő ďőńï ŕěàěňěŋŋëå čàãŕŕë z (łőňŕńěłáŋăï łăáăâěńìŋăï) áâăŋőćĺâáï áńĺèłőň ňăńőľ ć őąéěľ áőćőłãŕŋőáâĺ łőőàďĺŋăâ ŕàőáâàăŋáâćă. İâő ŕàĺćőďĺâ ł âőňã, çâő ŋě ãďăěâáï ćëąőàőň ńőłăńìŋëå łőőàďĺŋăâ őąěáŕěçĺâì ŕàăćĺńìŋőě łăáăŋĺě àőáâłă ĺ ŋăèěľ ňőďěńìŋőľ ŕőćěàåŋőáâĺ. Ćëåőď őçěćĺďěŋ: áńěďãěâ àăáèĺàĺâì łńăáá ňőďěńìÄ ŋëå ŕőćěàåŋőáâěľ, àăğàěèĺć ŋěłőâőàãî ğăćĺáĺňőáâì őâ ŕěàěňěŋŋëå čàãŕŕë Re w. İâő ňőęŋő áďěńăâì, ŋě âěàïï őďŋőàőďŋőáâĺ. Őďŋăłő ãğńőćőľ ŕãŋłâ ŋăèěľ ŕàőčàăňňë { íâő ŕőńãçěŋĺě łàĺâěàĺï łőŋěçŋőňěàŋőáâĺ. Łőŋěçŋőňěàŋőáâì, ŋă ãàőćŋě ăńčěąàë, ćňěáâě á ŕőńĺŋőňĺăńìŋőáâìî ĺ őæěŋłőľ áâěŕěŋĺ ąëńă ŕőńãçěŋă ĺğ ăŋăńĺğă ńĺŋěľŋőľ áĺáâěňë ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ. Ŕěàěåőď ł ňőďěńïň á ğăćĺáĺňőáâìî őâ Re w őğŋăçăěâ, çâő áĺáâěňă ŕěàěáâăěâ ąëâì áĺáâěňőľ á ŕőáâőïŋŋëňĺ łőíääĺæĺěŋâăňĺ. İâő ŕàĺćőďĺâ ł âőňã, çâő ďĺääěàěŋæĺăńìŋëě őŕěàăâőàë, á ŕőňőéìî łőâőàëå ğăŕĺáëćăěâáï áĺáâěÄ ňă, ŕěàěáâăîâ łőňňãâĺàőćăâì. Ć áćïğĺ á íâőľ ŋěłőňňãâăâĺćŋőáâìî ćőğŋĺłăîâ âěåÄ ŋĺçěáłĺě ŕàěŕïâáâćĺï, łőâőàëě, łăł ňőęŋő ŋăďěïâìáï, ąãďãâ ć ąńĺęăľèěň ąãďãéěň ŕàěőďőńěŋë.

Ś ňőďěńìŋëňĺ ŕőćěàåŋőáâïňĺ ćëáőłĺå áâěŕěŋěľ áćïğăŋ ěéě őďĺŋ ňăńő ĺááńěďőćăŋÄ ŋëľ ćőŕàőá. Ŕőńőęĺâěńìŋő őŕàěďěńěŋŋëě łćăďàĺłĺ ïćńïîâáï őáâőćăňĺ őďŋőàőďŋëå őąńăáâěľ. Łăęďőľ ňőďěńìŋőľ ŕőćěàåŋőáâĺ ňőęŋő áőŕőáâăćĺâì ěě őąőńőçłã čőńőňőàäÄ ŋőáâĺ. İâő ŋěłăï őąńăáâì ć C^{n+K} . Ěáńĺ ňőďěńìŋăï ŕőćěàåŋőáâì ïćńïěâáï ć łăłőň-ńĺąő áňëáńě ćëŕãłńőľ (\ŕőńőęĺâěńìŋăï őŕàěďěńěŋŋőáâì"), âő őąőńőçłă ïćńïěâáï őąńăáÄ âìî, ŋě áőćŕăďăîéěľ áő ćáěň ŕàőáâàăŋáâćőň, ěáńĺ ŕőćěàåŋőáâì ňőęŋő ŕőňěáâĺâì ć őáâàëľ łőŋãá, âő őŋă őłăğëćăěâáï őąńăáâìî, ąĺčőńőňőàäŋő íłćĺćăńěŋâŋőľ őčàăŋĺÄ çěŋŋőľ. Őďŋőàőďŋőáâì őáâőćă ŕőğćőńïěâ ŋăďěïâìáï ŋă âő, çâő őďŋőàőďŋőľ ąãďěâ ĺ áăÄ ňă őąőńőçłă. Ěáńĺ íâő âăł, âő ňőďěńìŋëě ŕőćěàåŋőáâĺ ňőčãâ őłăğăâìáï ĺáâőçŋĺłőň ŋőćëå ŕàĺňěàőć őďŋőàőďŋëå őčàăŋĺçěŋŋëå őąńăáâěľ (ŋőćëě őąńăáâĺ Ğĺčěńï).

