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In the paper [1] the role of the tangent hyperquadric in the study of biholomorphic mappings
and automorphisms of a nondegenerate real hypersurface was clarified. In (2] the automor-
phisms and mappings of a real surface of high codimension (i.e., exceeding 1) were studied.
It turns out that an analog of the tangent hyperquadric, which is a tangent quadric of high
codimension, still plays the role of a model surface for the entire class of nondegenerate sur-
faces of high codimension and possesses a number of extremal properties (the quadric is the
most symmetric surface, and its local groups are the richest ones). Moreover, when passing
from the “hyper” case to the situation of high codimension, a number of specific phenomena
was discovered: the “rigidity” phenomenon of a quadric, the appearance of a rich system of
C R-invariants, etc. (3, 4].

If (n, k) is the type of a C R-variety, then n is the complex dimension of the complex part
of the tangent space and k is the dimension of the quotient space of the total tangent space
by the complex part, i.e., the CR-codimension. For a variety realized as the generating real
subvariety of a complex space, k is its real codimension.

The above theory is rich in content provided that the generic quadric is nondegenerate
in the sense of [2]. The relation 1 < k < n? is a necessary condition. For this reason we
call CR-varieties of the type (n, k), with k > n?, varieties of super-high codimension to
distinguish them from the well-studied case of high codimension in which 2 < k < n?.

The situation of minimal dimension in which the varieties of super-high codimension
occur is n = 1, k = 2, i.e., a real surface in C® with one-dimensional complex tangent and
of codimension two. The surfaces with one-dimensional complex tangent were studied in the
paper by Abrosimov (5], however, his original approach first works at k = 3 and is valid for
higher dimensions. Studying the situation for n = 1, k = 2, we show that in this case the role
of a quadric is played by another object, namely, a (1, 2)-cubic surface defined by equations
of degree three.
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Suppose that M is a smooth real surface in C*, § € M, dimc T{" M =1, codimp TeM = 2,
and the equation for M in a neighborhood of £, in some coordinates with center at the point
¢, is a relation of the form (2, w! = u!+iv!, w* = u?+iv?), where as ' = F'(2,%,u), v° =
F2(z,%,u), the functions F being smooth and real-valued in a neighborhood of the origin
and F and dF being zero at the origin. To this end it suffices to assume that M is generating
" at the point €. Moreover, we have ToM = {v = 0}, Tf' M = {w = 0}. The component of
Taylor expansion of F' whose degree with respect to 2 is one with respect to Z is one,
~ and with respect to u is zero, has the form A2Z, where A € R?. If A # 0, then after a
ear change of variables with respect to w, we may assume that A = (1,0). Furthermore,

term of degree two with respect to 2, of degree zero with respect to %, and of degree
pect to u, is Bz?, and its complex conjugate term is Bz, After the change
es z - 2z, w > w + 2iB2%, this parameter vanishes. Introduce a grading by

i




CR-VARIETIES

'.Fh 1 each surface of type (1,2) satisfying certain nondegeneracy conditions, which we
indicated in the course of our discussion (namely, A # 0, p #0, v # —1), has an equation

of the form (4). A surface satisfying these conditions is said to be nondegenerate and
Q = {v! = |2|?, v* = |2[*2Rez} is called the tangent cubic.

~ Under the traditional approach (see [3]), we would arrive at a tangent quadric, which

1 — |4]2, v® = 0} for the case under consideration. However, this quadric

ar, this means that the group of biholomorphic automorphisms

dimensional. However, a nondegenerate quadric possesses the
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(do not confuse this with the decomposition with respect to the weight components) we
select in (5) the coefficients of the monomials 2™%". For n = 0 we obtain

(0,00 Imgo=0,  Imho=0; (1,0) g1 +2fo =0, ihy=0;
(2,0) ig2=0, ihy+2f;=0; (m,0)for m>2 igm=0, ihy, =0.