7. Ŕőćěàåŋőáâĺ á ćëàőęďěŋĺïňĺ

Ŋă ŕàőâïęěŋĺĺ ćáěľ ďăŋŋőľ àăąőâë ŕàĺ ŕőáâàőěŋĺĺ ňőďěńìŋëå ŕőćěàåŋőáâěľ ňë ŕőáńěďőćăâěńìŋő ãåőďĺńĺ őâ àăááňőâàěŋĺï \ćëàőęďěŋŋëå" áĺâãăæĺľ. Ć íâőň àăğďěÄ ńě ňë łőáŋěňáï íâőľ ŕàőąńěňăâĺłĺ. İâő ŕőğćőńĺâ ŋăň áäőàňãńĺàőćăâì, ć łăçěáâćě čĺŕőâěğë, ěéě őďŋő áćőľáâćő åőàőèĺå ňőďěńìŋëå ŕőćěàåŋőáâěľ. Ć íâőň àăğďěńě ćáě àăááňăâàĺćăěňëě ŕőćěàåŋőáâĺ ąãďěň áçĺâăâì ćěéěáâćěŋŋő ăŋăńĺâĺçěáłĺňĺ ĺ áćïğŋëÄ ňĺ. Řăááňőâàĺň őŕïâì âã ŕàőáâěľèãî áĺâãăæĺî, á łőâőàőľ ňë ŋăçĺŋăńĺ. Ŕãáâì M { áćïğŋăï ŕőćěàåŋőáâì âĺŕă (1; 1), â.ě. čĺŕěàŕőćěàåŋőáâì ć C^2 , ĺ ¸ { íâő ěě âőçłă. Ěáńĺ äőàňă Ńěćĺ čĺŕěàŕőćěàåŋőáâĺ ć âőçłě ¸ ŋěćëàőęďěŋă, âő, łăł ŋăň åőàőèő ĺğćěáâŋő, dim Aut M_¸ ⩽ dim Aut Q = 8, čďě Q { ěďĺŋáâćěŋŋăï ňőďěńìŋăï ŕőćěàåŋőáâì ďăŋŋőčő âĺŕă. Ěáńĺ äőàňă ć âőçłě ćëàőęďěŋă, âő M áőďěàęĺâ ŋěŕãáâőě ăŋăńĺâĺçěáłőě ŕőďÄ ňŋőęěáâćő M_0 = {p ∈ M : M ćëàőęďěŋă ć p}. Ěáńĺ M_0 áőďěàęĺâ őâłàëâëě çăáÄ âĺ M, âő ŕő âěőàěňě ěďĺŋáâćěŋŋőáâĺ M_0 = M. Ć íâőň áńãçăě ĺğ âěőàěňë Ťàőąěŋĺãáă áńěďãěâ, çâő ć ŋěłőâőàëå čőńőňőàäŋëå łőőàďĺŋăâăå ć őłàěáâŋőáâĺ ńîąőľ áćőěľ âőçłĺ čĺŕěàŕőćěàåŋőáâì M ïćńïěâáï čĺŕěàŕńőáłőáâìî. Ć çăáâŋőáâĺ, dim Aut M_¸ = ∞ ĺ íâő ňőęŋő áłăğăâì ő ńîąőľ âőçłě íâőľ čĺŕěàŕőćěàåŋőáâĺ.

Őłăğëćăěâáï, çâő íâő ěďĺŋáâćěŋŋăï ćőğňőęŋőáâì ďńï àőáâłă čĺŕěàŕőćěàåŋőáâĺ ĺňěâì ąěáłőŋěçŋőňěàŋãî čàãŕŕã. Ąőńěě âőčő, ňőęŋő ãâćěàęďăâì, çâő ěáńĺ čĺŕěàŕőÄ

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 39

ćěàåŋőáâì ŋě ïćńïěâáï ńőłăńìŋő ŕńőáłőľ, âő ć ńîąőľ ěě âőçłě, łăł ć ŋěćëàőęďěŋŋőľ, âăł ĺ ć ćëàőęďěŋŋőľ, dim Aut M_¸ ⩽ dim Aut Q = 8.

Ďőłăğăâì íâő ŋěáńőęŋő. Řăááňőâàĺň ŕàőĺğćőńìŋëě ďěćïâì ćěłâőàŋëå ŕőńěľ (X_1; : : : ; X_9) ĺğ aut M_¸, őŕàěďěńěŋŋëě ć őłàěáâŋőáâĺ U_¸ âőçłĺ ¸. Łőńì áłőàő M ŋě ïćńïěâáï ńőłăńìŋő ŕńőáłőľ, âő M \M_0 ěáâì őâłàëâőě ŕńőâŋőě ŕőďňŋőęěáâćő M, ĺ ŕãáâì ¸^′ { ŕàőĺğćőńìŋăï âőçłă ĺğ (M \M_0)∩U_¸. Ć âőçłě ¸^′ čĺŕěàŕőćěàåŋőáâì M ŋěćëàőęďěŋă, ŕőíâőňã ĺğ ďěćïâĺ ŕőńěľ ňőęŋő áőáâăćĺâì ŋěâàĺćĺăńìŋãî ńĺŋěľŋãî łőňąĺŋăæĺî á ćěéěáâćěŋŋëňĺ łőíääĺæĺěŋâăňĺ, âőęďěáâćěŋŋő àăćŋãî ŋãńî ć őłàěáâŋőáâĺ ¸^′. İâĺ ŕőńï ĺňěîâ čőńőňőàäŋëě łőíääĺæĺěŋâë ć ŕőńŋőňěàŋőľ őłàěáâŋőáâĺ ¸, ĺå áãęěŋĺï ŋă M ĺňěîâ ćěéěáâćěŋŋő ăŋăńĺâĺçěáłĺě łőíääĺæĺěŋâë, ŕőíâőňã őąàăéěŋĺě ć ŋãńì ńĺŋěľŋőľ łőňąĺŋăæĺĺ ŕő âěőàěňě ěďĺŋáâćěŋŋőáâĺ ŕàőďőńęăěâáï ĺğ őłàěáâŋőáâĺ âőçłĺ ¸^′ ŋă ćáî őłàěáâŋőáâì U_¸. İâő ğăćěàèăěâ ďőłăğăâěńìáâćő.

Ĺâăł, ěáńĺ M { áćïğŋăï ćěéěáâćěŋŋő ăŋăńĺâĺçěáłăï čĺŕěàŕőćěàåŋőáâì ć C^2 ĺ ¸ { ěě âőçłă, âő ĺňěěâ ňěáâő áńěďãîéăï

Ăńìâěàŋăâĺćă (ďńï čĺŕěàŕőćěàåŋőáâĺ ć C^2 ):

ńĺąő dim Aut M_¸ = ∞ ĺ M ć őłàěáâŋőáâĺ ńîąőľ áćőěľ âőçłĺ íłćĺćăńěŋâŋă čĺŕěàÄ ŕńőáłőáâĺ;

ńĺąő dim Aut M_¸ ⩽ dim Aut Q(1; 1) = 8.

Šăłĺň őąàăğőň, čĺŕěàłćăďàĺłă ïćńïěâáï áăňőľ áĺňňěâàĺçŋőľ čĺŕěàŕőćěàåŋőáâìî ŋě âőńìłő ć łńăááě ŋěćëàőęďěŋŋëå àőáâłőć, ŋő ĺ ć łńăááě ćáěå àőáâłőć á łőŋěçŋőňěàŋőľ čàãŕŕőľ.

Ěáńĺ àăááňőâàěâì ćňěáâő ćáěľ čàãŕŕë ŕőďčàãŕŕã Aut_¸ M_¸ ăćâőňőàäĺğňőć, őáâăćÄ ńïîéĺå âőçłã ¸ ŋă ňěáâě (ŕőďčàãŕŕă áâăąĺńìŋőáâĺ), âő ěě àăğňěàŋőáâì ďńï čĺŕěàłćăďÄ àĺłĺ ć C^2 àăćŋă ŕïâĺ. Ŋăň ŋě ĺğćěáâŋő ŋĺ őďŋőčő ŕàĺňěàă ŕőćěàåŋőáâĺ á łőŋěçŋőňěàÄ ŋőľ čàãŕŕőľ, çìï ŕőďčàãŕŕă áâăąĺńìŋőáâĺ ąëńă ąë ąőńìèě. Őďŋăłő ďőłăğăâěńìáâćă ŋěâ, ĺ ćőŕàőá őâłàëâ.

Ćőŕàőá ő ćőğňőęŋőáâĺ ńőłăńìŋőčő àăáŕàïňńěŋĺï ŕőćěàåŋőáâĺ ąëń ĺğãçěŋ ć àăąőÄ âě Ťàĺňăŋă [32]. Řőáâőł ŕőćěàåŋőáâĺ M_¸ ć C^N ŋăğëćăěâáï q-àăáŕàïňńïěňëň, ěáńĺ őŋ ąĺčőńőňőàäŋő íłćĺćăńěŋâěŋ àőáâłã ćĺďă ~M_0 × C^q , čďě ~M_0 { àőáâőł ŕőćěàåŋőáâĺ ć C^{N−q} . Řőáâőł àăáŕàïňńïěň, ěáńĺ őŋ q-àăáŕàïňńïěň ďńï ŋěłőâőàőčő q ¿ 0. ŘăáÄ áňőâàěŋĺï Ťàĺňăŋă őáŋőćăŋë ŋă ĺáŕőńìğőćăŋĺĺ âěőàěňë Ťàőąěŋĺãáă.

Łàĺâěàĺľ łőŋěçŋőňěàŋőáâĺ čàãŕŕë ăćâőňőàäĺğňőć čĺŕěàŕőćěàåŋőáâĺ ŕàěďńőęěŋ Ŋ. Śâěŋâőŋ [54]. Ěčő ãďőąŋěě äőàňãńĺàőćăâì łăł łàĺâěàĺľ ąěáłőŋěçŋőňěàŋőáâĺ: dim aut M_¸ = ∞ âőčďă ĺ âőńìłő âőčďă, łőčďă ŋě áãéěáâćãîâ ŋěŋãńěćëě łăáăâěńìŋëě (1; 0)-ŕőńï á čőńőňőàäŋëňĺ łőíääĺæĺěŋâăňĺ. Łàĺâěàĺľ ŋě ïćńïěâáï âàĺćĺăńìŋőľ ŕěàěäőàňãńĺàőćłőľ, őďŋăłő ěčő ŕàőćěàłă { íâő ćëçĺáńĺâěńìŋăï ğăďăçă âőčő ęě âĺŕă, çâő ĺ ćëçĺáńěŋĺě ăńčěąàë ăćâőňőàäĺğňőć. Řőáâłĺ á łőŋěçŋőňěàŋőľ čàãŕŕőľ Śâěŋâőŋ ŋăğëćăěâ čőńőňőàäŋő ŋěćëàőęďěŋŋëňĺ. Ŋă áćïğŋőľ ćěéěáâćěŋŋő ăŋăńĺâĺçěáłőľ ŕőćěàåŋőáâĺ čőńőňőàäŋăï ŋěćëàőęďěŋŋőáâì ćëŕőńŋïěâáï (ĺńĺ ŋě ćëŕőńŋïěâáï) ďńï ćáěå âőçěł őďŋőćàěňěŋŋő ([5], áň. âăłęě [37]).

Ŕàĺćěďěŋŋőě ćëèě ďőłăğăâěńìáâćő ăńìâěàŋăâĺćë ŋě ŕěàěŋőáĺâáï ďăęě ŋă čĺŕěàŕőÄ ćěàåŋőáâĺ ć C^3 . Ťőàňă Ńěćĺ âăłőľ čĺŕěàŕőćěàåŋőáâĺ { íâő íàňĺâőćă äőàňă ŋă C^2 , ĺ ěě àăŋč ňőęěâ ŕàĺŋĺňăâì âàĺ ğŋăçěŋĺï: 0, 1 ĺ 2. Ěáńĺ àăŋč àăćěŋ ŋãńî ŋă őâłàëâőľ çăáâĺ čĺŕěàŕőćěàåŋőáâĺ, âő ŕőćěàåŋőáâì àăáŕàïňńïěňăï ĺ àăğňěàŋőáâì čàãŕŕë àăćŋă

40 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

ąěáłőŋěçŋőáâĺ (čőńőňőàäŋăï ćëàőęďěŋŋőáâì). Ěáńĺ àăŋč àăćěŋ ďćãň, âő íâő őğŋăçăÄ ěâ, çâő äőàňă ŋěćëàőęďěŋă. Ěáńĺ àăŋč àăćěŋ ďćãň åőâï ąë ć őďŋőľ âőçłě, âő őŋ àăćěŋ ďćãň ŋă őâłàëâőň ŕńőâŋőň ŕőďňŋőęěáâćě čĺŕěàŕőćěàåŋőáâĺ. İâő ŕőğćőńïěâ, ŕőćâőÄ àïï ŋăèě àăááãęďěŋĺě, ŕőńãçĺâì őæěŋłã dim Aut M_¸ ⩽ dim Aut Q(2; 1) = 15. Őďŋăłő àăŋč ňőęěâ ŕőćáîďã ąëâì àăćŋëň ěďĺŋĺæě. Ŕàĺňěàőň âăłőľ čĺŕěàŕőćěàåŋőáâĺ ïćńïÄ ěâáï áćěâőćőľ łőŋãá: { (z_1; z_2; w) ∈ C^3 : (Im w)^2 = (Im z_1)^2 + (Im z_2)^2 } : Ăńìâěàŋăâĺćă őáâăěâáï áŕàăćěďńĺćőľ, ŋő ěě ďőłăğăâěńìáâćő âàěąãěâ ą«őńìèĺå ãáĺńĺľ.