Denote fo by a, go by b, and hg by c, and denote the derivatives with respect to u! and u?
by superscripts. We have - 5,

(1,1) 2Refy =519, 4Req= 19,
| 21 fo= 2ia1% * b(m); 2fi+ fl = c(01)‘,
G 1) f3 = 2iag®™), f, =




CR-VARIETIES

This can also be proved directly. If we have the translations along u, we only need
“translations” along z. These can be obtained as follows. We must perform the change of
variables z - z +a and then, by simple transformations, reduce the equations to the initial
form.

Let us show that the automorphism groups of the cubic have the maximum possible
dimensions in the class of nondegenerate surfaces.

Proposition 4. If M and M are nondegenerate surfaces given by the equations

U1=|ZI2+F3+"" v1:|z|2+F3+...,
v’ =[2’2Rez+Gs+..., v*=|z22Rez+Gy+...

andif z = f(z,w',w?), w' = g(z,w!,w?), w? ~ h(z,w',w?) is a mapping biholomorphic
in a neighborhood of the origin that keeps the origin fixed and maps a germ M into M,
then, for chosen M, and M and for a given value 8f/92(0,0,0), this mapping is unique.

Proof. It suffices to prove the assertion for 8f/82(0, 0, 0) = 1. Let us expand the mapping
in weight components

o0 o0 o0
zv—)f(z,wl,wz)zzj‘p, w! r—)g(z,wl,w2)=2gp, wzr—)h(z,wl,wz)zz:hp.
p=0 =0 =0

The origin remains fixed, and hence fo = go = hg = 0. By assumption, f; = z. Then,
according to the calculations in the proof of Lemma 1, for A = B = 0 we obtain g1 =

0, g2 =w', h1 = hy =0, hg = w®. Let us write out a relation of the form (3) and extract
in it the component of weight m. Then we have

Religs+ 28f5 1) =8 = Figet v,
Re{ihm + 22° frn—1 + 4|22 frm—2} =G =G + . ...,

where w! = u! + |2, w? = u? +i|z|?2Rez, and the dots denote the terms that depend
on Fyn, Fn,Gn,Gn,gn, fa-1 (in the first equation) and f,_, (in the second equation) for
n < m. These equations may be regarded as recurrence relations that allow the successive
calculation of the components of the transforming functions. These relations are linear
with respect to the unknown functions, and to find the number of solutions it suffices
to find the number of solutions of these relations with zero right-hand side; this is just
relation (5) discussed above in the calculation of the algebra of the cubic Q. In particular,
our discussion means that the condition that the origin is fixed, together with the relation
fi = z, determines the solution uniquely. This completes the proof of the proposition.

We immediately obtain the following obvious corollary.
Corollary 5. dim(Aut(M¢)) < dim(Aut(Q)), dim(Aute (Me)) < dim(Auto(Q)).

Proof. The second inequality follows from the fact that a unique parameter in Aut; M, is
the real number 8f/0z(0,0,0). This, together with the fact that @Q is homogeneous, implies
the first assertion of the corollary.

Remark 6. By a slight modification of the proof of Proposition 4, we can show that a given
equation of a nondegenerate surface can be reduced, by a formal holomorphic change of
coordinates, to the following normal form:

vhe=fo2 4 Z cha(w)z™z",  v?=|2|*2Rez+ Z e, (u)z™z",
0,

M B O o T i, L 0 e B T
Cm0 = Cmpmy = €1 =€) =C31 =Cyy = Cyp = Cop =
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and by an additional argument we can prove the convergence of the normalizing formal
‘change of variables.

Returning to the discussion of the analogy between the (1,2)-cubic and a nondegenerate
quadric, we can ascertain, as the result of our efforts, that it is very complete: the cubic
satisfies all the properties from list (1)-(5) and, in this sense, is a correct model of a
nondegenerate real surface of codimension two in £,

In this connection, a natural question arises: what surface is a correct model
for an arbitrary generic CR-variety of “super-high” codimension with positive din n of
the complex tangent (CR-dimension)? If the CR-dimension is zero, then a germ of such
~ variety is equivalent to a real plane, and if the codimension is not “super-high,” then the

correct model is the tangent quadric. Another (weakened) form of this question is as /S:
whether in each CR-class (with chosen values of the dimension and of the CR limes
% Furthermore, as noted above, the (1, 2)-cubi rfz