Ć àăąőâăå Ąăőãíŋďĺ, Řőâèĺńìď, İąěŋäěńìâă, Ţãăŋčă ĺ Ğăľæěćă [5]{[9] ąëń àăáÄ áňőâàěŋ àïď åăàăłâěàĺáâĺł ćëàőęďěŋŋëå âőçěł ćěéěáâćěŋŋőčő ňŋőčőőąàăğĺï. Ć çăáâÄ ŋőáâĺ, ąëńă àăááňőâàěŋă âăłăï åăàăłâěàĺáâĺłă âőçłĺ, łăł l-ŋěćëàőęďěŋŋőáâì. ŇŋőÄ čőőąàăğĺě M ŋăğëćăěâáï łőŋěçŋő ŋěćëàőęďěŋŋëň ć âőçłě ¸, ěáńĺ áãéěáâćãěâ âăłőě l ⩾ 0, çâő ďńï ńîąőčő (0; 1)-ćěłâőàŋőčő ŕőńï L ŋă M á L(¸) ≠ 0 ŋăľďãâáï âăłĺě (0; 1)-ŕőńï L_1; : : : ; L_m, 0 ⩽ m ⩽ l, çâő [L_1; : : : ; [L_m; L]; : : : ](¸) =∈ T^c_¸ M ⊗ C ; ŕàĺçěň ěáÄ ńĺ l { ňĺŋĺňăńìŋőě çĺáńő, őąńăďăîéěě íâĺň áćőľáâćőň, âő M ŋăğëćăěâáï l-ŋěćëàőęÄ ďěŋŋëň ć âőçłě ¸. Ć àăąőâě [23] Ŕ. İąěŋäěńìâ ćëŕĺáăń ŋőàňăńìŋëě äőàňë ãàăćŋěŋĺï 2-ŋěćëàőęďěŋŋőľ ćěéěáâćěŋŋő ăŋăńĺâĺçěáłőľ čĺŕěàŕőćěàåŋőáâĺ ć C^3 . Ć çăáâŋőáâĺ, őŋ ŕőłăğăń, çâő ňńăďèĺě çńěŋë ãàăćŋěŋĺï čĺŕěàŕőćěàåŋőáâĺ ňőęŋő ğăŕĺáăâì ć őďŋőň ĺğ áńěďãîéĺå ćőáìňĺ ćăàĺăŋâăå. Ěáńĺ äőàňă Ńěćĺ ŕőćěàåŋőáâĺ M ć âőçłě ¸ ŋãńěćăï, â.ě. őąă áőąáâćěŋŋëå ğŋăçěŋĺï äőàňë Ńěćĺ àăćŋë ŋãńî, âő: (A.1) Im w = |z_1|^2(z_2 + z_2) + r(z^2_1 z_2 + z^2_1z_2) + O(|z|^4 + | Re w| |z|^2), čďě r ¿ 0; (A.2) Im w = |z_1|^2(z_2 + z_2) + (z^2_1 z_2 + z^2_1z_2) + i|z_1|^2(z_1 − z_1) + O(|z|^4 + | Re w| |z|^2); (A.3) Im w = |z_1|^2(z_2 + z_2) + (z_1z^2 + z_1z^2) + |z_2|^2(˘z_2 + ˘z_2) + O(|z|^4 + | Re w| |z|^2), čďě ˘ ∈ C , ˘ ≠ 0;

(A.4) Im w = |z_1|^2(z_1 + z_1) + |z_2|^2(z_2 + z_2) + (¯z^2_1z_2 + ¯z^2_1z_2) + (˚z_1z^2 + ˚z_1z^2 ) + O(|z|^4 + | Re w| |z|^2), čďě ¯; ˚ ∈ C , ¯˚ ≠ 1;

(A.5) Im w = |z_1|^2(ȷz_1 + ȷz_1) + (z^2_1z_2 + z^2_1z_2) + (z_1z^2 + z_1z^2) + O(|z|^4 + | Re w| |z|^2), čďě ȷ ∈ C .

Ěáńĺ ęě äőàňă Ńěćĺ M ć âőçłě ¸ ĺňěěâ àőćŋő őďŋő ŋěŋãńěćőě áőąáâćěŋŋőě ğŋăçěŋĺě, âő: (B.1) Im w = |z_1|^2 +|z_2|^2(z_2 +z_2)+fl(z^2_1z_2 +z^2_1z_2)+O(|z|^4 +| Re w| |z|^2), čďě fl = 0; 1; (B.2) Im w = |z_1|^2 + (z^2_1 z_2 + z^2_1z_2) + O(|z|^4 + | Re w| |z|^2); (B.3) Im w = |z_1|^2 + |z_2|^2(z_1 + z_1) + O(|z|^4 + | Re w| |z|^2).

Ć àăąőâě [24] Ă. Ěàèőćă ł łăęďőňã ĺğ ćőáìňĺ âĺŕőć ŕàĺňěŋĺńă ňěâőď ňőďěńìŋőľ ŕőćěàåŋőáâĺ. Ć çăáâŋőáâĺ, ďńï łăęďőčő âĺŕă ąëńă ŕőńãçěŋă âőçŋăï őæěŋłă àăğňěàÄ ŋőáâĺ čàãŕŕë ăćâőňőàäĺğňőć. Ňăłáĺňãň àăğňěàŋőáâĺ ďőáâĺčăěâáï ďńï čĺŕěàŕőćěàåÄ ŋőáâĺ Im w = |z_1|^2 +|z_2|^2(z_2 +z_2) (íâő âĺŕ (B.1) ŕàĺ fl = 0). Řăğňěàŋőáâì ćáěľ čàãŕŕë àăćŋă áěňĺ, àăğňěàŋőáâì ŕőďčàãŕŕë ăćâőňőàäĺğňőć, áőåàăŋïîéĺå ŋăçăńő łőőàďĺŋăâ, âàěň.

İâő ćëçĺáńěŋĺě, âőçŋěě âă çăáâì, łőâőàăï łăáăěâáï âĺŕőć (B.1), (B.2) ĺ (B.3), ŕőğÄ ćőńïěâ ğăłőŋçĺâì ŋăèě ďőłăğăâěńìáâćő őæěŋłĺ àăğňěàŋőáâĺ čàãŕŕë ăćâőňőàäĺğňőć ŕàőĺğćőńìŋőľ ŋěŕńőáłőľ ćěéěáâćěŋŋő ăŋăńĺâĺçěáłőľ čĺŕěàŕőćěàåŋőáâĺ ć C^3 . ĎěľáâÄ ćĺâěńìŋő, ěáńĺ M { ćěéěáâćěŋŋő ăŋăńĺâĺçěáłăï čĺŕěàŕőćěàåŋőáâì ć C^3 , ŋě ïćńïîéăÄ

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 41

ïáï ńőłăńìŋő ŕńőáłőľ, âő ňŋőęěáâćő âőçěł l-ŋěćëàőęďěŋŋőáâĺ, čďě l ⩽ 2, ěáâì őâłàëÄ âőě ŕńőâŋőě ŕőďňŋőęěáâćő M [7]. Ŕőćâőàïï ŋăèě àăááãęďěŋĺě ďńï ŕàőĺğćőńìŋëå 16 ŕőńěľ, ŕőńãçăěň, çâő őŋĺ ńĺŋěľŋő ğăćĺáĺňë, â.ě. dim Aut M_¸ ⩽ 15.

Ĺâăł, áäőàňãńĺàőćăŋŋăï ćëèě ăńìâěàŋăâĺćă áŕàăćěďńĺćă ĺ ďńï ŕőćěàåŋőáâěľ âĺÄ ŕă (2; 1).

Ăńìâěàŋăâĺćă (ďńï čĺŕěàŕőćěàåŋőáâĺ ć C^3 ):

ńĺąő dim Aut M_¸ = ∞ ĺ M ć őłàěáâŋőáâĺ ńîąőľ áćőěľ âőçłĺ íłćĺćăńěŋâŋă čĺŕěàÄ ŕńőáłőáâĺ;

ńĺąő dim Aut M_¸ ⩽ dim Aut Q(2; 1) = 15.

Šăłĺň őąàăğőň, čĺŕěàłćăďàĺłĺ ïćńïîâáï áăňëňĺ áĺňňěâàĺçŋëňĺ čĺŕěàŕőćěàåÄ ŋőáâïňĺ ĺ ć C^3 .

Ć C^3 ĺňěîâáï ďćě ŋěíłćĺćăńěŋâŋëě čĺŕěàłćăďàĺłĺ, ŋő àăğňěàŋőáâĺ ĺå čàãŕŕ őďĺÄ ŋăłőćë ĺ àăćŋë 15. İâő áŕěæĺäĺłă čĺŕěàŕőćěàåŋőáâěľ. Ňőďěńìŋëě ŕőćěàåŋőáâĺ ąőÄ ńěě ćëáőłőľ łőàăğňěàŋőáâĺ, ŋăŕàĺňěà łćăďàĺłĺ, ňőčãâ ĺňěâì čàãŕŕë àăğńĺçŋëå àăğÄ ňěàŋőáâěľ, őďŋăłő ďńï łăęďőčő âĺŕă ěáâì őæěŋłă. Ŕőâőňã ďńï äőàňãńĺàőćłĺ őąéěľ čĺŕőâěğë őąőğŋăçĺň çěàěğ D(n; k) ĺ d(n; k) ňăłáĺňãňë àăğňěàŋőáâěľ čàãŕŕ ăćâőňőàÄ äĺğňőć ĺ ŕőďčàãŕŕ áâăąĺńìŋőáâĺ áőőâćěâáâćěŋŋő ŕő ćáěň ňőďěńìŋëň ŕőćěàåŋőáâïň âĺÄ ŕă (n; k).

Čĺŕőâěğă ő àăğňěàŋőáâĺ. Ďńï àőáâłă M_¸ ńîąőčő ćěéěáâćěŋŋő ăŋăńĺâĺçěáłőčő ňŋőčőőąàăğĺï ĺňěěâ ňěáâő áńěďãîéăï ăńìâěàŋăâĺćă:

ńĺąő dim Aut M_¸ = ∞, ńĺąő dim Aut M_¸ ⩽ D(n; k) ĺ dim Aut_¸ M_¸ ⩽ d(n; k).

Ć ğăłńîçěŋĺě ğăňěâĺň, çâő ěáńĺ áâăćĺâì ğăďăçã ŕőáâàőěŋĺï áĺáâěňë ňőďěńìŋëå ŕőćěàåŋőáâěľ, őåćăâëćăîéěľ ćáě áńãçăĺ ćëàőęďěŋĺï, âő âăłăï ğăďăçă ěáâěáâćěŋŋő ŕőàőęďăěâ ďàěćőćĺďŋãî łńăááĺäĺłăæĺî àőáâłőć. Ŕàĺçěň łńăááĺäĺłăæĺőŋŋőě ďěàěÄ ćő ŋě ïćńïěâáï łőŋěçŋëň, çâő ćĺďŋő ãęě ŋă ŕàĺňěàě čĺŕěàŕőćěàåŋőáâěľ ć C^2 .

ŚŔĹŚŐŁ ŃĹŠĚŘĂŠŞŘŻ

[1] Ă. Ć. Ăąàőáĺňőć Őŕĺáăŋĺě ńőłăńìŋő ąĺčőńőňőàäŋëå ăćâőňőàäĺğňőć áâăŋďăàâŋëå łćăďàĺł łőàăğňěàŋőáâĺ ďćă // Ňăâěň. áą. 1993. Š. 184. ò10. Ś. 3{52.

[2] Ě. Č. Ăŋĺáőćă Ŋãńì-łćăďàĺłĺ łőàăğňěàŋőáâĺ 4 ć ŕàőáâàăŋáâćě C^7 // Ňăâěň. ğăňěâłĺ.

1997. Š. 62. ò5. Ś. 657{665.

[3] Ě. Č. Ăŋĺáőćă Łćăďàĺłĺ łőàăğňěàŋőáâĺ 4 ć C^7 ĺ ĺå ăćâőňőàäĺğňë // Ňăâěň. ğăňěâłĺ.

1998. Š. 64. ò6. Ś. 803{811.

[4] Ă. Ť. Ăàąăâáłĺľ Ő áâàãłâãàě čàãŕŕë ŋěńĺŋěľŋëå ăćâőňőàäĺğňőć (3; 3)-łćăďàĺł // Ňăâěň. ğăňěâłĺ. 1996. Š. 59. ò2. Ś. 164{173.

[5] M. S. Baouendi, P. Ebenfelt, L. P. Rothschild Real Submanifolds in Complex Space and Their Mappings. Princeton, NJ: Princeton Univ. Press, 1999.

[6] M. S. Baouendi, P. Ebenfelt, L. P. Rothschild Algebraicity of holomorphic mapÄ pings between real algebraic sets in C^n // Acta Math. 1996. V. 177. P. 225{273.

[7] M. S. Baouendi, P. Ebenfelt, L. P. Rothschild Local geometric properties of real submanifolds in complex space // Preprint Trita-Mat-1999-20. Stockholm: Royal Institute of Technology, 1999.

[8] M. S. Baouendi, X. Huang, L. P. Rothschild Regularity of CR mappings between algebraic hypersurfaces // Invent. Math. 1996. V. 125. ò1. P. 13{36.

[9] M. S. Baouendi, L. P. Rothschild, D. Zaitsev Equivalences of real submanifolds in complex space // Preprint, 2000, http://xxx.land.gov/abs/math.CV/0002186.

42 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

[10] Ć. Ł. Ąěńőèăŕłă Ő àăğňěàŋőáâĺ čàãŕŕë ăćâőňőàäĺğňőć ăŋăńĺâĺçěáłőľ čĺŕěàŕőćěàåÄ ŋőáâĺ // Ĺğć. ĂŊ ŚŚŚŘ. Śěà. ňăâěň. 1979. Š. 43. ò2. Ś. 243{266.

[11] Ć. Ł. Ąěńőèăŕłă Łőŋěçŋőňěàŋőáâì čàãŕŕë ăćâőňőàäĺğňőć ćěéěáâćěŋŋő ăŋăńĺâĺçěáÄ łőľ ŕőćěàåŋőáâĺ // Ĺğć. ĂŊ ŚŚŚŘ. Śěà. ňăâěň. 1988. Š. 52. ò2. Ś. 437{442.

[12] Ć. Ł. Ąěńőèăŕłă Ő čőńőňőàäŋëå ŕàěőąàăğőćăŋĺïå łćăďàĺłĺ // Ňăâěň. áą. 1991.

Š. 182. ò2. Ś. 203{219.

[13] Ć. Ł. Ąěńőèăŕłă Čěőňěâàĺçěáłĺě ĺŋćăàĺăŋâë CR-ňŋőčőőąàăğĺľ // Ňăâěň. ğăňěâłĺ.

1994. Š. 55. ò5. Ś. 3{12.

[14] Ć. Ł. Ąěńőèăŕłă Ĺŋćăàĺăŋâë CR-ňŋőčőőąàăğĺľ, áćïğăŋŋëě á łăáăâěńìŋőľ łćăďàĺłőľ // Ňăâěň. ğăňěâłĺ. 1996. Š. 59. ò1. Ś. 42{52.

[15] Ć. Ł. Ąěńőèăŕłă Ńőłăńìŋëě ĺŋćăàĺăŋâë ĺ ğăŕàěâë ŋă őâőąàăęěŋĺï CR-ňŋőčőőąàăğĺľ // Ňăâěň. ğăňěâłĺ. 1996. Š. 60. ò4. Ś. 588{592.

[16] Ć. Ł. Ąěńőèăŕłă Čőńőňőàäŋăï łńăááĺäĺłăæĺï ćěéěáâćěŋŋëå ňŋőčőőąàăğĺľ őąéěčő âĺŕă // Ďőłń. ŘĂŊ. 1998. Š. 360. ò4. Ś. 442{444.

[17] Ć. Ł. Ąěńőèăŕłă Łãąĺçěáłăï ňőďěńì ćěéěáâćěŋŋőčő ňŋőčőőąàăğĺï // Ňăâěň. ğăňěâłĺ.

2001. Š. 70. ò4. Ś. 503{519.

[18] Ć. Ł. Ąěńőèăŕłă Ŕőńĺŋőňĺăńìŋëě ňőďěńĺ ćěéěáâćěŋŋëå ňŋőčőőąàăğĺľ // Ĺğć. ŘĂŊ.

Śěà. ňăâěň. 2001. Š. 65. ò4. Ś. 3{20.

[19] V. K. Beloshapka CR-varieties of the type (1; 2) as varieties of \super-high" codimension // Russian J. Math. Phys. 1997. V. 5. ò3. P. 399{404.

[20] E. Cartan Sur la g«eom«etrie pseudoconforme des hypersurfaces de deux variables complexes // Ann. Math. Pura Appl. (4). 1932. V. 11. P. 17{90. (ffiuvres. V. 2. P. 1231{1304.)

[21] S. S. Chern, J. K. Moser Real hypersurfaces in complex manifold // Acta Math. 1974.

V. 133. ò3{4. P. 219{271.

[22] Ě. Ň. Ůĺàłă Ććěďěŋĺě ć čěőňěâàĺî CR-ňŋőčőőąàăğĺľ // ŞŇŊ. 1991. Š. 46. ò1.

Ś. 81{164.

[23] P. Ebenfelt Normal forms and biholomorphic equivalence of real hypersurfaces in C^3 // Indiana Univ. Math. J. 1998. V. 47. ò2. P. 311{366.

[24] Ă. Ě. Ěàèőćă Ăćâőňőàäĺğňë 2-ŋěćëàőęďěŋŋëå čĺŕěàŕőćěàåŋőáâěľ ć C^3 // Ňăâěň.

ğăňěâłĺ. 2001. Š. 69. ò2. Ś. 214{222.

[25] V. Ezhov, A. Isaev, G. Schmalz Invariants of elliptic and hyperbolic CR-structures of codimension 2 // Internat. J. Math. 1999. V. 10. ò1. P. 1{52.

[26] V. Ezov, G. Schmalz Holomorphic automorphisms of quadrics // Math. Z. 1994. V. 216.

ò3. P. 453{470.

[27] V. Ezov, G. Schmalz Poincar«e automorphisms for nondegenerate CR quadrics // Math.

Ann. 1994. V. 298. ò1. P. 79{87.

[28] V. Ezov, G. Schmalz A matrix Poincar«e formula for holomorphic automorphisms of quadrics of higher codimension. Real associative quadrics // J. Geom. Anal. 1997. V. 8. ò1. P. 27{41.

[29] Ć. Ěęőć, Č. Ÿňăńìæ Ăćâőňőàäĺğňë ĺ čőńőňőàäŋëě őâőąàăęěŋĺï áâăŋďăàâŋëå CR-ňŋőčőőąàăğĺľ ĺ őąńăáâĺ Ğĺčěńï // Ŕàőčàěáá ć ŋăãłě ĺ âěåŋőńőčĺĺ. Śěà. Śőćà. ňăâěň. ĺ ěě ŕàĺń. (Łőňŕńěłáŋëľ ăŋăńĺğ ĺ âěőàĺï ŕàěďáâăćńěŋĺľ. Š. 1.). Ň.: ĆĹŊĹŠĹ (ć ŕěçăâĺ).

[30] V. Ezov, G. Schmalz In˛nitesimale Starrheit hermitescher Quadriken in allgemeiner Lage // Math. Nachr. 1999. V. 204. P. 41{60.

[31] V. Ezov, G. Schmalz Automorphisms of nondegenerate CR-quadrics and Siegel doÄ mains. Explicit description // Preprint, Max-Planck-Institute f-ur Matematik, 1994; (to appear in J. Geom. Anal.).

[32] M. Freeman Real submanifolds with degenerate Levi form // Proc. Sympos. Pure Math.

1977. V. 30. Part I. P. 141{147.

[33] T. Garrity, R. Mizner Invariants of vector-valued bilinear and sesquilinear forms // Linear Algebra Appl. 1995. V. 218. P. 225{237.

[34] Č. Ś. Čĺŋďĺłĺŋ, Ĺ. Ĺ. Ŕïâěæłĺľ-Ÿăŕĺàő, İ. Ą. Ćĺŋąěàč Łńăááĺäĺłăæĺï ĺ łăÄ ŋőŋĺçěáłăï àěăńĺğăæĺï łőňŕńěłáŋëå őčàăŋĺçěŋŋëå őďŋőàőďŋëå őąńăáâěľ // Šàãďë ŇŇŐ. 1963. Š. 12. Ś. 404{437.

ĆĚŹĚŚŠĆĚŊŊŻĚ ŔŐĎŇŊŐČŐŐĄŘĂĞĹ§ ŁŐŇŔŃĚŁŚŊŐČŐ ŔŘŐŚŠŘĂŊŚŠĆĂ 43

[35] Ř. Ţőàŋ, Ů. Ďęőŋáőŋ Ňăâàĺçŋëľ ăŋăńĺğ. Ň.: Ňĺà, 1989.

[36] M. Janet Sur les syst„emes d’«equations aux d«eriv«ees partielles // J. Math. Pure Appl. 1920.

V. 3. P. 65{151.

[37] Ă. Ś. Ńăąőćáłĺľ Ő àăğňěàŋőáâĺ čàãŕŕë ąĺčőńőňőàäŋëå ăćâőňőàäĺğňőć ćěéěáâćěŋŋő ăŋăńĺâĺçěáłĺå ŕőćěàåŋőáâěľ // Ňăâěň. ğăňěâłĺ. 1997. Š. 61. ò3. Ś. 349{358.

[38] Ń. Ď. Ńăŋďăã, Ě. Ň. Ńĺäèĺæ Łćăŋâőćăï ňěåăŋĺłă. Ň.: Ŋăãłă, 1972. [39] Ă. Ć. Ńőąőďă Ŕőàőęďăîéĺě ćěéěáâćěŋŋő ăŋăńĺâĺçěáłĺě ňŋőčőőąàăğĺï łőàăğňěàŋőáÄ âĺ 2 ć C^2 ĺ ĺå ąĺčőńőňőàäŋëě őâőąàăęěŋĺï // Ĺğć. ĂŊ ŚŚŚŘ. Śěà. ňăâěň. 1988. Š. 52. ò5. Ś. 970{990.

[40] Ă. Ć. Ńőąőďă Őďŋőàőďŋëě ćěéěáâćěŋŋëě čĺŕěàŕőćěàåŋőáâĺ ć C^3 á ďćãňěàŋëňĺ čàãŕŕăÄ ňĺ ĺğőâàőŕĺĺ // Šàãďë ŇĹĂŊ. 2001. Š. 235. Ś. 114{142.

[41] R. Mizner CR structures of codimension 2 // J. Di¸erential Geom. 1989. V. 30. ò1.

P. 167{190.

[42] I. Naruki Holomorphic extention problem for standard real submanifolds of second kind // Publ. Res. Inst. Math. Sci. 1970. V. 6. ò1. P. 113{187.

[43] Ŋ. Ť. Ŕăńĺŋçăł Ő łćăďàĺłăå ćëáőłőľ łőàăğňěàŋőáâĺ // Ňăâěň. ğăňěâłĺ. 1994. Š. 55.

ò5. Ś. 110{115.

[44] Ŋ. Ť. Ŕăńĺŋçăł Ćěéěáâćěŋŋëě łćăďàĺłĺ łőàăğňěàŋőáâĺ âàĺ ć C^6 ĺ ĺå ŋěńĺŋěľŋëě ăćÄ âőňőàäĺğňë // Ĺğć. ŘĂŊ. Śěà. ňăâěň. 1995. Š. 59. ò3. Ś. 159{179.

[45] Ŋ. Ť. Ŕăńĺŋçăł Ő c-ęěáâłĺå łćăďàĺłăå // Ďěŕ. ć ĆĹŊĹŠĹ ŘĂŊ 10.04.95, ò973-B95. [46] Ś. Ĺ. Ŕĺŋçãł Ő čőńőňőàäŋëå őâőąàăęěŋĺïå ćěéěáâćěŋŋő ăŋăńĺâĺçěáłĺå čĺŕěàŕőćěàåÄ ŋőáâěľ // Ňăâěň. áą. 1978. Š. 105. Ś. 574{593.

[47] H. Poincar«e Les fonctions analytiques de deux variables et la repr«esentation conforme // Rend. Circ. Mat. Palermo. 1907. V. 23. P. 185{220.

[48] Ĺ. Ĺ. Ŕïâěæłĺľ-Ÿăŕĺàő Čěőňěâàĺï łńăááĺçěáłĺå őąńăáâěľ ĺ âěőàĺï ăćâőňőàäŋëå äãŋłæĺľ. Ň.: Ťĺğňăâčĺğ, 1961.

[49] Ă. Řïąőŋěŋłő Ő ęěáâłőáâĺ łãąĺłĺ âĺŕă (n; n^2 + 1) // Ďĺŕńőňŋăï àăąőâă. Ň.: ňěåăŋĺÄ łő-ňăâěňăâĺçěáłĺľ ä-â ŇČŞ, 2001.

[50] I. Satake Algebraic Structures of Symmetric Domains. Tokyo / Princeton: Ivanami Shoten / Princeton Univ. Press, 1980. (K^ano Memorial Lectures. V. 4.)

[51] Ě. Ŋ. Ÿăŋăŋĺŋă Ňőďěńĺ CR-ňŋőčőőąàăğĺľ âĺŕă (1; k) ŕàĺ 3 ⩽ k ⩽ 7 ĺ ĺå ăćâőňőàäĺğÄ ňë // Ňăâěň. ğăňěâłĺ. 2000. Š. 67. ò3. Ś. 452{459.

[52] Ś. Ŋ. Ÿěćçěŋłő Őŕĺáăŋĺě ăńčěąàë ĺŋäĺŋĺâěğĺňăńìŋëå ăćâőňőàäĺğňőć łćăďàĺł łőàăğÄ ňěàŋőáâĺ ďćă ĺ ĺå łńăááĺäĺłăæĺï // Ňăâěň. ğăňěâłĺ. 1994. Š. 55. ò5. Ś. 142{153.

[53] Ś. Ŋ. Ÿěćçěŋłő Łćăďàĺłĺ łőàăğňěàŋőáâĺ ďćă ĺ ĺå ăćâőňőàäĺğňë // Ĺğć. ŘĂŊ. Śěà.

ňăâěň. 1994. Š. 58. ò4. Ś. 149{172.

[54] N. K. Stanton In˛nitesimal CR automorphisms of rigid hypersurfaces // Amer. J. Math.

1995. V. 117. ò1. P. 141{167; 1996. V. 118. ò1. P. 209{233. [55] Ś. Śâěàŋąěàč Ńěłæĺĺ ŕő ďĺääěàěŋæĺăńìŋőľ čěőňěâàĺĺ. Ň.: Ňĺà, 1970. [56] A. Sukhov Segre varieties and Lie symmetries // Publ. Inst. Rech. Math. Av., Lille. V. 50, 1999.

[57] A. Sukhov On CR-mappings of real quadric manifolds // Michigan Math. J. 1999. V. 41.

P. 143{150.

[58] N. Tanaka On the pseudo-conformal geometry of hypersurfaces of the space of n complex variables // J. Math. Soc. Japan. 1962. V. 14. P. 397{429; II. Graded Lie algebras and geometric structures // Proc. Unated States{Japan Seminar in Di¸erential Geometry (Kyoto, 1965), 1966. P. 147{150.

[59] A. Tress D«etermination des invariants ponctuels de l’«equation di¸«erentielle du second ordre y^{′′} = !(x; y; y^′). Leipzig: Hirzel, 1896.

[60] Ă. Ě. Šãňăŋőć Łőŋěçŋőňěàŋőáâì čàãŕŕë CR-ăćâőňőàäĺğňőć áâăŋďăàâŋőčő CR-ňŋőčő-őąàăğĺï ĺ áőąáâćěŋŋëě čőńőňőàäŋëě őâőąàăęěŋĺï őąńăáâěľ Ğĺčěńï // Ĺğć. ĂŊ ŚŚŚŘ. Śěà. ňăâěň. 1988. Š. 52. ò3. Ś. 651{659.

[61] Ă. Ě. Šãňăŋőć Čěőňěâàĺï CR-ňŋőčőőąàăğĺľ // Ĺâőčĺ ŋăãłĺ ĺ âěåŋĺłĺ. Śőćà. ŕàőąń.

ňăâěň. Ťãŋďăň. ŋăŕà. Š. 9. Ň.: ĆĹŊĹŠĹ, 1986. Ś. 225{245.

44 Ć. Ł. ĄĚŃŐŸĂŔŁĂ

[62] H. W. Turnbull On the equivalence of pencils of Hermitian forms // Proc. London Math.

Soc. (2). 1935. Š. 39. ò3. Ś. 232{248.

[63] Ŕ. Ą. Şâłĺŋ Čĺŕőâěğă ő àăğňěàŋőáâĺ ďńï łćăďàĺł łőàăğňěàŋőáâĺ âàĺ ĺ ąőńěě // Ňăâěň.

ğăňěâłĺ (ć ŕěçăâĺ).

[64] Ă. Č. Ćĺâãèłĺŋ Čőńőňőàäŋëě őâőąàăęěŋĺï ĺ čěőňěâàĺï ŕőćěàåŋőáâěľ // Ĺâőčĺ ŋăãłĺ ĺ âěåŋĺłĺ. Śőćà. ŕàőąń. ňăâěň. Ťãŋďăň. ŋăŕà. Š. 7. Ň.: ĆĹŊĹŠĹ, 1985. Ś. 167{226.

[65] S. Webster On the mappings problem for algebraic real hypersurfaces // Invent. Math.

1977. V. 43. P. 53{68.

[66] D. Zaitsev Regularization of birational group operations in sense of Weil // J. Lie Theory.

1995. V. 5. ò2. P. 207{224.

Ňőáłőćáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺň. Ň.Ć. Ńőňőŋőáőćă E-mail: vkb@strogino.ru

Ŕőáâãŕĺńă ć àěďăłæĺî 03.12.2001